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ABSTRACT. Some principal contributions of Ya. Sinai to hyperbolic
theory of dynamical systems focused mainly constructions of Markov
partitions and of Sinai-Ruelle-Bowen measures are discussed. Some fur-
ther developments in these directions that have stemmed from Sinai’s
work are described.

1. INTRODUCTION

In this article I discuss some of the many principal contributions of Ya.
Sinai to the hyperbolic theory of smooth dynamical systems. I focus on
two related topics: 1) Markov partitions and 2) Sinai-Ruelle-Bowen (SRB)
measures. Dynamical systems that admit Markov partitions with finite or
countable number of partition elements allow symbolic representations by
topological Markov shifts with finite or respectively countable alphabet. As
a result these systems exhibit high level of chaotic behavior of trajectories.
SRB-measures serve as natural invariant measures with rich collection of
ergodic properties. Various constructions of Markov partitions as well as of
SRB-measures represent an important and still quite active area of research
in dynamics that utilizes Sinai’s original ideas and develops them further to
cover many other classes of dynamical systems. Therefore, along with de-
scribing results by Ya. Sinai, I briefly survey some of the latest developments
in this area.

I stress that hyperbolic theory of dynamical systems provides a rigorous
mathematical foundation for studying models in science that exhibit chaotic
motions and for reader’s convenience I begin with an informal discussion
of the role that the hyperbolic theory plays in studying various chaotic
phenomena.
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1.1. From scientific determinism to deterministic chaos. In the 19th
century the prevailing view in dynamics was causal or scientific determinism
best expressed by Laplace as follows:

“We may regard the present state of the universe as the effect of its past
and the cause of its future. An intellect which at a certain moment would
know all forces that set nature in motion, and all positions of all items of
which nature is composed, if this intellect were also vast enough to submit
these data to analysis, it would embrace in a single formula the movements
of the greatest bodies of the universe and those of the tiniest atom; for such
an intellect nothing would be uncertain and the future just like the past would
be present before its eyes.”

It took about a century to shake up this view with the discovery by
Poincaré — in his work on the three-body problem — of the existence of ho-
moclinic tangles formed by intersections of stable and unstable separatrices
of a hyperbolic fixed point.

Poincaré wrote: “When we try to represent the figure formed by these two
curves and their infinitely many intersections... one must be struck by the
complexity of this shape, which I do not even attempt to illustrate. Nothing
can give us a better idea of the complication of the three-body problem, and in
general of all problems of dynamics for which there is no uniform integral.”

In 1963 in his talk at the International Conference on Nonlinear Oscil-
lations (Kiev, Ukraine), Smale [64] made a crucial observation that the
homoclinic tangle contains a horseshoe, i.e., a fractal set that is locally the
product of two Cantor sets. One obtains this set by taking the closure of
the set of intersections of stable and unstable separatrices near the fixed
point. The horseshoe provided the first example of a differential map with
infinitely many hyperbolic periodic points.

Smale’s discovery was an important step in shaping up a new area of
research in dynamical systems — the hyperbolicity theory — that studies re-
lations between chaotic motions, instability of trajectories and fractal struc-
ture of invariant sets. The foundation of this new area was built in the
1960-70th in seminal works of Anosov, Sinai, and Smale, see [5, 6, 56, 57,
58, 59, 64, 65]. I would like also to emphasize an important role for the
development of the theory of dynamical systems that was played during this
time by two Moscow seminars, one run by Alekseev and Sinai' and another
one by Anosov and Katok (see [35, 36, 63]) as well as by Smale’s school in
Berkeley.

The current view on dynamics draws a much richer picture allowing a
variety of motions ranging from regular to intermittently chaotic to all-time
chaotic. Moreover, a dynamical system, which is typical in a sense, should
possess an invariant fractal set of complicated self-similar geometric struc-
ture and the trajectories that start on or in a vicinity of this set are unstable

1After Alekseev’s untimely-death in 1980 the seminar was run by Sinai only.
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(hyperbolic). The combination of fractality of the set and instability of tra-
jectories causes these trajectories to behave unpredictably; such a chaotic
behavior can persist all the time or can be intermittent.

Furthermore, one should typically expect to have infinitely many such
fractal sets, which are mixed together in one invariant multi-fractal set.
These fractal sets can occupy either the whole phase space or a part of it in
which case the dynamics on its complement can be quite regular — the highly
non-trivial phenomenon known as the essential coezistence, see [24, 25, 33]
for a detailed description of the phenomena and recent examples of systems
with discrete and continuous time that exhibit it.

To describe the phenomenon of the appearance of “chaotic” motions in
purely deterministic dynamical systems one uses the controversial but ex-
pressive term deterministic chaos.? Its crucial feature is that the chaotic
behavior is not caused by an external random force such as white noise but
by the system itself. The source of the deterministic chaotic behavior is in-
stability along typical trajectories of the system, which drives orbits apart.
On the other hand, compactness of the phase space forces them back to-
gether; the consequent unending dispersal and return of nearby trajectories
is one of the hallmarks of chaos.

After Poincaré the fact that instability can cause some complicated chaotic
behavior was further observed and advanced in works of Birkhoff, Hadamard,
Hopf and Morse. Many years later some systems with chaotic behavior were
found and studied numerically by Lorenz, Chirikov, Ford, Zaslavsky, etc. 1
refer the reader to Sinai’s articles [60, 61, 62] for a more detailed discussion
of the chaos theory, its earlier development and relations between chaotic
behavior and instability of trajectories as well as for relevant references. In
these papers Sinai also demonstrates how ideas and methods of statistical
physics can be used to explain various chaotic phenomena in dynamics.

1.2. Markov partitions and symbolic representations of chaotic dy-
namics. To explain what it means for deterministic trajectories to exhibit
chaotic behavior consider a map f acting on a phase space M and a point
x € M. Let us divide the phase space into two parts A and B. Given
an orbit {f™(z)}, we write 0 if f™(z) lies in A and 1 otherwise. This way
we obtain a coding of every trajectory by a two-sided infinite sequence of
symbols 0 and 1 that is

r—=w={..,w_2,w_1,wy,wi,ws,...}, where w; =0 or 1.

The principal question is:

Given a symbolic sequence of 0 and 1, can we find a point x whose tra-
jectory is coded by this sequence?

If so, starting with a random symbolic sequence that is obtained, for
example, by flipping a dime, one gets a random orbit of the system whose
location in either A or B can only be predicted with a certain probability.

2This term was first used in works of Chirikov, Ford and Yorke.
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Another way to look at this is to say that the system under consideration
is modeled by (or equivalent to) the classical Bernoulli process in probability
theory.

Smale’s horseshoe is a classical example which allows the above coding
and hence, a symbolic representation by the full shift on 2 symbols. In many
“practical” situations however, one may need more sophisticated partitions
of the phase space called Markov partitions (the term coined by Sinai). In
general, elements of Markov partitions may have very complicated fractal
structure. These partitions allow one to model the systems by more general
Markov (not necessarily Bernoulli) processes with finite or even countable
set of states. From the probability theory point of view such processes are
chaotic in the strongest possible sense.

The first construction of Markov partitions was obtained by Adler and
Weiss [1] in the particular case of hyperbolic automorphisms of the 2-torus
(see also Berg, [12] whose work is independent of [1]). As a crucial corollary
they observed that the map allowed a symbolic representation by a subshift
of finite type and that this can be used to study its ergodic properties.

Sinai’s groundbreaking contribution was to realize that existence of Markov
partitions is a rather general phenomenon and in [58] he designed a method
of successive approximations to construct Markov partitions for general
Anosov diffeomorphisms (see Section 3 below for more details). Further-
more, in [59] Sinai showed how Markov partitions can be used to study
ergodic properties of hyperbolic dynamical systems and he was also the first
to observe the analogy between the symbolic models of Anosov diffeomor-
phisms and lattice gas models in physics — the starting point in developing
the thermodynamic formalism.

Using a different approach, Bowen constructed Markov partitions with
finitely many elements for Axiom A diffeomorphisms, see [17]. The con-
struction for hyperbolic flows was carried out independently by Bowen [16]
and Ratner [51] (see also [17, 18]). Recently, Sarig [54] constructed Markov
partitions with countable number of elements for surface diffeomorphisms
with positive topological entropy. Symbolic dynamics associated with hy-
perbolic systems was also studied by Alekseev [2].

