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ABSTRACT. We show that any smooth compact connected and ori-
ented surface admits an area preserving C**# diffeomorphism with
non-zero Lyapunov exponents which is Bernoulli and has polyno-
mial decay of correlations. We establish both upper and lower
polynomial bounds on correlations. In addition, we show that this
diffeomorphism satisfies the Central Limit Theorem and has the
Large Deviation Property. Finally, we show that the diffeomor-
phism we constructed possesses a unique hyperbolic Bernoulli mea-
sure of maximal entropy with respect to which it has exponential
decay of correlations.

1. INTRODUCTION

A classical problem in smooth dynamics known as the smooth real-
1zation problem asks whether there is a diffeomorphism f of a compact
smooth manifold M which has a prescribed collection of ergodic prop-
erties with respect to a natural invariant measure p such as the Rie-
mannian volume (or a more general smooth measure, i.e., a measure
that is equivalent to volume). Other interesting measures to consider
include the measure of maximal entropy. A yet more interesting but
substantially more difficult version of the smooth realization problem
is to construct a volume preserving diffeomorphism f with prescribed
ergodic properties on any given smooth manifold M. Starting with the
basic ergodic property — ergodicity — Anosov and Katok [I] constructed
an example of a volume preserving ergodic C'*° map with some addi-
tional metric properties. Katok [12] gave an example of area preserving
C* diffeomorphism with non-zero Lyapunov exponents on any surface
which is Bernoulli (see the definitions in the next section). Later Brin,
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Feldman, and Katok [4] and then Brin [3] extended this result by con-
structing a volume preserving C'*° diffeomorphism, which is Bernoulli,
on any Riemannian manifold of dimension > 5. In this example the
map has all but one non-zero Lyapunov exponents. Finally, Dolgopyat
and Pesin [6] constructed a volume preserving C* Bernoulli diffeomor-
phism with non-zero Lyapunov exponents on any Riemannian manifold
of dimension > 2.

It is natural to ask if a compact smooth manifold admits a vol-
ume preserving Bernoulli diffeomorphism with non-zero Lyapunov ex-
ponents that enjoys other important statistical properties such as expo-
nential or polynomial decay of correlations (that is rate of mixing), the
Central Limit Theorem, and the Large Deviations property (all three
with respect to a natural class of observables, e.g., functions which are
Holder continuous).

In one dimensional dynamics the famous Mauneville-Pomeau map
[19] (with some modifications) provide some examples of a map with
an indifferent fixed point preserving a measure which is absolutely con-
tinuous with respect to the (one-dimensional) Lebesgue measure. With
respect to this measure the decay of correlations is polynomial, the Cen-
tral Limit Theorem is satisfied, and the map has Large Deviation (with
respect to the class of Holder continuous observables; see [, 10} 15]).

In the two dimensional case several examples have been constructed
of area preserving maps on the 2-torus with polynomial decay of cor-
relations (and in some cases with sharp polynomial lower and upper
bounds), see [5], [7, 16, 15]. Also, starting from the work of Young,
[24, 25], some general techniques for obtaining polynomial decay of
correlations for maps admitting Young tower have been developed by
Gouézel [§] and Sarig, [22], see also [18, 23]. Also in [I1I] polynomial
lower and upper bounds were obtained for almost Anosov diffeomor-
phisms. This class of diffeomorphisms was introduced by Hu in [10]
and they preserve the Sinai-Ruelle-Bowen measure (which may not be
volume) and the local dynamics of these maps is quite different than
the one of the Katok map.

In the present paper we show that any surface admits an area pre-
serving C'*# diffeomorphism with non-zero Lyapunov exponents which
is Bernoulli and has polynomial decay of correlations — more precisely,
it allows polynomial lower and upper bounds. It also satisfies the Cen-
tral Limit Theorem and has Large Deviation.

Interestingly enough the map we construct also has the unique mea-
sure of maximal entropy with exponential decay of correlations. Thus
we show that any surface allows a C'*# diffeomorphism with the unique
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measure of maximal entropy with respect to which it has non-zero Lya-
punov exponents, is Bernoulli, has exponential decay of correlations,
and satisfies the Central Limit Theorem.

While our proof follows the basic scheme of Katok construction in
[12], we have to make many substantial changes which we outline here.
Starting with a linear automorphism of the 2-torus 72 which has 4 fixed
points, we slow down trajectories in sufficiently small neighborhoods
of these points and then correct the resulting map to obtain an area
preserving diffeomorphism fr2. We stress that while in the Katok
construction the slow down function can be chosen to be infinitely
and arbitrarily flat at 0 (guaranteeing that fr= is C*°), to ensure that
fr2 has polynomial decay of correlations, we have to choose the slow
down function to be polynomial at ().E] This results in f72 to be of class
C?*2% Tt also has non-zero Lyapunov exponents and is Bernoulli.

To show that fr= has polynomial decay of correlations we represent
this map as a Young diffeomorphism and study the symbolic map on
the corresponding Young tower (see Section 5). This map preserves
the measure that is the lift of the area (see [23, 24]). The decay of
correlations of this symbolic map has been studied extensively (see for
example, [8 18, 22] 23| 24], 25]) and is tied to the decay of the tail of
the return time (see Proposition 10.2). Thus to establish polynomial
upper and lower bounds on the decay of correlations we need to obtain
both upper and lower bounds on decay of the tail. This requires a
deep understanding of the behavior of trajectories in the slow down
domain and is done in Sections 6-8 which constitute the technically
most difficult part of the work.

Our next step is to carry over the map of the torus to a map on a
given surface. To achieve this we follow the approach in [12] and ob-
tain a C**2% area preserving Bernoulli diffeomorphism fp2 of the two
dimensional disk with non-zero Lyapunov exponents which is identity
on the boundary of the disk. In the original Katok’s construction the
map fpz is C° and is infinitely and arbitrarily flat at the boundary
of the diskﬂ, which allows one to apply some standard results to carry
over fp2 to a diffeomorphism f,; of a surface M. In our case fp2 is
only finitely flat at the boundary of the disk and we develop a specific
construction of a diffeomorphism from the interior of the disk onto an
open simply connected and dense subset of M, which extends to a

IWe believe that the rate of decay of correlations of fr2 is determined by the
rate of decay of the slow down function at 0.

2This is due to the fact that the slow down function can be chosen arbitrarily
flat at 0.
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homeomorphism from the closed disk onto M and is area preserving.
This diffeomorphism moves fp2 to an area preserving Bernoulli diffeo-
morphism fj; of the surface with non-zero Lyapunov exponents, see
Section 9.

Our next step is to use the conjugacy map and a representation of
fr2 as a Young diffeomorphism to obtain a similar representation for
far, see Section 10. Now to obtain an upper polynomial bound for
decay of correlation we use the results in [25] and [I8] to choose an
appropriate class of observables, which includes all Holder continuous
functions on the surface. To obtain a lower bound we use the result in
[23] (which is a hyperbolic version of the result in [§]) and the class of
Holder continuous observables on the surface which vanish inside small
neighborhoods of the fixed points, see Section 10.