Aside from smooth dynamical systems Markov partitions with countable
number of partition elements were constructed for a particular class of hy-
perbolic billiards by Bunimovich and Sinai [19] and by Bunimovich, Sinai,
and Chernov [20] (see also the article by Szasz in this volume).

1.3. Entropy. Introduced by Kolmogorov and Sinai the metric entropy is
one of the most important invariants of dynamics, and this manifests itself
in the famous isomorphism problem. Given a transformation T: X — X
preserving a measure p, we say that (7, u) is a Bernoulli automorphism if
it is metrically isomorphic to the Bernoulli shift (o, k) associated to some
Lebesgue space (Y,v), so that v is metrically isomorphic to Lebesgue mea-
sure on an interval together with at most countably many atoms and k is
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given as the direct product of Z copies of v on Y. Bernoulli systems exhibit
the highest level of chaotic behavior and entropy is a complete invariant that
distinguishes one Bernoulli map from another. This statement is known as
the isomorphism problem for Bernoulli systems. I refer the reader to the
article by Gurevich in this volume for a more detailed discussion of this
problem, its history, and relevant references, but I would like to emphasize
the important role of Sinai’s work on weak isomorphism [55] that laid the
ground for the famous Ornstein solution of the isomorphism problem for
Bernoulli systems, [44, 43].

Since in this paper we are mostly interested in smooth hyperbolic dynam-
ical systems, we will present a formula for the entropy of these systems with
respect to smooth or SRB measures. This formula connects the entropy
with the Lyapunov exponents (see Theorem 4.3); the latter are asymptotic
characteristics of instability of trajectories of the system. We will also dis-
cuss the Bernoulli property; establishing it for smooth hyperbolic systems
is based on verifying Ornstein’s criterium for Bernoullicity.

1.4. Hyperbolicity. Intuitively, hyperbolicity means that the behavior of
orbits that start in a small neighborhood of a given one resembles that of
the orbits in a small neighborhood of a hyperbolic fixed point. In other
words, the tangent space along the orbit { f"(z)} should admit an invariant
splitting

(L.1) Tyn@yM = E*(f"(2)) & E“(f"(z))

into the stable subspace E® along which the differential of the system con-
tracts and the unstable subspace E* along which the differential of the system
expands.

One should distinguish between two types of hyperbolicity: uniform and
nonuniform. In the former case every trajectory is hyperbolic and the
contraction and expansion rates are uniform in x. More generally, one
can consider a compact invariant subset A C M and require that f acts
uniformly hyperbolic on A. Such a set A is called uniformly hyperbolic. In
the case of nonuniform hyperbolicity the set of hyperbolic trajectories has
positive (in particular, full) measure with respect to an invariant measure
and the contraction and expansion rates depend on x. Thus, nonuniform
hyperbolicity is a property of the system as well as of its invariant measure
(called hyperbolic).

One can extend the notion of hyperbolicity by replacing the splitting (1.1)
along the orbit {f"(x)} with the splitting

(1.2) Tyn(@yM = E*(f"(x)) ® E(f"(x)) © E“(f"())

into the stable E°, unstable E* and central E° subspaces with the rates of
contraction and/or expansion along the central subspace being slower than
the corresponding rates along the stable and unstable subspaces. This is the
case of partial hyperbolicity.
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2. AN OVERVIEW OF HYPERBOLICITY THEORY

In this section I formally introduce three major types of hyperbolicity and
briefly discuss some of their basic properties.

2.1. Uniform hyperbolicity. It originated in the work of Anosov and
Sinai [5, 6]; see also the book [37] for the state of the art exposition of
the uniform hyperbolicity theory.

A diffeomorphism f of a compact Riemannian manifold M is called uni-
formly hyperbolic or Anosov if for each x € M there is a continuous df-
invariant decomposition of the tangent space T, M = E*(z) ® E"(z) and
constants ¢ > 0, X\ € (0, 1) such that for each = € M:

(1) ||dgf™]| < eX™||v]| for v € E®(x) and n > 0;

(2) ||def || < eA™||v|| for v € E*(x) and n > 0.
The distributions E® and E“ are called stable and unstable respectively.
One can show that they depend Holder continuously in x. Clearly, the
angle between stable and unstable subspaces is bounded away from zero in
x.

Using the classical Hadamard—Perron theorem, for each x € M one can
construct a local stable manifold V*(x) and a local unstable manifold V" (x)
such that

(L1) x € V% (x) and T,VS"(z) = ES"(x);

(L2) f(V*(z)) C V*(f(x)) and f~1(V¥(z)) C V([ (x)).
Furthermore, define the global stable manifold W#*(x) and the global unstable
manifold W*(x) by

Wo@) = {J /et @), W) = J v @)
n>0 n>0
These sets have the following properties:

(G1) they are smooth submanifolds;
(G2) they are invariant under f that is f(W*%(z)) = W*(f(z));
(G3) they are characterized as follows:
Wo(x) ={y € M : d(f"(y), ["(x)) = 0, n = oo},
W) ={y € M :d(f"(y), f"(x)) = 0, n = —oo};
(G4) they integrate the stable and unstable distributions that is E**(x) =
T, W™s(z).
It follows that W*(z) and W*(z) form two uniformly transverse f-invariant
continuous stable and unstable foliations W% and W* with smooth leaves.
In general, the leaves of these foliations depend only continuously on z.
Any sufficiently small perturbation in the C! topology of an Anosov dif-

feomorphism is again an Anosov diffeomorphism. Hence, Anosov diffeomor-
phisms form an open set in the space of C' diffeomorphisms of M.

3In fact, the dependence in z is Hélder continuous.
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There are very few particular examples of Anosov diffeomorphisms, namely

(1) A linear hyperbolic automorphism of the n-torus given by an n x n-
matrix A = (a;;) whose entries a;; are integers, det A = 1 or —1 and
all eigenvalues |A| # 1;

(2) The Smale automorphism of a compact factor of some nilpotent Lie
group (see [65] and also [37]).

A topologically transitive C? Anosov diffeomorphism f preserving a smooth
measure p is ergodic and if f is topologically mixing, then it is a Bernoulli
diffeomorphisms with respect to p. The Bernoulli property was established
by Bowen [17] and a much more general result is given by Statement 4 of
Theorem 4.2.

A compact invariant subset A C M is called hyperbolic if for every z € A
the tangent space at x admits an invariant splitting as described above.
For each z € A one can construct local stable V*(z) and unstable V()
manifolds which have Properties (L1) and (L2).

A hyperbolic set A is called locally mazimal if there exists a neighborhood
U of A with the property that given a compact invariant set A’ C U we have
that A’ C A. In this case

A=) ).

nez
Locally maximal hyperbolic sets can be characterized as having local direct
product structure that is given two points =,y € A, which are sufficiently
close to each other, the intersection [z,y] = V*(z)NV*(y) liesin A. If g is a
small perturbation in the C! topology of a diffeomorphism f with a locally
maximal hyperbolic set Ay, then g possesses a locally maximal hyperbolic
set Ay that lies in a small neighborhood of Ay.

A diffeomorphism f is called an Aziom A diffeomorphism if its non-
wandering set 2(f) is a locally maximal hyperbolic set.

The Spectral Decomposition Theorem claims (see [37]) that the set Q(f)
of an Axiom A diffeomorphism f can be decomposed into finitely many
disjoint closed f-invariant locally maximal hyperbolic sets, Q(f) = A; U
-+ U Ay, such that f|A; is topologically transitive. Moreover, for each i
there exist a number n; and a set A; C A; such that the sets f¥(A;) are
disjoint for 0 < k < n;, their union is the set A;, f™(A4;) = A;, and the map
f"i|A; is topologically mixing.

2.2. Nonuniform hyperbolicity. It originated in the the work of Pesin
[46, 47, 48]; see also the books [7, 8] for a sufficiently complete description
of the modern state of the theory.

A diffeomorphism f of a compact Riemannian manifold M is non-uniformly
hyperbolic if there are a measurable df-invariant decomposition of the tan-
gent space T, M = E*(z) & E"(x) and measurable positive functions (z),
c(x), k(z) and A(x) < 1 such that for almost every x € M:

(1) |ldf™v]| < e(x)A(x)™||v]| for v € E*(x), n > 0;
(2) |ldf ™| < e(x)A(x)™||v|| for v € E*(z), n >0;
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(3) Z(E*(x), E*(2)) > k();

(4) c(f™(2)) < eNle(a),  k(f™(2)) 2 e=@IMk(z), Af"(2)) =
Az), m € Z.