We stress that the exponents in our polynomial lower and upper
bounds are different. This is a result of our estimates on the behavior of
trajectories of the Katok map in the slow down domain (see Section 6)
and may be an artifact of our techniques. However, there is a particular
class of observables for which our method gives the same exponent in
the polynomial lower and upper bounds, see Statement 3(b)(ii) of the
Main theorem 3.1.

Representing the map f); as a Young tower also allows us to establish
the Central Limit Theorem using results in [, [14] as well as Polynomial
Large Deviation using results in [17].

The paper is organized as follows. After we provide some definitions
in the next section we state our Main Theorem in Section 3. In Sec-
tion 4 we construct the map f72 on the 2-torus and state some of its
properties including its class of smoothness. In Section 5 we recall the
definition of Young diffeomorphisms and describe a representation of
fr2 as a Young diffeomorphism. The proof of the main result, Theo-
rem [3.1] occupies Sections 6 through 10. In Section 6, we prove some
technical results that establish new crucial properties of the slow down
map. In Sections 7 and 8 we obtain polynomial respectively lower and
upper bounds on the tail of the return time for the Katok map fr2. In
Section 9 we show how to carry over the Katok map of the torus to a
diffeomorphism of a given surface. Finally, in Section 10 we complete
the proof of the main result.
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thank Bernoulli Center (CIB, Lausanne, Switzerland) where part of the
work was done for their hospitality. S.S. was supported by the CNPQ
grant. The authors also would like to thank the referee for valuable
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2. DEFINITIONS AND NOTATIONS

Let X be a measurable space and T : X — X a measurable invertible
transformation preserving a measure u. For reader’s convenience we
recall the definitions of some properties of the map which are of interest
to us in the paper.

2.1. The Bernoulli property. We say that (7, 1) has the Bernoulli
property if it is metrically isomorphic to the Bernoulli shift (o, k) asso-
ciated to some Lebesgue space (Y, v), so that v is metrically isomorphic
to the Lebesgue measure on an interval together with at most count-

ably many atoms and « is given as the direct product of Z copies of v
on Y7,

2.2. Decay of correlations. Let H; and H, be two classes of real-
valued functions on X called observables. For hy € Hy and hy € H,
define the correlation function

Cor(hr, ho) = / b (T™ () o (&) dpt — / ha () dy / ho () dp.

We say that T has polynomial decay of correlations (more precisely,
polynomial upper bound on correlations) with respect to classes H;
and H, if there exists v; > 0 such that for any hy € Hq, hy € Ho, and
any n > 0,

|Cory,(ha, ho)| < Cn™7,
where C' = C(hq, hy) > 0 is a constant.
We say that T admits a polynomial lower bound on correlations with

respect to classes Hy and Hy of observables if there exists v > 0 such
that for any hy € Hi, ho € Hs, and any n > 0,

|Cory, (hy, ho)| > C'n™72,

where C" = C'(hq, he) > 0 is a constant.

We say that T has exponential decay of correlations with respect to
classes H; and H, if there exists v3 > 0 such that for any h; € H;,
ho € 7‘[2, and any n > 0,

|Cor,, (hy, ho)| < C"e™ ",

where C” = C"(hy, hy) > 0 is a constant.

2.3. The Central Limit Theorem. We say that 7" satisfies the Cen-
tral Limit Theorem (CLT) with respect to a class H of observables on
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X if there exists o > 0 such that for any h € H with [hdu = 0 the
sum

n—1
1 )
—— N h(F
7 )
converges in law to a normal distribution N(0, o).

2.4. Large Deviation. We say that T has Polynomial Large Devia-
tion with respect to a class H of observables on X if there is § > 0
such that for any h € H, any € > 0, and any sufficiently large n > 0

n—1
1 ,
SS MT @)~ [ ] >e) < Kn
u(\n;; (T"()) / £) < Kn
where K = K(e,3,h) > 1 is a constant.

2.5. Lyapunov exponents. Let f: M — M be a diffeomorphism of
a compact smooth Riemannian manifold M. Given a point x € M and
a vector v € T, M, the number

x(z,v) := limsup 1 log ||df 7 v]|
n—oo 1

is called the Lyapunov exponents of v at x. One can show that for
every x € M the function x(z,-) takes on finitely many values which
we denote by xi(z) < -+ < x,(x), where p = dim M. The functions
Xi(x),i=1,...,p are Borel measurable and f-invariant.

If 1 is an f-invariant measure, then for p-almost every x € M and
any v € T, M,

1
x(z,v) = lim —log ||df;v]|.
n—oo M,

We say that f has nonzero Lyapunov exponents with respect to p or
that p is hyperbolic if for p-almost every x we have that y;(x) # 0,
i=1,...,pand that x;(x) < 0 while x,(z) > 0.

Note that if p is ergodic, then x;(z) is a constant for all i = 1,...,p
and p-almost every x € M, which we denote by y;(u).

3. MAIN RESULTS

Let M be a smooth compact connected oriented surface with area
m. Without loss of generality we assume that m(M) = 1. Given p > 0,
let C* := CP(M) be the class of all Hélder continuous functions on M
with exponent p.

Consider a nested sequence of subsets {)M;} that exhausts M that
is My C My C --- C M and Uj>1 M; = M. Given such a sequence,
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let G = G({M;}) be the class of observables h C C? for which there is
k = k(h) such that supp(h) C M.

Theorem 3.1. Let M be a compact smooth connected and oriented
surface. There are numbers B > 0, p > 0, 5 > v, > 0, and a C'*F
diffeomorphism f of M preserving area m and satisfying:
(1) f has the Bernoulli property with respect to m;
(2) f has non-zero Lyapunov exponents almost everywhere with re-
spect to m;
(3) f admits polynomial upper and lower bounds on correlations

with respect to m; more precisely:
(a) for any h; € CP,i=1,2

| Cory(hyy he)| < Cin™ 1,

where C = Cl(th"Cp, HhQHC’P) > 0;

(b) if [ hadm [ hadm > 0, then there is a nested sequence of
subsets {M;} which ezhausts M such that for any h; €
g({MJ})7 =12,

| Cory(hy, he)| > Con ™72,

where Cy = CQ(thncp, th”cp) > 0;
(4) the map [ satisfies the CLT for the class of observables h € C?,
J hdm =0 with o = o(h) given by

02:—/h2dm+22/h-hof"dm,
n=0

where o > 0 if and only if h is not cohomologous to zero, i.e.,
ho f# go f— g for any measurable function g;

(5) the map f has Polynomial Large Deviation with respect to the
class CP of observables with the constant K of the form K =
K(||hl|ce)e™2". In addition, for an open and dense subset of
observables in C? and sufficiently small € > 0

n’ <m<’%§h(ﬂ(m))—/h‘ >5)

for infinitely many n;

(6) f has a unique measure of maximal entropy (MME) with re-
spect to which it has the Bernoulli property, non-zero Lyapunov
exponents almost everywhere, exponential decay of correlations
and satisfies the CLT with respect to the class C? of observables.
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4. A SLOW DOWN MAP OF THE 2-TORUS