The last property means that the rates of contraction and expansion (given
by A(z)) are constant along the trajectory and the estimates in (1) and (2)
can deteriorate with a rate which, while exponential, has a sufficiently small
exponent.

Non-uniform hyperbolicity can also be expressed in more “practical” terms
using the Lyapunov exponent of u:

1
x(z,v) = limsup — log ||df2v|, x € M, v € T, M.
n—oo N

This means that for all sufficiently large n and a sufficiently small ¢,
ldfz vl ~ exp(x(z,v) £ €)n.

If x(z,v) > 0, the differential asymptotically expands v with some exponen-
tial rate and if x(z,v) < 0, the differential asymptotically contracts v with
some exponential rate.

Therefore, f is non-uniformly hyperbolic if for almost every trajectory
with respect to p the Lyapunov exponent x(z,v) is not equal to zero for
every vector v; in this case the measure p is called hyperbolic. In other
words,

E*(z) = E}(2) = {v € TuM : x(z,v) <0}, E%(z)=Ef(z)=Ej.(2).

Nonuniform hyperbolicity is equivalent to the fact that Lyapunov exponents
of f are nonzero almost everywhere in M (i.e., the smooth invariant measure
for f is hyperbolic) — the phenomenon known as the Anosov rigidity. One
can show that f is an Anosov diffeomorphism if:

(1) the Lyapunov exponents for f are nonzero at every point z € M,
see [42, 31];

(2) the Lyapunov exponents for f are nonzero on a set of total measure
one, i.e., on a set that has full measure with respect to any invariant
measure, see [22, 23].

If p is a hyperbolic measure then for almost every * € M one can con-
struct local stable and unstable manifolds V*(x) and V*(x). They depend
measurably on x, in particular, their sizes can be arbitrarily small.

An example of a diffeomorphism with nonzero Lyapunov exponents was
constructed by Katok [34]. Starting with a hyperbolic automorphism of the
2-torus, he used the slow-down procedure in a neighborhood of a hyperbolic
fixed point p to turn p into an indifferent fixed point. In particular, the
Lyapunov exponents at p are all zero. Katok used this example as a start-
ing point in his construction of area preserving C*° diffeomorphisms with
nonzero Lyapunov exponents on compact surfaces. This result was extended
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by Dolgopyat and Pesin [30] who showed that any compact manifold of di-
mension > 2 admits a volume preserving C*° diffeomorphism with nonzero
Lyapunov exponents.

2.3. Partial hyperbolicity. It originated in the work of Brin and Pesin
[13] and of Pugh and Shub [32]; see also the book [49] for a sufficiently
complete exposition of the core of the theory.

A diffeomorphism f of a compact Riemannian manifold M is called par-
tially hyperbolic if for each x € M there is a continuous df-invariant decom-
position of the tangent space T, M = E*(z) ® E°(x) ® E*(x) and constants
c1,C2,¢3,¢4 > 0, A1 < 1 < pa < Ao, p1 < 1 such that for each x € M and
n > 0:

(1) [[def™ 0] < erAT|v]| for v € E*(z);

(2) [def" 0l = c2Ag]|v]| for v € E*(z);

(3) captlvll < [ldof" 0l < cspzv]| for v € E<().
The distributions E*®, E" and E° are called stable, unstable and central
respectively. They depend continuously in z.* Clearly, the angle between
any two subspaces E®(x), E%(x) and E°(x) is bounded away from zero
uniformly in z.

Any sufficiently small perturbation in the C'! topology of a partially hyper-
bolic diffeomorphism is again a partially hyperbolic diffeomorphism. Hence,
partially hyperbolic diffeomorphisms form an open set in the space of C*
diffeomorphisms of M.

The stable and unstable distributions F* and E* can be integrated to
continuous foliations W# and W*" respectively with smooth leaves. The
central distribution may or may not be integrable.

Some well-known examples of partially hyperbolic diffeomorphisms are
1) a direct product of an Anosov diffeomorphism with the identity map of
a manifold; 2) a group extension over an Anosov diffeomorphism; 3) the
time-1 map of an Anosov flow.

A compact invariant subset A C M is called partially hyperbolic if the
restriction f|A is partially hyperbolic in the above sense. For each z € A
one can construct local stable V*(z) and unstable V*(z) manifolds.

3. MARKOV PARTITIONS

3.1. Definition of Markov partitions. Let A be a locally maximal hyper-
bolic set for a diffeomorphism f of a compact smooth Riemannian manifold
M. From now on we assume that f|A is topologically mixing. The general
case can be easily reduced to this one by using the Spectral Decomposition
Theorem.

A non-empty closed set R C A is called a rectangle if

e diam R < ¢ (where § > 0 is sufficiently small);
e R = intR where intR is defined in the relative topology in R;

4One can show that the dependence in x is Holder continuous.
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e [x,y] € R whenever z,y € R.5
A rectangle R has direct product structure that is given x € R, there exists
a homeomorphism
0: R— RNV (z) x ROV (z).0

One can show that both 6 and §~! are Holder continuous. A finite cover
R = {Ry,...,Rp} of A by rectangles R;, i = 1,...,p is called a Markov
partition for f if

(1) intR; NintR; = O unless i = j;

(2) for each z € intR; N f~1(intR;) we have

fVi(@)NR) CVA(f(x)) N Ry, f(V(z) N Ri) DV(f(x)) N Ry.
These relations are called the Markov property of the Markov partition. We
stress that despite the name a Markov partition R is a cover of A which is

almost a partition: any two elements of the cover can intersect only along
their boundaries.

3.2. Symbolic models. A Markov partition R = {Ry,..., R,} generates
a symbolic model of f|A by a finite Markov shift or a subshift of finite
type (X4, 0), where X 4 is the set of two-sided infinite sequences of numbers
{1,...,p}, which are admissible with respect to the transfer matrix of the
Markov partition A = (a;;) (i.e., a;;j = 1 if intR; N f~1(intR;) # 0 and
a;j = 0 otherwise). Namely, define

Rgg)zn = m f_j(Rij)’ Rz(i)n...i_l = ﬂ f_j(Rij)7
7=0

R
Now we define the coding map x: ¥4 — A by

n>0

— R(S) i N R(u)

Tm.ln in 10.in

Note that the maps f and o are conjugate via the coding map Y, i.e.,
fox = xoo. The map x is Holder continuous and injective on the set
of points whose trajectories never hit the boundary of any element of the
Markov partition.

For any points w = (...i_1igi1...) € ¥4 and w’ = (...3" 44pi)...) € ¥a

with the same past (i.e., #j = 4; for any j < 0) we have that x(w') €

V@ (z) N R(x), where z = x(w) and R(z) is the element of a Markov par-
tition containing x. Similarly, for any point w” = (...d",igi{...) € X4

with the same future as w (i.e., ij = i; for any j > 0) we have that

xW") € V) (z) N R(z). Thus, the set V™ (x) N R(x) can be identified
via the coding map x with the cylinder C’;g in the space ZX of “positive”

5We use here the fact that the set A is locally maximal.
6In other words 0 identifies the rectangle R with the product RNV (z) x RNV ™ (z).
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one-sided infinite sequences of numbers {1, ..., p} and the set V) (z)NR(x)
can be identified via the coding map x with the cylinder C;  in the space

¥, of “negative” one-sided infinite sequences of numbers {1, ..., p}.

3.3. Sinai’s construction of Markov partitions. I outline here a con-
struction of Markov partition from [58] (see also [26]). For simplicity I only
consider Anosov diffeomorphisms of the two dimensional torus in which case
the geometry of the construction is rather simple and it produces a par-
tition whose elements are connected subsets with non-empty interior. In
the multi-dimensional case the requirement that partition elements are con-
nected cannot be ensured unless one allows partitions with countable number
of elements. For the construction of Markov partitions for general Axiom A
maps I refer the reader to the works of Bowen [15, 17].7

Let f be an Anosov diffeomorphism of the two dimensional torus T?. Fix
e > 0. We shall construct a Markov partition with diameter of elements
< e. It suffices to do so for some power n of f. Indeed, if R is a Markov
partition for f7, then ({__, f*R is a Markov partition for f.

For points in the torus local stable and unstable manifolds are smooth
curves which are called stable and unstable curves. In the course of our
construction every rectangle R is a closed connected subset of the torus.
Its boundary OR is the union of four curves two of which are stable and
the other two are unstable. The union of stable curves forms the stable
boundary O°R of R while the union of unstable curves forms the unstable
boundary O"R of R. For every x € R we denote by vj(x) (respectively,
vi(x)) the full-length stable (respectively, unstable) curve through z, i.e.,
the segment of stable (unstable) curve whose endpoints lie on the unstable
(stable) boundary of R.

Let us now fix 6 > 0, n > 0, and let A € (0,1) be the constant in
the definition of Anosov diffeomorphisms. A collection of rectangles R =
{R1,...,R,} is called a sufficient (n,d)-collection if

(1) Uiy B =T
(2) diaij <d0,j=1,...,p;
(3) given a rectangle Rj, one can find two subcollections of rectangles
{Ri,...,R; } and {Ry,,..., R} such that
(a) f™(R)) € Uiy Ri, and f7"(R;) C Uizt B 5
(b) for every x € R; if f"(z) lies in some rectangle R;, from the
first subcollection, then f"(fy%j () C vy (f"(2));
e

(c) for every x € R; if f~™(x) lies in some rectangle R, from the
second subcollection, then ™" (v (2)) Cvg (f7"(2)).
J S¢

In [15], Bowen used a method similar to the original Sinai’s method known as the
method of successive approximations and in [17] he used a different approach based on
pseudo-orbits.
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It is not difficult to show that given § > 0 and a large enough n > 0, there
is a sufficient (n, §)-collection R.

Our goal is to slightly “extend” each rectangle of a given sufficient (n,d)-
collection R in both the stable and unstable directions to ensure the Markov
property in these directions. This will produce a cover of the torus by
rectangles, which is a Markov cover.

To this end fix a rectangle R; € R and consider two subcollections
{Ril, e ,Rzk} and {Rsl, .. .,Rst}, which have the properties with respect
to Rj mentioned above. We refer to the union of the (un)stable bound-
aries of all rectangles in the subcollection as the (un)stable boundary of the
subcollection.

Consider the set f"(0“R;). It consists of two unstable curves 4§ = f*(3})
and 75 = f™(74) where the curves 7} and 44 form the unstable boundary of
]:Zj. Denote by A, By and As, Bs the endpoints of these curves. We refer
to A; and Aj as the left endpoints of 7}* and 4§ respectively, and to By and
Bs as the right endpoints of 7 and v§ respectively. If R, is a rectangle
from the subcollection that contains A1, then it also contains As.

U

Consider now the full-length unstable curve V% (Ay). It intersects the

m

stable boundary of R, at two points, C; and D;. One of them, say C1, lies
on the “left” of A; and does not belong to the curve 7} (while the other
one does). We now extend the curve 5} to the left by adding the segment
f(A1Ch) to its left point f~"(A;). It is easy to see that the length of
this segment does not exceed A", Similarly, the full-length unstable curve
*y]% (A2) intersects the stable boundary of Rm at two points, Co and Dy of
which (5 lies on the “left” of Ap and does not belong to the curve 5. We
again extend the curve 4§ to the left by adding the segment f~"(A2C3) to
its left point f~"(Az2). The length of this segment does not exceed dA™".
As a result we obtain a new rectangle I:Zé, which is a left extension of the
rectangle Rj. The left stable boundary of this new rectangle is the stable
curve f"(C1Cy).

In a similar manner we can extend the rectangle Rj to the right and obtain
a new rectangle which has the Markov property in the unstable direction
with respect to the subcollection associated to Rj. Continuing in this way we
obtain a new cover RV = {Rgl), ce Rél)} which has the Markov property in
the unstable direction with respect to the cover R. Note that the diameter of
each rectangle in the new cover in the unstable direction does not exceed d +
O™, while the diameter in the stable direction does not exceed §. Proceeding
by induction we obtain a sequence of covers RO = {qu), e RZ(;Q)} such that

(1) rectangles in the cover R(?) have the Markov property in the unstable
direction with respect to the rectangles in the cover R4~1;
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(2) the diameter of each rectangle in the cover R(? in the unstable
direction does not exceed

1 — )\—(g+n
1—A"
while the diameter in the stable direction does not exceed ¢;

(3) for each ¢ > 0 and j = 1,...,p we have that ]:2§Q) C Rg-q_l) and the

rectangle Rgg) is a connected subset.

2,

One can show that the sets R;r = Uq>0 qu) a cover Rt which has the
Markov property in the unstable direction and whose diameter in the un-
stable direction does not exceed ﬁ% , while the diameter in the stable
direction does not exceed §. Furthermore each rectangle in this cover is a
connected subset. Replacing f™ with f~" and repeating the above argu-
ment, we can slightly extend each element of the cover R™ in the stable
direction to obtain a new cover R = (R*)~ which has the Markov property
in both the unstable and stable directions and whose diameter does not ex-
ceed ﬁ?é . Moreover, each rectangle in this cover is a connected subset.
One can now subdivide the rectangles of the cover to obtain the desired
Markov partition.

4. SRB MEASURES I: HYPERBOLIC ATTRACTORS

4.1. Topological attractors. Let f be a diffeomorphism of a compact
smooth Riemannian manifold M. A compact invariant subset A C M is
called a topological attractor for f if there is an open neighborhood U of A
such that f(U) C U and

A=) ).
n>0
The set U is said to be a trapping region or a basin of attraction for A.
The maximal open set with this property is called the topological basin of
attraction for A. Tt follows immediately from the definition of the attractor
that A is locally maximal, i.e., is the largest invariant set in U.

4.2. Natural and physical measures. Starting with the volume m in U
consider its evolution under the dynamics, i.e., the sequence of measures

1 n—1
(4.1) my = kz_o fEm.

This sequence is compact in the week* topology and hence, has a convergent
subsequence my,, . Clearly, the limit of m,, is supported on A and by the
Bogolubov-Krylov theorem, it is an f-invariant measure called a natural
measure for f. In general, the measure p may be quite trivial — just consider
the point mass at an attracting fixed point.
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Given a measure p on an attractor A, define its basin of attraction B(u) as
the set of u-generic points x € U, i.e., points such that for every continuous
function ¢ on A,

im l k(x)) =
(42) lim 3" (@) = [ pdn

A natural measure p on the attractor A is a physical measure if its basin of
attraction B(yu) has positive volume. An attractor with a physical measure
is called a Milnor attractor.

4.3. SRB measures. Let i be a hyperbolic invariant measure supported
on A. Using results of nonuniform hyperbolicity theory one can construct for
almost every = € A alocal stable V*(z) manifold and a local unstable V*(x)
manifold. It is easy to show that for such points 2 we have V*%(x) C A and
consequently, W*(x) C A (recall that W (z) is the global unstable manifold
through x). On the other hand, the intersection of A with stable manifolds
of its points is a Cantor set.

There is a collection {As}ys>1 of nested subsets of A that exhaust A
(mod 0) such that local stable V*(z) and unstable V*(x) manifolds depend
continuously on = € Ay. In particular, their “sizes” are bounded uniformly
from below. Given x € Ay, set

Q)= U v,

yEB(x,re)NA,

where ry > 0 is sufficiently small, and let & be the partition of Q,(x) by local
unstable leaves V¥(y), y € B(z,7¢) N Ay. Denote by p*(y) the conditional
measure on V¥(y) generated by p with respect to the partition & and by
m“(y) the leaf-volume on V*(y) generated by the Riemannian metric.®

A hyperbolic invariant measure p on A is called an SRB measure (after
Sinai, Ruelle and Bowen) if for every ¢ with p(As) > 0, almost every = €
Ay and almost every y € B(z, ;) N Ay the measures p*(y) and m"(y) are
equivalent. The idea of describing an invariant measure by its conditional
probabilities on the elements of a continuous partition goes back to the
classical work of Kolmogorov and later work of Dobrushin on random fields,
[29] (see also [59]).

The following result describes the density d"(z,y) of the conditional mea-
sure p*(z) with respect to the leaf-volume m"(x).

Theorem 4.1 (Sinai [59], Pesin and Sinai [50], Ledrappier [39]). For almost
-1, u

every x the density d"“(z,y) is given by d“(z,y) = p*(z)~ " p"(z,y) where for
yeVi(x)

= Jac(df| E*(f~(y)))
LA Jac(df| B5(F(x)))

(4.3) p(z,y) =

8Both 1 (x) and m®(x) are probability measures.
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and
4.4 “(x) = “(x,y)dm"(x
(14) )= [ Py an @

is the mormalizing factor.