4.1. The definition of a slow down map. Consider the automor-
phism of the two-dimensional torus T? = R?/Z? given by the ma-
trix A := (2 §). It has four fixed points z; = (0,0), zo = (3,0),
T3 = (0,%), and xs = (%,%) For i = 1,2,3,4 consider the disk
Di = {(s1,52) : 812 + 592 < r?} of radius r centered at z; and set

= Ui, Di. Here (s1,52) is the coordinate system obtained from
the eigendirections of A and originated at z;. Let A > 1 be the largest

eigenvalue of A. There are ro > r; > rg such that

(1) D;, C A(Dy,), A(D;)UA™N(D;,)) C Dy,

and the disks D! , are pairwise disjoint. Fix ¢ and consider the system
of differential equations in D!

d81 d82
2 =351 —
2) T sleed g

D, is the time-1 map of the local flow generated by

= —sylog \.

this system.
We choose a number 0 < a« < 1, 0 < rg < 1, and a function ¥ :
[0,1] — [0, 1] satisfying:
(K1) 9 is of class C* everywhere on (0, 1] but at the origin;
(K2) ¥(u) =1 for ro <u < 1;
(K3) ¢'(u) > 0 for 0 < u < 19;
(K4) ¥(u) = (u/ro)* for 0 <u < 2.
Using the function v, we slow down trajectories of the flow by perturb-
ing the system (2)) in D} as follows

d

% = 511/1(512 + 822) log A\
(3)

B2 o salsi® s log A

This system of differential equations generates a local flow ¢gi and we
denote by ¢’ the time-1 map of this flow. The choices of 1, g and r; (see
(1)) guarantee that the domain of ¢* contains D . Furthermore, ¢* is
of class C* in D: \ {z;} and it coincides with A in some neighborhood
of the boundary 9Dy, . Therefore, the map

_ JA(z) ifxzeT?\D,,
(4) G(-T) - {gl(aj) if v e Dil

defines a homeomorphism of the torus T?, which is a C* diffeomor-
phism everywhere except at the fixed points x;. Since 0 < a < 1, we
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have that
U du -
00.
o ¥(u)
This implies that the map G preserves the probability measure
(5) dv = g5 qdm,

where m is the area and the density ¢ is a positive C'° function that
is infinite at x; and is defined by

) W12+ s2%)7t i (s1,82) € D},
als1,s2) = {1 in T2\ D,,

Qo ::/ qdm.
T2

We further perturb the map G by a coordinate change ¢ in T? to obtain
an area preserving map. To achieve this, define a map ¢ in D], by the
formula

O — )( /d—))/<>

qo(s12 + 92 Y(u

and set ¢ = Id in T? \ D,,. Clearly, ¢ is a homeomorphism and is
a C* diffeomorphism outside the points x1, zs9, x3, 4. One can show
that ¢ transfers the measure v into the area and that the map fre =
¢ o G o ¢! is a homeomorphism and is a C°° diffeomorphism outside
the points x1, z2, 3, x4. It is called a slow down map (see [12] and also
[2]). The following proposition describes some basic properties of this
map.

and

Proposition 4.1 ([12],[2]). The map fr= has the following properties:

(1) It is topologically conjugated to A via a homeomorphism H.

(2) It admits two transverse invariant continuous stable and unsta-
ble distributions E*(x) and E*(x) and for almost every point x
with respect to area m it has two non-zero Lyapunov exponents,
positive in the direction of E*(x) and negative in the direction
of E*(x). Moreover, the only invariant measure with zero Lya-
punov exponents is the atomic measure supported on the fixed
poInts x;.

(3) It admits two continuous, uniformly transverse, invariant folia-
tions with smooth leaves which are the images under the conju-
gacy map of the stable and unstable foliations for A respectively.
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(4) For every e > 0 one can choose ro > 0 such that

| log |D frz|E*|dm —log A| < e.
Di,

(5) It is ergodic with respect to the area m.
The following proposition establishes regularity of the map fre.

Proposition 4.2. The map fr2 is of class of smoothness C*T2% where

.«
K = Ta-

Proof. Fix i € {1,2,3,4} and consider the vector field in D! given
by the right-hand side of . It is Hamiltonian with respect to the
area and the Hamiltonian function Hi(s1,s2) = s182log A. The vector
field given by is obtained from by a time change and hence, is
also Hamiltonian with respect to the measure v (see (b)) and the same
Hamiltonian function. The map fr2 is conjugate via ¢ (see @) to the
time-1 map of the flow generated by . Since ¢,v = m, fr2 is the
time-1 map of the flow which is Hamiltonian with respect to the area
and the Hamiltonian function Hy = Hy o ¢~ '. Using (0], we find that
H, can be given in D\ as follows (see [12]):

h / o2 2

2 2
s1+ S5

)

where by (K4), h(u) = uTs and u = s? + s2. To prove that fye is of
the desired class of smoothness we will show that the Hamiltonian H,
has Holder continuous partial derivatives of second order with Hélder
exponent 2x. To this end we consider the function g(z,y) = zy(z* +

y3)* with k = = and show that g has Holder continuous partial
derivatives of second order with Holder exponent 2x. Note that g
is of class C* except for (z,y) = (0,0), so we only need to show

Holder continuity of partial derivatives at the origin. Note also that

2 2
29 and 24 are

the function g is symmetric, so we only show that 7-3 520y

Holder continuous. Since %(0,0) = lim w = 0, we have
x Az—0 x
that
B [yla® 42 + 2maty(a Y, () £ (0,0):
Note that
o 90, Ay) — 22(0,0 Ay(Ay)* —0

0x0y Ay—0 Ay Ay—0 Ay
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and hence,
5 (1+2K) (2 + y?)"+
Gron =4 A= DIREE (@) £ (0.0)
0 (z,y) = (0,0).

Since the function % is differentiable for all (x,y) # (0,0), it is
Holder continuous for all pairs of nonzero points (x,y). It remains to
show Holder continuity for pairs of points one of which is zero. It is
easy to see that

82g
< K 2 2\ K — Kd 2K
|amay(w,y) 520y (0,0)| < K(2* +3?) ((z,9), (0,0))
where K > 0 and d denotes the usual distance. Thus 8‘9—89 is Holder

continuous with Holder exponent 2k.
Now we con51der . Observe that —(0 0) =0 and

g _ {my(ﬁ s DB P ()£ 0.0

oz |0, (z,y) = (0,0)
It is easy to see that
82g
’@(Ztu ) o 2(0 0)| S‘Kv(a’j—’_y?)ﬁ:‘[(d((m7y)7(070))2H

Hence, g—ig is Holder continuous with Holder exponent 2k. U

5. PROOF OF THEOREM [3.1I} REPRESENTING fr2 AS A YOUNG
DIFFEOMORPHISM

5.1. Young diffeomorphisms. Let f : M — M be a C'*¢ diffeomor-
phism of a compact smooth Riemannian manifold M. Following [24]
we describe a collection of conditions on the map f. E|

An embedded C'-disk v C M is called an unstable disk (respectively,
a stable disk) if for all z,y € v we have that d(f~"(x), f"(y)) —
0 (respectively, d(f"(x), f*(y)) — 0) as n — +oo. A collection of
embedded C! disks T'* = {7} is called a continuous family of unstable
disks if there exists a homeomorphism & : K* x D" — U~y" satisfying:

e K° C M is a Borel subset and D* C R¢ is the closed unit disk
for some d < dim M;

30ur requirements are slightly different than those in [24] since we do not assume
the inducing domain A to be compact.
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e x — ®|{z} x D" is a continuous map from K* to the space
of C' embeddings of D* into M which can be extended to a
continuous map of the closure K*;

o 7" = d({z} x D) is an unstable disk.