The equation (4.3) can be viewed as an analog of the famous Dobrushin-
Lanford-Ruelle equation in statistical physics, see [38] and [59].

Using results of nonuniform hyperbolicity theory one can obtain a suffi-
ciently complete description of ergodic properties of SRB measures.

Theorem 4.2. Let f be a C'F¢ diffeomorphism of a compact smooth man-
ifold M with an attractor A and let pu be an SRB measure on A. Then
(1) A =UjzoAis AinAj=0;
(2) u(Ao) =0 and p(A;) >0 fori > 0;
(3) f|A; is ergodic for i > 0;
(4) for eachi > 0 there isn; > 0 such that A; = |JjL; Aij where f(Aij) =
Aij+1; f(Anll) = A;1 and fm|A11 1s Bernoulli.

For smooth measures this theorem was proved by Pesin in [46] and its
extension to SRB measures was obtained by Ledrappier in [39] (see also
[7, 8]). We note that the proof of the Bernoulli property in Statement 4 of
the theorem is based on the work of Ornstein and Weiss who established
the Bernoulli property for geodesic flows on compact manifolds of negative
curvature, [45].

SRB measures admit the following characterization.

Theorem 4.3. Let pu be a measure on A of positive entropy. Then p is an
SRB measure if and only if its entropy is given by the entropy formula:

mf) = [ 3 o) duo)

A xi(z)>0

For smooth measures (which are a particular case of SRB measures) the
entropy formula was proved by Pesin [46] (see also [7]) and its extension to
SRB measures was obtained by Ledrappier and Strelcyn [40]. The fact that
a hyperbolic measure satisfying the entropy formula is an SRB measure was
shown by Ledrappier [39]. °

It follows from Theorem 4.3 that any ergodic SRB measure is a physical
measure (any ergodic component of an SRB measure is an ergodic SRB
measure). In particular, if an attractor supports an ergodic SRB measure
then it is a Milnor attractor.

9n this paper we use the definition of SRB measure that requires that it is hyperbolic.
One can weaken the hyperbolicity requirement by assuming that some (but not necessarily
all) Lyapunov exponents are non-zero (with at least one positive). It was proved by
Ledrappier and Young [41] that within the class of such measures SRB measures are the
only ones that satisfy the entropy formula.
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The limit measures for the sequence of measures (4.1) are natural candi-
dates for SRB measures. The classical eight figure map'® is an example of
a diffeomorphism f with an attractor A such that the sequence of measures
(4.1) converges to a hyperbolic measure p whose basin of attraction has full
volume, however p is not an SRB measure for f.

4.4. Uniformly hyperbolic attractors. An attractor A is hyperbolic if it
is a uniformly hyperbolic set for f.!! The unstable subspace E" is integrable:
given x € A, the global unstable manifold W*(z) lies in A and hence, the
attractor is the union of the global unstable manifolds of its points, which
form a lamination of A. On the other hand the intersection of A with stable
manifolds of its points may be a Cantor set.

Theorem 4.4. Assume that the map f|A is topologically transitive. Then
the sequence of measures (4.1) converges to a unique SRB measure on A and
so does the sequence of measures (4.5) (independently of the starting point

This theorem was proved by Sinai, [57] for the case of Anosov diffeomor-
phisms, Bowen, [17] and Ruelle [53] extended this result to hyperbolic at-
tractors, and Bowen and Ruelle, [18] constructed SRB measures for Anosov
flows.

Well-known examples of hyperbolic attractors are the DA (derived from
Anosov) attractor and the Smale-Williams solenoid (see [37]).

In the following two subsections I will outline two different approaches
to prove Theorem 4.4. The first approach was developed by Sinai in [57]
and uses Markov partitions, while the second one deals with the sequence
of measures (4.1) in a straightforward way and hence, is more general. In
particular, it can be used to construct some special measures for partially
hyperbolic attractors which do not allow Markov partitions; these are so
called u-measures which are natural analog of SRB measures in this case,
see [50] and Section 6. For simplicity of the exposition I only consider the

case of Anosov diffeomorphisms, extension to hyperbolic attractors is not
difficult.

4.5. First Proof of Theorem 4.4 (Sinai [57]). Let R be a Markov parti-

tion of sufficiently small diameter and let R~ = \/;", f~™R. One can show
that the partition R~ has the following properties:
(1) fR=>R;

(2) Vi, f*R™ is the trivial partition;

(3) there is r > 0 such that every element of the partition R~ is con-
tained in a local stable manifold and contains a ball in this manifold
of radius r.

10This is a two dimensional smooth map with a hyperbolic fixed point whose stable
and unstable separatrices form the eight figure. Inside each of the two loops there is a
repelling fixed point.

11Clearly, the set A is locally maximal.
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Given z € A, denote by Cr- () the element of the partition R~ containing
x. For every n > 0 we have that f"(Cr-(z)) = Cpn(z-)(f"(z)) and that f"
is a bijection between Cr-(x) and Cyng-)(f"()). Therefore, f~" trans-
fers the normalized leaf-volume on C'gn(z-(f"(z)) to a measure on Cg - ()
which we denote by p,. This measure is equivalent to the leaf-volume on
Cr-(z) and we denote by p,(y) the corresponding density function, which
is continuous. One can show that the sequence of functions p, converge
uniformly to a continuous function p(y) = pc,  (x)(y), which can be viewed
as the density function for a normalized measure fic, () O Cr-(z). These
measures have the following properties:

(1) Ac, () is equivalent to the leaf-volume on Cr-(z);

(2) for every measurableset A C O, C Cy-1(g-) the following Chapman-

Kolmogorov relation holds:

i(A|C-1(r-)) = W(A|CR ) (CRr-|Cp-1(r-));
(3) the measures fi are determined by Properties 1 and 2 uniquely.

One can now show that for any x € M and any measurable subset A C M
there is a limit

p(A) = lim fi(A|Cpn - (2),
which does not depend on z. The number p(A) determines an invariant
measure for f which is the desired SRB measure.

4.6. Second Proof of Theorem 4.4 (Pesin and Sinai, [50]). The way
of constructing SRB measures on A based on the sequence of measures (4.1)
can be viewed as being “from outside of the attractor”. There is another
way to construct SRB measures “from within the attractor”. Fix x € A and
consider a local unstable leaf V' = V*(z) at z. One can view the leaf-volume
m¥(z) on V*(x) as a measure on the whole of A. Consider the sequence of
measures on A

n—1
(4.5) vp(z) = %Z ffm“(x)
k=0

We shall show that every limit measure for the sequence of measures (4.5) is
an SRB-measure. In fact, every SRB-measure u can be constructed in this
way, i.e., it can be obtained as the limit measure for a subsequence of mea-
sures v,. Furthermore, if f|A is topologically transitive, then the sequence
of measures (4.5) converges to p and so does the sequence of measures (4.1).

We stress that in the definition of the sequence of measures (4.5) one can
replace the local unstable manifold V*(z) with any admissible manifold, i.e.,
a local manifold passing through x and sufficiently close to V%(z) in the C*
topology.

Let 1 be a limit measure of the sequence of measures (4.5) and let z be
such that p(B(z,7)) > 0 for every » > 0. Consider a rectangle R of size
r > 0 containing z and its partition £ into unstable local manifolds V*(y),
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y € R. We identify the factor space R/{ with W = V*¥(z) N A and we denote
by U, = f™(V). Set
An={y e W: V*(y) N Uy # 0},
By ={y e W:V*"(y) noU, # 0},
C, = A, \ B,.
Note that C), is a finite set and we denote by §,, the measure on W, which

is the uniformly distributed point mass on C,. If h is a continuous function
on A with support in R, then

/hdl/n:/ hdvy,
A R

= Z / hdv,
Ve (z)NUy,

yEAn
= h dl/n + / h dUn
y;cn / *“(2)NUn y;Bn “(2)NUn

=1V + 12,

One can show that I,(f) < % where C > 0 is a constant. One can further
show that

10 =0 3 54 (@), ) / h(w)p" (g, w) dp (w)

yeCy, Vey)

= enpt(f™(x v wm “(w
= [ et @ s | o B0 ),

where
n—1 -
Cp = [H Jac(df\Eu(fk(x)))} 1
k=0

and p"(y) is given by (4.4).