A continuous family of stable disks is defined similarly.

We allow the sets K* to be non-compact in order to deal with over-
laps which appear in most known examples including the Katok map.

A set A C M has hyperbolic product structure if there exists a con-
tinuous family T'* = {7*} of unstable disks v* and a continuous family
['* = {~*} of stable disks 7* such that

e dim v* + dim " = dim M;

e the ~v"-disks are transversal to y*-disks with an angle uniformly
bounded away from 0;

e cach ~v"“-disks intersects each v°-disk at exactly one point;

o A= (Uy")N(Uy).

A subset Ag C A is called an s-subset if it has hyperbolic product
structure and is defined by the same family I'* of unstable disks as
A and a continuous subfamily I'j C I'* of stable disks. A wu-subset is
defined analogously.

We define the s-closure scl(Ag) of an s-subset Ay C A by

scl(Ng) := U Y (x)NA
TENoNYY
and the u-closure ucl(Ay) of a given u-subset Ay C A similarly:
ucl(Ay) = U v () NA.
reAiNys
Assume the map f satisfies the following conditions:

(Y1) There exists A C M with hyperbolic product structure, a count-
able collection of continuous subfamilies I'] C I'* of stable disks
and positive integers 7;, ¢ € N such that the s-subsets

(7) Af::U(vﬂA)CA

are pairwise disjoint and satisfy:
(a) invariance: for every x € Aj

Jr (@) (), fr (v () D4 (),

where v*5(x) denotes the (un)stable disk containing z;
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(b) Markov property: AY = f7(Af) is a u-subset of A such

that for all z € A?
Frr (@) OA) =% (x) N A,

ST () NA7) = 44" () N A

(Y2) The sets A¥ are pairwise disjoint.
For any « € A7 define the inducing time by 7(x) := 7; and the induced
map f:U,enAf — A by

flag = f"
(Y3) There exists 0 < a < 1 such that for any i € N we have:
(a) For x € A and y € v*(x),

d(f(x), f(y) < ad(z.y);
(b) For z € A and y € v¥(z) N A$,

d(z,y) < ad(f(x), f(y))-
For z € A let Jacf(z) = det |Df|guw| and Jacf(z) = det |Df|gpuw)|
denote the Jacobian of D f|gu(y) and D f | u(2) Tespectively.

(Y4) There exist ¢ > 0 and 0 < b < 1 such that:
(a) Forall n > 0, z € f7"(U,en A7) and y € 7°(x) we have

‘bg Jacf(f"(x))

A -

Jacf(fr(y))
(b) For any ig,...,i, € N, f¥(z), fF(y) € Aj for 0 <k <n
and y € v*(z) we have
log Jacf(i"_k(x))
Jacf (f**(y))
(Y5) For every v* € I'* one has

(1N A) >0, g (AVUA) N 77) =0,

where fi4u is the leaf volume on *.
(Y6) There exists v* € I'* such that

‘ < cb™;

‘ < cb”.

ZTMW(A? Ny") < oo.

i=1
It is shown in [21] that the Katok map is a Young diffeomorphism. We
will briefly outline the argument.
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5.2. A tower representation of the automorphism A. Consider
a finite Markov partition P for the automorphism A. Recall that by

definition of Markov partitions, P = intP for any P € P. Let P € P
be a partition element which does not intersect any of the disks Df;o,
1=1,2,3,4. Given 6 > 0, we can always choose the Markov partition
P in such a way that diam (P) < §. For a point z € P denote by 7°(x)
(respectively, 4*(x)) the connected component of the intersection of
P with the stable (respectively, unstable) leaf of x, which contains z.
We say that 7°(z) and 4%(x) are full length stable and unstable curves
through x.

Given x € P, let 7(z) be the first return time of = to intP. For all

x with 7(z) < oo denote by

o= | W),

yeUu(z)\ A (z)

where U%(z) C 4%(z) is an interval containing  and open in the in-
duced topology of 7%(z), and A*(x) C U"(x) is the set of points which
either lie on the boundary of the Markov partition or never return to
the set P. Note that A%(x) has zero one-dimensional Lebesgue measure
in 4%(z). One can choose U"(z) such that

(1) for any y € A*(x) we have 7(y) = 7(z);

(2) for any y € P such that 7(y) = 7(z) we have y € A®(x).
Moreover, the image under A7 of A*(z) is a u-subset containing
A7@) (). Tt is easy to see that for any z,y € P with finite first return
time the sets A*(z) and A®(y) are either coincide or disjoint. Thus we

have a countable collection of disjoint sets A? and numbers 7; which give
a representation of the automorphism A as a Young diffeomorphism for

which the set
A={JA;
i>1

is the base of the tower, the sets A% are the s-sets and the numbers 7,
are the inducing times, see [21] for details.

5.3. A tower representation for the slow down map fr2. Apply-
ing the conjugacy map H, one obtains the element P = H (]5) of the
Markov partition P = H(P). Since the map H is continuous, given
g, there is § > 0 such that diam (P) < ¢ for any P € P provided
diam (P) < 6. Further we obtain the set A = H(A), which has direct
product structure given by the full length stable v*(z) = H(5°(x)) and
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unstable v*(z) = H(3*(x)) curves. We thus obtain a representation of
the slow down map as a Young diffeomorphism for which

(1) Az = H(]}f) are s-sets;

(2) A} = H(AY) = frp(AS) are u-sets;

(3) 7, = 7; — the inducing times — are the first return time of points

in A7 to A;

(4) f(z) = f%éx) (x) is the induced map.

Note that for all z with 7(z) < 0o

ra = rw),

yeUs (z)\A¥(z)

where U%(z) = H(U"(z)) C 4*(z) is an interval containing « and open
in the induced topology of v*(z), and A%(z) = H(A"(z)) C U“(x)
is the set of points which either lie on the boundary of the Markov
partition or never return to the set P. Note that A“(z) has zero one-
dimensional Lebesgue measure in " (z).

In what follows we will always assume that a Markov partition and

the slow down domain are chosen such that the following statement
holds.

Proposition 5.1. Given @Q > 0, one can choose a Markov partition P
and the number vy in the construction of the map fr2 such that
(1) there is a partition element P for which f%g (x) ¢ D,, for any
0 < j < Q and for any point x for which either x € A or
x ¢ fr2(Dy,) while f,'(x) € D for somei=1,2,3,4.
(2) if P; is the element of the Markov partition containing xz;, i =
1,2,3,4, then x; € Df;o C Int P;.

To prove this proposition observe that it holds for the automorphism
A and hence, it remains to apply the conjugacy homeomorphism H.

Proposition 5.2 ([21], Proposition 6.2). There exists Q > 0 such that
the collection of s-subsets A satisfies Conditions (Y1)-(Y6).

5.4. Lifting the slow down map to the tower. We define Young
tower with the base A by setting

YV ={(z,k) e AXN:0<Fk<7(z)}
and the tower map fr2 1Y — Y by sz(:c, k)= (z,k+1)ifk <7(x)—1

and fre(z, k) = (f(z),0) if k = 7(x)—1 where f : A — A is the induced
map. The map fre is the lift of the slow down map to the tower and

it preserves the lift measure m = m x counting/( [, 7). We have that
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fr is a measurable bijection from A% x {k — 1} to A? x {k} for all
1 <k<m—1and from A x {r; — 1} to A x {0}.

6. PROOF OF THEOREM 3.1 TECHNICAL LEMMAS

We establish here several technical results on the solutions of the
nonlinear systems of differential equations . Throughout this section
we fix a number 0 < o < 1 and i € {1,2,3,4} and for simplicity we
drop the index 7 in the notation of the disk D:. We also set f := fr2.

Lemma 6.1 ([21], Lemma 5.1). For s = (s1,s2) € D let

2

2 2
—3siasj 82¢(31 + 32)‘

di,j = di,j(sla 82) =

Then

mass diy] < O (3 + )

ij= re
Consider a solution s(t) = (s1(t),s2(t)) of Equation (3) with an
initial condition s(0) = (s1(0),s2(0)). Assume it is defined on the
mazximal time interval [0, T for which f~!(s(0)) ¢ Do and f(s(T)) ¢
Dro but s(t) € Do for all 0 <t <T. In particular, s;(¢) # 0 and

( ) # 0. Setting Tl L we have that s,(t) < sy(t) forall 0 <t < T}
and s1(t) > so(t) for all T1 <t < T. The following statement provides
effective lower and upper bounds on the functions s;(¢) and sy(t). For
the proof see Lemma 5.2 in the erratum to the paper [21].

Lemma 6.2. The following statements hold:

1

[s2(8)] = [sa(a)] (1+ 27 Cy s3°(a) (t—)) %, 0<a<t<Ty
s2()] < [s2(@)] (1 + Crs3%(a) (t—a) %, 0<a<t<Ty
s1(8)] > |51 (0)] (14 2°Cs2 (D) (b— 1)) >, T <t<b<T;
s < i) (1+ G B)b—1) =,  0<t<b<T.

201
where ] = == Zg’\ 18 a constant.
0

Consider another solution §(t) = (81(t), $2(t)) of Equation (3)) satis-
fying an initial condition §(0) = (5,(0), 52(0)). For i = 1,2, we set

For the proof of the next result see Lemma 5.3 in the erratum to the
paper [21].
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Lemma 6.3. Fiz 0 < u < 1 and assume that s1(t) # 0, sa(t) # 0 for
all 0 <t < T, and that

(1) Aso(t) > 0 and |Asi(t)] < plsq(t) fort € [0,T7;
2) |42(0)| < 1.

S2 72
Then
A L
Asy(t) < Sszé?)SQ(t) (1+2%Cys3%(0)¢) o 0<t<Ty
2
Asy(T}) 14200 s22(b)(b— ) \”
Asso(t) < T<t<b<T
82( ) — Sl(Tl) 1( ) (1 +2a013%a(b)(b— Tl) ) 1>tV =4,

where 3’ = 2171% and Cy is the constant in Lemma . In addition,

JAsrl < VI 20 Ao

Given 0 < a < 1 and 0 < p < 1, denote by

1 _ 1—p 1 1—p
8 =—+2°7'(1 —, A== :
(8) V=g H 2 (L p) + i V= on T e
Itiseasytoseethat7>7’>2f0ra110<a<iand0<u<%.
In what follows till the end of the next section we denote by C%
through (' positive constants that are independent of the time ¢ and

the choice of the solution (s1(t), s2(t)).

Lemma 6.4. Under the assumptions of Lemmal6.3 for any 0 <t < Ty
we have

ASQ(t) S CQASQ(O)t_Fy,.
Proof. By Lemma [6.2] (the second estimate), one has

1

52(t) < 52(0)(1 + Cus3%(0)t) 2.

Therefore, Lemma 6.3 implies that

Asy(0) o 20 -p
82<O) Sg(t) (1 + 2 Cl So (O)t)

< Asy(0) (1+Crs32(0)t)
Since (1 + Cy53%(0))t > C153*(0)t, we have
Asy(t) < Asy(0)(Cy83%(0)) 't

ASQ (t) S

and the desired estimate follows, since s2(0) is of order ry. O
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Lemma 6.5. Under the assumptions of Lemma[6.3 we have

Asy(t) > ﬁszé?)SQ(t) (1+Cy sga(ow)‘ﬂ, 0<t<Ty;
ASQ(t)zASS?—(TT;) () (14 Cy s7(Th) (t — Th)) on<i<T,

where 5= (1+ )20 4 558 and fy = 1+ 2

Proof. Let s; = s1(t), s2 = so(t), u := s?+s2, and @ = 57+ 55. Assume
s1(t) and sy(t) are strictly positive (the proof in the case when s (t)
and sa(t) are strictly negative follows by symmetry). By Equation (3],
we have

d d d

EA&( )= dtgz(t) — 552( ) = —(log \) (529() — s9%(w))
9) = —log \ (8_51 (32w(u))A51 + (%2 (sgw(u)>Asg)
- og. ) Z d; j(€1,62)(As;)(Asy)

for some £ = (&1, &) for which &; lies between s;(t) and §;(t) for i = 1,2
(see Lemma |6.1] for the definition of d; ;(&,&2)). Note that

gy (s2000) = 2wt g (swvta)) =230 40

and hence,
d (ASQ) _ l (iAsg) _ ASQ (dSQ)
dt sy \ dt s3 \ dt
ASQ
= —log\ <2w (s1A81 + s93As9) + —1/J>

A log A As;As;
Flog Nt = =05 3 dy(6,6) =

ij=1,2 2

 2alog A

= ozTog (57 + 55) (51 A5y + 55A8))
0
log A As;As;
- 2 dul& &) ——
1,7=1,2
Note that for 0 < ¢ < T} we have 0 < s;(t) < s9(t). Since |As;| <
1Asy < Asg, we have

$1A81 + $9ASy < (S04 $2)Asy < (14 p)s2Asy



POLYNOMIAL DECAY OF CORRELATIONS 19

and Lemma [6.1] yields
24

(10) Z dij(&1,82) AsiAs; < —— (51 +érxz)Oé_i(A@) :
i,7=1,2
Therefore, we have
d As 2aclog A a1 2AS
GO 2~ ) R+ st S
12alog A 24 &2 1 Asy\2
B afg Sga(&";@ a—§( 52) '
s s5 S9