It follows that for any subsequence ny — oo for which the sequence of
measures vy, (x) converges to a measure x4 on A one has that p is an SRB
measure.

The above argument implies that p(intR) > 0 and hence, the set

E =[] f"(intR)

nez

is open and is an ergodic component of p of positive measure (i.e., f|F is
ergodic). In fact, every ergodic component of y can be obtained in this way
and hence, is open (mod 0). One can derive from here that there are at
most finitely many SRB measures and if f|A is topological transitive, then
there is only one SRB measure.
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5. SRB MEASURES II: CHAOTIC ATTRACTORS

5.1. Chaotic attractors: the concept. An attractor A for a diffeomor-
phism f is chaotic if there is a natural measure that is hyperbolic, i.e., a
measure with nonzero Lyapunov exponents (with some being positive and
some being negative). In this case using results of nonuniform hyperbolicity
theory one can show that for almost every x € A there are a local stable
V#(x) and unstable V*(x) manifolds. It is easy to see that for such points x
we have V*(z) C A, so that the attractor contains all the unstable manifolds
of its points.

5.2. Chaotic attractors: some open problems.

(1) Construct an example of a diffecomorphism f with an attractor A
such that the volume m is a non-invariant hyperbolic measure for
f (ie., for almost every x € U with respect to m and for every
nonzero vector v € T, M the Lyapunov exponent x(z,v) # 0) but
the sequence of measures (4.1) converges to a measure u on A for
which the Lyapunov exponent x(z,v) = 0 for almost every x € U
with respect to p and for every nonzero vector v € T, M;

(2) Construct an example of a diffeomorphism f with an attractor A
such that for almost every x € U with respect to volume m and for
every nonzero vector v € T, M the Lyapunov exponent x(z,v) = 0
but the sequence of measures (4.1) converges to a hyperbolic measure
won A.

5.3. The Hénon attractor. Consider the Hénon family of maps given by
(5.1) Hep(z,y) = (1 — az® + by, x),

For a € (0,2) and sufficiently small b there is a rectangle in the plane, which
is mapped by H,; into itself. It follows that H,; has an attractor — the
Hénon attractor.

Benedicks and Carleson [9] developed a highly sophisticated techniques
to describe the dynamics near the attractor. Building on this analysis,
Benedicks and Young [10] established existence of SRB measures for the
Hénon attractors.

Theorem 5.1. There exist € > 0 and by > 0 such that for every 0 < b < by
one can find a set Ay, € (2 — ¢,2) of positive Lebesgue measure with the
property that for each a € Ay the map H,y admits a unique SRB measure

Ha,b-

Wang and Young [68] introduced and studied some more general 2-parameter
families of maps with one unstable direction to which the above result ex-
tends.

The underlying mechanism of constructing SRB measures in these systems
is the work of Young [69] where she introduced a class of non-unformly hy-
perbolic diffeomorphisms f admitting a symbolic representation via a tower
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whose base A is a hyperbolic set with direct product structure and the in-
duced map on the base admits a Markov extension. Assuming that the
return time R to the base is integrable, one can show that there is an SRB
measure.

As in the case of uniformly hyperbolic systems, the real power of a sym-
bolic representation is not just to help prove existence of SRB-measures but
to show the exponential decay of correlations, the Central Limit Theorem,
etc. For the Hénon attractor Benedicks and Young [11] showed that if for
all T > 0 we have [ Rdm < CAT where C' > 0, 0 < A < 1 and the integral
is taken over the set of points x € A with R(x) > T, then f has the expo-
nential decay of correlations for the class of Holder continuous test class of
functions.

5.4. Chaotic attractors: an example. Let f be a diffeomorphism with
an attractor A to be the Smale-Williams solenoid. f has an SRB measure
on A. In a small ball B(p,r) around a fixed point p, the map f is the time-1
map of the linear system of ODE & = Axz.!2 We wish to perturb f locally
by slowing down trajectories near p. Define a map ¢ to be the time-1 map
for the following nonlinear system of ODE inside B(p,r)

T =1(x)Ax
and set g = f outside of B(p, 7).

Theorem 5.2 (Climenhaga, Dolgopyat, Pesin, [27]). The map g has an
SRB-measure.

5.5. Chaotic attractors: constructing SRB-measures. Consider the
set S C U (U is a neighborhood of the attractor A) of points such that

e f(S)CS,ie., Sis forward invariant;
e there are two measurable cone families K*(z) = K*(z, E1(x),0(x))
and K%(z) = K%(x, Fy(x),0(x)),' which are invariant,** i.e.,

Df(K*(z)) C K*(f(x)), DfHK*(f(x))) C K*(x)
and transverse, i.e., T, X = F1(z) ® Ea(x).

Define
o \(x) = sup{log |[Df(v)||: v € K*(x),||v| =1} — coefficient of con-
traction;
o \(z) = inf{log||Df(v)|: v € K"(z),||v|| = 1} — coefficient of ex-
pansion;

o d(z) = max (0, (A\*(z) — A“(x)) — defect of hyperbolicity;
o \(z) = \(z) — d(x) — coefficient of effective hyperbolicity;

12The matrix A is assumed to be hyperbolic having one positive and two negative
eigenvalues.

I3Recall that given 2 € M, a subspace E(z) C Ty M, and 0(z) > 0, the cone at x around
E(z) with angle 6(z) is defined by K (z, E(x),0(z)) = {v € ToM: Z(v, E(z)) < 0(x)}.

14We stress that the subspaces E1(z) and E2(z) do note have to be invariant under df
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e a(x) = L(K*(x), K*(x)) > 0 — angle between the cones;
o pa(r) = lim, oo 2#{0 < k < n: a(f¥(2)) < &} — average time the
angle between the cones is below a given threshold & > 0.
We further assume that for every x € S,
(S1) Lim,,_yo0 7 35570 A(f* (%)) > 03
(S2) limg—0 pa(x) = 0;
(88) Ty oo 2 Y170 A (F5(2)) < 0.

Theorem 5.3 (Climenhaga, Dolgopyat, Pesin, [27]). Assume that the set
S has positive volume. Then f possesses an SRB-measure.

In [67], Viana conjectured that if the set of all Lyapunov-Perron regular
points with non-zero Lyapunov exponents for a C'T diffeomorphism f has
positive (in particular, full) volume (which is not necessarily invariant), then
f admits an SRB measure. The above theorem provides some stronger con-
ditions under which the conclusion of Viana’a conjecture holds. An affirma-
tive solution of this conjecture for surface diffeomorphisms is obtained in a
recent work by Climenhaga, Luzzatto and Pesin [28] under some general ad-
ditional assumptions. It is conjectured that if Requirement (S1) is replaced
with a stronger requirement that

n—1
lim, o 32 A7) > A
k=0

for some A > 0, then f possesses at most finitely many SRB-measures. In
[52], F. Rodriguez Hertz, J. Rodriguez Hertz, Tahzibi and Ures showed that
any topologically transitive surface diffeomorphism possesses at most one
SRB measure.

6. SRB-MEASURES III: PARTIALLY HYPERBOLIC ATTRACTORS

6.1. Partially hyperbolic attractors. An attractor A is partially hyper-
bolic if f|A is uniformly partially hyperbolic, i.e., if the tangent space T'A
admits an invariant splitting
TAN=FE°® E‘® E"

into respectively, strongly stable, central and strongly unstable subspaces
which satisfy Conditions (1)—(3) in Section 2.3. The subspace E" is in-
tegrable: given x € A, a local unstable leaf V*(x) lies in A and hence, so
does the global strongly unstable manifolds W*. It follows that the attractor
is the union of the global strongly unstable manifolds of its points, which
form a lamination of A.

One can obtain an example of a partially hyperbolic attractor by consid-
ering the product map F' = f; X fo where f1: M — M is a map possessing
a uniformly hyperbolic attractor and fy: S — S is an isometry.

If f is a diffeomorphism possessing a uniformly (partially) hyperbolic
attractor A = Ay then any sufficiently small perturbation g of f in the
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C! topology possesses a uniformly (partially) hyperbolic attractor A4 that
lies in a small neighborhood of Ay. This provides an open set of uniformly
(partially) hyperbolic attractors in the spaces of C! diffeomorphisms.