Using again the fact that 0 < s;(t) < s9(t), 0 <t < T; we obtain
d /A log A oA
G(50) z ~em e (s =

dt 7‘0 S2
12alog A 204(5% + fg )a_% <A32>2
— S — .
re 2 3 S9

Let x = x(t) = A52( ). Then the above inequality can be written as

1
dX _alogh , ( g+&6\"2
ax ay (14 1)2* + 12 ) .
dt = 7’8‘ 82 X ( + N) + S% X

Following arguments in [21] (see page 17) one can derive from here that

1
2, ¢2\ ¥ 35
(%) ’ < 2 and that

2

dt = re
where A = (14 u)2°‘—|—1_T“. By Gronwall’s inequality (applied to —x(t))
and the second inequality in Lemma [6.2] we obtain that

X() > x(0) exp (—Ao‘lofA /0 t $2%(7) dT)
> vO e (-4 [0+ o ar )

log A 1
a8 o log(1+Cisy?(0)t ))

¥(0) exp (—A

= x(0) exp (—é log(1 + C153*(0) t ))

— x(0) (1 + Cys2(0)t )7,
where f =4 = (1+ p)207! + 2
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In the case sy < 0 one can show using argument similar to the above
that the same estimate for x(¢) holds but with exponent (14 p)2%7! —
I_T“ < (. This completes the proof of the first estimate.

To prove the second estimate, using @D, we obtain that

d (ﬁ) — _log A <232w'A51 + (282 + w)&) ~log 22
S1 S1

% S1
log A As;As;
9 Z d; (&1, 62) 51 ..
i,j=1,2

By the assumption |As;| < pAss and positivity of s1, s2, ¢/, and As,
we obtain

A A
d (ﬁ> > —log A(2us1 591 + 2531 + 2@0)&

E S1 S1
log A As;As;
- > iy, &) -

1

ij=1,2
Since s5(t) < s1(t) on [T1,T], we have
1 2
Dpssisat + 2530 + 2 = 20/ (us? + 53 + ~257) < 20T AH 220
o) 6
Using this fact along with the estimate (10]), we find that

A 2 5, A
d (ﬁ) > —log/\2°‘a“+3+ g2 222

dt \ sy U Loy,

1

12aclog A 2a(§%+€§)a_1<A82>2
— s 2 —=) .
re 52 51

Let ¥ = x(t) = 222(¢). Then the above inequality can be written as

S1
dy _ log 2 4 ¢3ya-t
(1) X5 8 s§a>~<<2a(au+a+2) 4120 (& 4;52> 7).
dt e 57
It is shown in [21] (see page 19) that

CEC L

5 2L

(07
«

o= O
=i e

IAN A
AN

and that y = AS—‘;Q is positive and decreasing (or negative and increas-
ing). Observing that s,(71) = s2(7}) and using Assumption (2) of the
lemma, we obtain

ASQ(T;{) _ ASQ(T;[) < ASQ

Sl(Tl) SQ(Tl) - 82(0) 72

0<x(Th) =
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- ASQ(t) ASQ(Tl) ASQ(Tl)
13) ¥(t) = < < .
(18) X() = 0y = <7 = sl(Tl)

Setting B = 2%(ap+a+2)+ = % and combining (11 , and ([13]
we obtain that

(14)

(1+2°C s> (t)(t—T1)) 7"

_ Blog A 52

t=T1 TO

dx
dt

Therefore, Gronwall’s inequality and the fourth inequality in Lemma
now yield

X(t) > X(T1) exp (_ Bloga A /T t 29 (r) dT)

(T1)x(Th).

> it (-85S [+ custeo) - ) ar )
= x(T1) exp ( Bk;i)\ci log(1 + C1s2(t) (t — T7) ))
= x(T}) exp ( Blog(1 + C152(t) (t — T) ))

—UT) L+ s () (t—Ty) )™,
where [, = %. It follows that

ASQ (Tl)

Ass(t) >
2( ) = 51(T1>
In the case s; < 0 one can show using argument similar to the above
that the same estimate for x(¢) holds but with exponent 2~1(1 + 1) +

% — I_T“ < (1. This completes the proof of the second estimate. [

Lemma 6.6. Under the assumptions of Lemma[6.5 for all 0 <t < Ty
we have

sit)(1+Crs (M) (t-T)) ™, L <t<T.

ASQ (t) Z CgASQ (O)tiw

Proof. By assumption, Lemmal6.5 holds and the first estimate together
with the first inequality in Lemma [6.2] yield

ASZ(O)S 520 -B
) 2O+ Cis3 O

> Asy(0)(1 + Cy522(0)t)~(za ),
Since 1+ C152%(0)t < (1 + C152%(0))t for t > 1, the above implies
Ass(t) > Asy(0)(1 + C153%(0)) =Dy +A),

It remains to observe that s,(0) is of order 7o and so (14C} s2%(0))~(2a +6)
is a constant and v = 5= + 3.

ASQ(t) 2
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For 0 < t < 1 the orbit stays bounded away from the region of
perturbation and so the inequality holds for some constant. U

Lemma 6.7. Under the assumptions of Lemma[6.3
C4A82<T1) Z ASQ(T) Z C5A82(T1).

Proof. First, we prove the lower bound. The forth inequality in Lemma
6.2 with t =T} and b =T yields

s1(T) > s1(Ty) (1 + CLs2(T)(T — Ty)) .
This and the second estimate in Lemma [6.5] implies that
Asy(Ty)
s1(Th)
x (14 Cy SNT)T —T))

> Asy(Th) (14 Cy s2(Ty)(T — Ty)) %™

Asy(T) = s1(T) (14 Gy s(T)(T —T1) ™

where we recall that s;(7) > s;(T1) and ) = 2711 + u) + Lg& 42

0 < ac< }1, and 0 < p < % It is easy to see that 3; > iand
hence, to complete the proof of the lower bound it suffices to show that
s2*(Ty)(T — Ty) is bounded above by a constant that is independent of
Ty, T, and the choice of the solution (s1(t), s2(t)).

Since s1(17) = s2(T1), applying the second inequality in Lemma
with a = 0 and ¢ = T}, we obtain that

(03 (0% (63 -1
$1*(Th) < s3%(0) (1 + Cys3*(0)Ty) .

This implies that
$3*(0)(T - 1)
1+ C’lsga(O)Tl
S%a(O)(T - Tl) _ T — T1

ClS%a(O)Tl OlTl '

si*(T)(T = Th)

IN

Since T,__F—lTl is of order 1 regardless of the choice of the solution (s;(t), s2(t)),

this completes the proof of the lower bound.