6.2. SRB-measures on partially hyperbolic attractors. Let A be a
partially hyperbolic attractor for a diffeomorphisms f. A measure y on A
is a u-measure if for almost every x € A, the conditional measure p"(x)
generated by u on the global strongly unstable leaf W"(z) is absolutely
continuous with respect to the leaf-volume m"(z). One can show that the
Jacobian of the u-measure in the unstable direction is given by the formula
(4.3). The following result shows that every partially hyperbolic attractor
caries a u-measure. Its proof can be obtained by adjusting the argument in
the second proof of Theorem 4.4 to the partial hyperbolicity setting.

Theorem 6.1 (Pesin, Sinai, [50]). The following statements hold:

(1) Any limit measure u of the sequence of measures (4.1) is a u-measure
on A;

(2) Any limit measure p of the sequence of measures (4.5) is a u-measure
on A.

Unlike the case of hyperbolic attractors the topological transitivity of f|A
(or even topological mixing) does not guarantee uniqueness of u-measures.

Every SRB-measure on a partially hyperbolic attractor A is a u-measure
but not every u-measure is an SRB-measure. We say that a u-measure v has
negative (positive) central exponents if there is an invariant subset A C A
with v(A) > 0 such that the Lyapunov exponents x(x,v) < 0 (respectively,
x(z,v) > 0) for every z € A and every nonzero vector v € E°x). A u-
measure with negative (positive) central exponents is an SRB-measure.

Below is a result that guarantees existence and uniqueness of SRB-measures
for partially hyperbolic attractors with negative central exponents. It re-
quires existence of at least one u-measure with negative central exponents
and a strong transitive condition. A detailed discussion of these require-
ments can be found in [21].

Theorem 6.2 (Bonatti, Viana, [14]; Burns, Dolgopyat, Pollicott, Pesin,
[21]). Let f be a CY*€ diffeomorphism of a compact smooth manifold M
with a partially hyperbolic attractor A. Assume that:

(1) there exists a u-measure v with negative central exponents;
(2) for every x € A the global strongly unstable manifold W"(x) is dense
in A.

15Indeed7 consider F' = f; X f2, where fi is a topologically transitive Anosov diffeomor-
phism and f> a diffeomorphism close to the identity. Then any measure p = puq X p2, where
w1 is the unique SRB-measure for fi; and p2 any fe-invariant measure, is a u-measure for
F. Thus, F has a unique u-measure if and only if f> is uniquely ergodic. On the other
hand, F' is topologically mixing if and only if f5 is topologically mixing.
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Then v is the unique u-measure for f and is the unique hyperbolic SRB-
measure for f whose basin of attraction B(v) has full volume in the topolog-
ical basin of attraction of A.

The case of positive central exponents is more difficult and existence of
SRB-measures can be established under the stronger requirements that (see
[66]):

(1) there is a unique u-measure v with positive central exponents on a
subset A C A of full measure;

(2) for every x € A the global strongly unstable manifold W*"(x) is dense
in A.

6.3. Dominated splitting and SRB-measures. The key tool in con-
structing SRB-measures in the uniform hyperbolic setting is presence of a
dominated splitting, i.e., a decomposition of the tangent bundle T, M =
Ei(z) @ Ea(x) for every x € A such that

(1) Ey(z) and Es(x) depend continuously on x;

(2) £(E1(z), Ex(z)) is bounded away from 0;
(3) there is 0 < A < 1 such that

IDfIE ()] <A, IDFIEL()] - D E2(f(2))] < X
Construction of SRB measures for systems with dominated splitting was
effected in various situations. Here is an (incomplete) list:

e (Alves, Bonatti, Viana, [3]) there is a subset S C U of positive
volume and £ > 0 such that for every z € 5,

. 1< _ ,
lim sup 52 log ||df ~!|Ea(f7 ()] < —e.
n o0 j:l

In this case in addition, one can have no more than finitely many
distinct SRB measures.

e (Alves, Dias, Luzzatto, Pinheiro, [4]) there is a subset S C U of
positive volume and € > 0 such that for every x € S,

I I o :
hmnlilgonjzl log ||df Y| B2 (f ()] < —e.
In this case in addition, one can have no more than finitely many
distinct SRB measures. In fact, if f is topologically transitive and
m(S) = 1, then the SRB measure is unique.
We stress that for non-uniformly hyperbolic f, the splitting of the tangent
space does not have to be dominated.

REFERENCES

[1] R. Adler, B. Weiss, Entropy, a complete metric invariant for automorphisms
of the torus, Proc. National Academy of Science, 57:6 (1967) 1573-1576.
[2] V. M. Alekseev, Symbolic dynamics, XI Mathematical School, Kiev, 1976.



24

3]

[10]
[11]

[12]

[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]

[21]

[22]

23]

[24]

[25]

YAKOV PESIN

J. Alves, C. Bonatti, M. Viana, SRB measures for partially hyperbolic systems
whose central direction is mostly expanding, Inv. Math., 140 (2000), 351-398.
J. Alves, C. Dias, S. Luzzatto, V. Pinheiro, SRB measures for partially hyper-
bolic systems whose central direction is weakly expanding, J. EMS, 2017.

D. Anosov, Geodesic flows on Riemannian manifolds with negative curvature,
Proc. Steklov Math. Institute, 90, AMS, Providence, RI, 1967.

D. Anosov, Ya. Sinai, Some smooth ergodic systems, Russian Math. Surveys,
22:5 (1967) 103-167.

L. Barreira, Ya. Pesin, Nonuniform hyperbolicity: Dynamics of systems with
nonzero Lyapunov exponents, Cambridge University Press, 2007.

L. Barreira, Ya. Pesin, Introduction to Smooth Ergodic Theory, Graduate Stud-
ies in Mathematics, 148, AMS, Providence, RI 2013.

M. Benedicks and L. Carleson, The dynamics of the Hénon map, Ann. of Math.,
133 (1991) 73-169.

M. Benedicks and L.-S. Young, Sinai—-Bowen—Ruelle measure for certain Hénon
maps, Invent. Math. 112 (1993) 541-576.

M. Benedicks and L.-S. Young, Markov extensions and decay of correlations
for certain Hénon maps, Astérisque, 2000.

K. Berg, On the conjugacy problem for K-systems, Ph.D. Thesis, University
of Minnesota, 1967; also Entropy of torus automorphisms, 1968 Topological
Dynamics (Symposium, Colorado State Univ., Ft. Collins, Colo., 1967), pp.
67-79.

M. Brin, Ya. Pesin Partially hyperbolic dynamical systems, Math. USSR
Izvestija, 8:1 (1974) 177-218.

C. Bonatti, M. Viana, SRB measures for partially hyperbolic systems whose
central direction is mostly contracting, Israel J. Math., 115 (2000), 157-193.
R. Bowen, Markov partitions for Aziom A diffeomorphisms, Amer. Journal of
Mathematics, 95 (1972) 429-459.

R. Bowen, Symbolic dynamics for hyperbolic flows, Math. Systems Theory, 8:3
(1975) 193-202.

R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomor-
phisms, Lecture Notes in Mathematics, 470, Springer-Verlag, Berlin, 1975.

R. Bowen, D. Ruelle, The ergodic theory of Aziom A flows, Inventions Mathe-
maticae, 29 (1975) 181-202.

L. Bunimovich, Ya. Sinai, Markov Partitions for dispersed billiards, Commun.
Math. Phys., 78:2 (1980) 247-280; Erratum — ibid, 107:2 (1986) 357-358.

L. Bunimovich, Ya. Sinai, N. Chernov, Markov partitions for two-dimensional
hyperbolic billiards, Uspekhi Mat. Nauk, 45:3 (1990) 97-134.

K. Burns, D. Dolgopyat, Ya. Pesin, M. Pollicott, Stable ergodicity for par-
tially hyperbolic attractors with negative central exponents, Journal of Modern
Dynamics, 2:1 (2008) 1-19.

Y. Cao, Non-zero Lyapunov exponents and uniform hyperbolicity, Nonlinearity
16 (2003) 1473-1479.

Y. Cao, S. Luzzatto, I. Rios, A minimum principle for Lyapunov exponents
and a higher-dimensional version of a theorem of Mané, Qual. Theory Dyn.
Syst., 5:2 (2004) 261-273.