To prove the upper bound we use the existence of invariant stable
and unstable cones at every point z in the disk D?, i = 1,2, 3,4. More
precisely, let K~ (x) (respectively, KT (x)) be the cone at x around
vertical (respectively, horizontal) line of angle . One can show (see
[12], Proposition 4.1) that these families of cones are invariant under
the flow g; (given by Equation (3)) that is

dg,(K*(2)) € K*(g;(2)), d(g7)" (K (2)) € K~ ((g7)" (@)
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Moreover, let us fix positive numbers a and b and consider the region
{(s1,82): |s182] < a, |s1| <b, |so| < b} C D
and a segment of hyperbola
{5159 =6, 0< s <b, 0<s9<b}for0<e<a.

One can show (see [12], Proposition 4.1) that for every (si,s2) on
this hyperbola every angle inside the cone K~ (x) is contracted under
(dg!)~! by the factor d = C z—i, where C' > 0 is a constant independent
of z, a, and b (note that given b > 0, one can choose a so small to
ensure that d < 1).

Let s(t) = (s1(t), s2(t)) and 3(t) = (81(t), $2(t)) be two solutions of
Equation satisfying the assumptions of Lemma . It follows from
what was said above that for any 77 <t < T and any 7 > 0 such that
Ty < t—7 we have that As(t) C K~ (s(t)) and [[As(t —7)|| < [|As(t)]|-
Since As(t) = Asy(t)+Asy(t) and, by assumption, |As(t)] < uAsq(t),
choosing t = T and 7 = T' — T}, we obtain the desired upper bound.
This completes the proof of the lemma. O

Consider a set A and note that it consists of full length s-curves.
Let us fix one of these curves, say o.

Lemma 6.8. Assume that o enters the slow down disk D%o at time n,
so that the intersection f"(o) N D%o is not empty. Assume that o then
exits D%o at time m, m >n > 1. Then

L(f™(9)) —

Ce(m—n)""< ——=2<Cr(m—n)"7,

~ L(f™(0))
where v, v are as in (8), and L denotes the length of the curve.

Proof. Let x and y be the endpoints of the curve o. For k > 0 set
xp = f¥(z) and yp = f¥(y). It is easy to see that there is Ky > 0 such
that for all £ > 1,

(15) Ky 'd(wy, ye) < L(f*(0) < Kod(xg, i),

where d denotes the usual distance.

Let 5,5 : [0, N] = R? be the solutions of Equation ([2) with initial
conditions s(0) = x,, and 5(0) = y,, respectively. Also, define As;(t) =
Si(t) — si(t), 1 = 1,2 and As = (Asy, Asy). Note that there is K7 > 0
such that for alln,m >0 and n < j <m

(16) K As()]| < d(zj,y;) < Kql|As(f)]]-
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In what follows we will use Lemma [6.3] and we need to check the as-
sumptions of this Lemma. Assumption (1) is satisfied, since y is con-
tained in the stable cone at x. Assumption (2) requires d(z;,y;),7 =
ng, mo to be sufficiently small. In view of Proposition 6.1 and ,
this can be ensured, if we choose the number rq in the construction of
the slow down map sufficiently small to guarantee that @ is sufficiently
large.

We have that f7(co) C D%o N{(s1,82) : 52 > 51} forn < j < 24
and f7(0) C Dra N {(s1,52) : 52 < s1} for 5™ < j < m. Applying
Lemmas 6.6 with 0 < ¢ < 25 and 5™ < t < m and using lower
bound in Lemma as well as and ((16)), we obtain that

L(f™(0)) = Kq ' d(@m, ym) > Ko K1 |As(m —n))|

> Ky 'K Asy(m —n) > Ko_lKl_lC'5A32(m _ n)

m—n,—
)
1

> Ky 'K C5C527 (m — n)_7—2||As(O)||

V1+p

1

Vi

2 Kalelcg,CgASQ(O)(

> K52Kf2050327(m —n)? L(f"(0)).

Therefore, for some Cg > 0,

L(f™(0)) _

———2 > (Cg(m—n)".

L(f™(c))
To prove the upper bound we use Lemmas (6.3 with 0 < t < 250
and 25 < t < m, the upper bound in Lemma6.7]as well as inequalities

and . Then the arguments similar to the above yield that for

some C7 > 0,
w < C7(m — n)—v’_

L(f*(0))
This completes the proof of the lemma. O

7. PROOF OF THEOREM 3.1 A LOWER BOUND FOR THE TAIL OF
THE RETURN TIME

In this section we establish a polynomial lower bound on the decay
of the tail of the return time that is m({x € A : 7(x) > n}). Consider
the Markov partitions P and P for the automorphism A and the map
fr2 respectively and let P € P and P € P be the elements of the
partitions as in Section [5.3] Fix the number () as in Proposition [5.2]
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We assume that the partition P and the number r( are chosen such that
Proposition [5.1] holds and we set again f := fr2. Finally, we denote by

N ={n € N: thereis z € P such that n = 7(x)}.

Lemma 7.1. There exists an integer Q1 > 0 such that for any N > 0
one can find n > N with n € N, an s-subset A with 7(A) = n
and numbers 0 < my < mgy satisfying m; < Q1, n — mo < Q)1 such
that f’f(Az’)mD;O =0 forall0 < k < my ormeg < k < n and
RN N DY # D for all my < k < mo.

Proof. 1t suffices to show that there is @)1 > 0 such that for any N > 0
there is an admissible word of length n > N with n € A/ of the form

(17) PWl-PiWQP7

where the words Wy and Wy are of length {(W;) < @, for j = 1,2 and
do not contain any of the symbols P or Py (the element of the Markov
partition containing x;, for k = 1,2,3,4), and the word P; consists of
the symbol P, which is repeated n —2 —I(W;) — I(W3) times. Since the
map [ is topologically conjugate to A, it is enough to find an admissible
word of the form ({17 which consists of the corresponding elements of
the partition P.

Note that A = B3 where B is an automorphism of the torus given

. 11
by the matrix B = (1 9

find an admissible word of the type of for the automorphism B.
To this end consider the stable and unstable separatrices through the
origin and denote the “first” connected component of their intersection
with P by 7* and ~* respectively. It takes finitely many iterates of G
and G~ for each of these curves to completely enter the disk D} . Now
for each sufficiently large n > 0 with n € A there is an s-set A with
7(Aj) = n which completely enters D} (under iterates of G and G™')
at the same time as v® and " respectively. This completes the proof
of the lemma. O

>. Therefore the result would follow if we

Lemma 7.2. There exists a constant Cs > 0 such that
m({z € A 7(z) >n}) > Cen~ 07V,

where v is defined in .
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Proof. Using the conjugacy @, it suffices to prove the lemma for the
map G. Write

m({zeA:r(x)>n}) = Y m{zreA:r(x)=N})
= > > may)> Y mlA),
N=n+1 Ag:T(A;):N N=n+1

where Aj is the set constructed in Lemma We wish to obtain a
polynomial bound for the measure of the set Aj.