J. Chen, H. Hu, Ya. Pesin, The essential coexistence phenomenon in dynamics
(with J. Chen and H. Hu), special issue “Statistical Properties of Dynami-
cal Systems”, Dynamical Systems, an International Journal (Ed. M. Nicol P.
Ashwin), v. 28 (2013).

J. Chen, H. Hu, Ya. Pesin, A volume preserving flow with essential coezistence
of zero and nonzero Lyapunov exponents, Ergod. Th. Dyn. Syst., 33:6 (2013)
1748-1785.



[26]

27]
28]

29]

30

31

32]

[33]

[34]

35

[36]

37

38)
[39]
[40]
ja1]
j42]
[43)
j44]
j45]
j46]
[47)

(48]

SINAT'S WORK ON MARKOV PARTITIONS AND SRB MEASURES 25

N. Chernov, Invariant measures for hyperbolic dynamical systems in Hassel-
blatt, B., Katok, A.: Handbook of Dynamical Systems, Volume 1A. North-
Holland (2002) 321-407

V. Climenhaga, D. Dolgopyat, Ya. Pesin, Non-stationary non-uniform hyper-
bolicity: SRB measures for dissipative maps, Preprint PSU, 2014.

V. Climenhaga, S. Luzzatto, Ya. Pesin, Young towers for mon-uniformly hy-
perbolic surface diffeomorphisms, Preprint, 2018.

R. Dobrushin, Description of a random field by means of conditional probabil-
ities and conditions for its reqularity, Teor. Veroyatnoistei i Primenenia, 13,
(1968) 201-229; English translation: Theory of Prob. and Appl., 13, (1968)
197-223.

D. Dolgopyat, Ya. Pesin, Fvery compact manifold carries a completely hyper-
bolic diffeomorphism, Ergod. Th. Dyn. Syst, 22 (2002) 1-27.

B. Hasselblatt, Ya. Pesin, J. Schmeling, Pointwise hyperbolicity implies uniform
hyperbolicity, DCDS, 34:7 (2013) 2819-2827.

M. Hirsch, C. Pugh, M. Shub, Invariant Manifolds, Lecture Notes in Math.,
583, Springer-Verlag, 1977.

H. Hu, Ya. Pesin, A. Talitskaya, A wvolume preserving diffeomorphism with
essential coexistence of zero and monzero Lyapunov exponents, Com. Math.
Phys., 319:2 (2013) 331-378.

A. Katok, Bernoulli Diffeomorphism on Surfaces, Ann. Math., 110 (1979)
529-547.

A. Katok, Moscow dynamics seminars of the Nineteen seventies and the early
career of Yasha Pesin, Discrete and Continuous Dynamical Systems, 22 (2008),
1-22.

A. Katok, Dmitry Viktorovich Anosov: His life and mathematics, in Modern
Theory of Dynamical Systems: A Tribute to Dmitry Victorovich Anosov Con-
temporary mathematics, AMS, 2017.

A. Katok, B. Hasselblatt, Introduction to the modern theory of dynamical sys-
tems. Encyclopedia of Mathematics and its Applications, 54. Cambridge Uni-
versity Press, Cambridge, 1995.

O. Lanford, D. Ruelle, Observables at infinity and states with short range cor-
relations in statistical mechanics, Comm. Math. Phys., 13 (1969) 194-215.

F. Ledrappier, Propriétés ergodiques des mesures de Sina i, Inst. Hautes Etudes
Sci. Publ. Math., 59 (1984) 163-188.

F. Ledrappier, J.-M. Strelcyn, A proof of the estimation from below in Pesin
entropy formula, Ergod. Th. Dyn. Syst., 2 (1982) 203-219.

F. Ledrappier, L.-S. Young, The metric entropy of diffeomorphisms, Ann.
Math. 122 (1985) 509-574.

R. Mané, Quasi-Anosov diffeomorphisms and hyperbolic manifolds, Transac-
tions of the American Mathematical Society, 229 (1977), 351-370.

D. Ornstein, Bernoulli-shifts with the same entropy are isomorphic, Advances
in Math. 4 (1970) 337-352.

D. Ornstein, Ergodic theory, randomness, and dynamical systems, Yale Uni-
versity Press, New Haven and London, 1974.

D. Ornstein and B. Weiss, Geodesic flows are Bernoullian, Israel J. Math. 14
(1973), 184-198.

Ya. Pesin, Characteristic Lyapunov exponents and smooth ergodic theory, Russ.
Math. Surveys, 32:4 (1977) 506-515.

Ya. Pesin, Families of invariant manifolds corresponding to mon-zero charac-
teristic exponents, Math. USSR Izvestija, 40:6 (1976) 1261-1305.

Ya. Pesin, Description of the w-partition of a diffeomorphism with invariant
measure, Math. Notes, 22:1 (1977) 506-515.



26 YAKOV PESIN

[49] Ya. Pesin, Lectures on Partial Hyperbolicity and Stable Ergodicity, Zurich Lec-
tures in Advanced Mathematics, EMS, 2004.

[50] Ya. Pesin and Ya. Sinai, Gibbs measures for partially hyperbolic attractors,
Ergod. Th. & Dyn. Syst., 2:3-4 (1982) 417-438.

[51] M. Ratner, Markov partitions for Anosov flows on n-dimensional manifolds,
Israel Journal of Math. 15 (1973) 92-114.

[52] F. Rodriguez Hertz, J. Rodriguez Hertz, A. Tahzibi and R.Ures, Uniqueness of
SRB measures for transitive diffeomorphisms on surfaces, Comm. Math. Phys.
306:1 (2011) 35-49.

[63] D. Ruelle, A measure associated with aziom-A attractors, Amer. J. Math., 98:3
(1976) 619-654.

[64] O. Sarig, Symbolic dynamics for surface diffeomorphisms with positive entropy.
Journal of the AMS 26 (2013) 341-426 .

[55] Ya. Sinai, Weak isomorphism of transformations with an invariant measure,
Sov. Math., Dokl. 3, (1962) 1725-1729.

[56] Ya. Sinai, Mesures invariantes des Y -systémes, Proc. ICM, Nice, 2, (1971)
9297940.

[57] Ya. Sinai, Markov partitions and Y -diffeomorphisms, Funct. Anal. and Appl.,
2:1 (1968) 64-89.

[58] Ya. Sinai, The construction of Markov partitions, Funct. Anal. and Appl., 2:3
(1968) 70-80.

[59] Ya. Sinai, Gibbs measures in ergodic theory, Russian Math. Surveys, 27:4
(1972) 21-69.

[60] Ya. Sinai, Finite-dimensional randomness, Russ. Math. Surv., 46:3 (1991) 177—
190.

[61] Ya. Sinai, Hyperbolicity and chaos, Atti Convegni Lincei, 131 (1997)107-110
(Boltzmann’s legacy 150 years after his birth. Proceedings of the meeting held
in Rome, May 2-28, 1994. Accademia Nazionale dei Lincei, Rome, 1997. 256
pp.)-

[62] Ya. Sinai, How mathematicians study chaos, Matem. Prosv., 3:5 (2001) 32-46
(in Russian).

[63] Sinai’s Moscow seminar on dynamical systems, Ed.: L. Bunimovich, B. Gure-
vich, Ya. Pesin, Trans. Amer. Math. Soc., 171:2 1991.

[64] S. Smale, Structurally stable differentiable homeomorphisms with infinitely
many periodic points, In Proc. of the International Conference on Nonlinear
Oscillations, 2, 365-366, Math. Inst. of Ukrainian Academy of Science, Kiev,
1963.

[65] S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc., 73 (1967)
747-817.

[66] C. Véasquez, Stable ergodicity for partially hyperbolic attractors with positive
central Lyapunov exponents, JMD, 3:2 (2009) 233-251.

[67] M. Viana, Dynamics: a probabilistic and geometric perspective, Proceedings of
the International Congress of Mathematicians, 1, Berlin, 1998.

[68] Q. Wang and L.-S.Young, Strange attractors with one direction of instability,
Comm. Math. Phys. 218 (2001) 1-97.

[69] L.-S. Young, Statistical properties of dynamical systems with some hyperbolic-
ity, Ann. of Math., 147 (1998) 585-650.

DEPARTMENT OF MATHEMATICS, MCALLISTER BUILDING, PENNSYLVANIA STATE UNI-
VERSITY, UNIVERSITY PARK, PA 16802, USA

E-mail address: pesin@math.psu.edu

URL: http://www.math.psu.edu/pesin/