Given x € Aj, denote by 7;(x) := 7*(xz) N Aj (recall that *(x) is
the full length stable curve through x in the element P of the Markov
partition). There is K; > 0 such that

(18) m(A7) = m(G" (A7) = Ko L(G™ (4 (2))),
where L stands for the length of the curve.
Let x; = G’(z) for j = 0,...,n. Assume that = enters the region

DTI0 at time k; and exits at time ko, i.e.,

(1) Gi(x) ¢ DL if 0 < j < ki, or ky < j < N;

(2) G](ZE) € D%O if l{?l Sj S k‘g.
Note that for 0 < j < k; and ky < j < N the curve G7(v{(x)) lies
in the stable cone for the automorphism A at z; and indeed, is an
admissible manifold for A (i.e., for any y € 7/(z) the line T}y;(x) lies
in the stable cone at y). So the length of the curve v} (z) expands
exponentially outside of the region D, . Since by Lemma ki < @y
and N — ky < (01, we have that

(19) L(vi(x)) = N L(G™ (77 (2))) < ADL(G™ (77 (x)))
and
(20) L(GV(3i(2))) = A NTRIL(G™ (5} (2))) = A9 L(G* (7} (x))),

where A is the largest eigenvalue of the matrix A.
By Lemma 5.6 in [21], the time the trajectory spends in D} \ D1,
2

is uniformly bounded. Thus, by Lemma [6.8]
(21) L(G* (% (2))) > Colkz — k1) T L(G™ (77 (2)))-
Since ks — ky < N, combining Equations — yields
m(A7) = K>L(GY (4 (2))) = KA L(G™ (7 (2)))
> K506\ (ky — k1) T L(GM (v ()
> KyCeA 22 (ky — k1) L7} () > K3N ™7,
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where K, > 0 is a constant and K3 = KyCeA\2?1 L(y¢(x)).
Note that vj(z) is a full length stable curve in P and hence, has
length which is independent of N. It follows that

o0

s 1
m({z e A:7(x) >n}) > Z m(A7) > CSF7
N=n+1
where Cg > 0 is a constant. The desired lower bound follows. O

8. PROOF OF THEOREM 3.1} AN UPPER BOUND FOR THE TAIL OF
THE RETURN TIME

In this section we obtain an upper polynomial bound for the decay
of the tail of the return time. As before we assume that the Markov
partition and the number ry are chosen such that Proposition |5.1{ holds.
Recall that D, is the union of the disks D! around the points z; and
P; is the element of the partition containing x;, ¢+ = 1,2, 3,4. We have
that Dﬁ,o C P;. Using the conjugacy @, it suffices to establish that
upper bound for the map G.

Given an s-set Af C P with 7(A]) = n, choose any numbers k =
k(A3), p = p(Af), and two finite collections of numbers {k,, > 0},=1...
and {l,, > 0},—o,..., such that

(1) k1+k2+---+/€p:kand l1+l2+"'+lp+1:n—k;
(2) the trajectory of the set Af under G’, 0 < j < n, consecutively
spends [,,-times outside D, and k,,-times inside D,,.

Given 0 < p < k < n, consider the collections
Sinp ={A] C P 7(A]) =n, k=k(A]), p=p(A))}-

Lemma 8.1. There are 0 < h < hyop(f), €0 > 0, and Cy > 0 such that
g0 < hiop(f) — h and

1
Card Sgpnp < 09_2€(h+so)(n7k).
p

Proof. Note that the cardinality of Sy, does not exceed the number
of symbolic words of length n that start and end at P and contain
exactly k£ symbols P;, 7 = 1,2,3,4. Since A is topologically mixing,
the latter is exactly the number of words of length n — k that start
and end at P. By Corollary 1.9.12 and Proposition 3.2.5 in [13], the
number of such words grows exponentially with an exponent that does
not exceed (n — k)h where 0 < h < hyop(A).

The number of different ways the iterates of A] can enter D, exactly
p times and stay in this set exactly k times does not exceed the number
of ways in which the number k can be written as a sum of p positive
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integers (where order matters) which is equal to (];j) The number of
different ways the iterates of A can spend outside D,, exactly p + 1
times is equal to the number of ways in which the number n — k can
be written as a sum of p + 1 positive integers which is (”_g_l). Since

iterates of A{ may enter any of the disks D! , i = 1,2, 3,4, we obtain

T07

~ 1\ [n—k—1
Card Sppp < Cot? (" )
o p—1 p

Write

C k—1\(n—Fk—1
Card Sty < Eglﬁ4p(p-—1) < p )ehm_kl

To prove the lemma we wish to estimate p?4? (ﬁj) ("*’;*1) and we claim
that there is g > 0 such that (f}j) < efo(n=k)

To this end note that by Propositions [5.1] and it takes Af at
least () iterates before it enters D,, again. This implies that n =
k+l+- 4+l >k+ (p+1)Q that is p+ 1 < %=

Q
For a fixed k note that (ij) achieves its maximum when p—1 = [%1]
orp—1= [%] + 1. We may assume p — 1 = % Then using the

asymptotic formula (7) ~ (%)l, we obtain that

p— p—

To estimate ("_];_1) observe that p does not exceed %k Hence, using
the above asymptotic formula, we find that

(1)< ()<

n—k (n—k)e
@ Mgk ok in(Qo)

9
N
®
Q|

<e

Finally, note that

n—=k
In4+4-2
p24p < e21111)—1—171114 < 62p—‘,—pln4 <ea (In4+2)

Now, given any sufficiently small g > 0, one can choose () large enough
so that MT“ + 1%4 + % < g9. Combining the above estimates we
obtain

AP (k o i) (77/ — k- 1) eh(n—k) < e(n—k‘)aoeh(n—k) _ e(n—k‘)ao-‘rh
p—= p
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and hence,

1
Card Sy < Cg—ze(’”r%)(n*k).
p

This completes the proof of the lemma. O

Lemma 8.2. There exists g > 0 such that for any A € Sy pp,
m(AS) < Chok ™ e~ logAte0)(n—k)

where Cg > 0 is a constant and ' is given by .

Proof. Note that by (18)), m(A$) = m(G"(Af)) = K1L(G™ (v (x))) and
that the length of the backward iterates of 7; lying outside the region
D, are stretched by the largest eigenvalue A of the matrix A. Note also
that every time the iterates of ¥/ enter the region we have an upper
estimate for its length according to Lemma (note that we can apply
this lemma in the region D,, since by Lemma 5.6 in [2I] the time spent
in Dy, \ Dro is uniformly bounded). Thus,
m(A7) = m(G"(A7)) = K1 L(G"(~; (x)))

= KA LG (7 (2)))

<O LG (5 (2)) < -

S chg))\—(lp+1+...+l1)k;’y/k:p—_yl . kl—’Y L(W’f(’%‘))
Note that «f(z) is a full length stable curve in P and hence, has length

independent of n. Omne can also assume that k; > 2 by making rg
smaller if necessary. This implies

p
kle e kp > k;maxzpi1 > kmaxp > Z kz = k?
=1

where k., denotes the largest of kls.

n—k
In addition, CF = % < ¢"@ " < 0= for sufficiently small
go > 0 if one chooses @) large. Therefore,

m(A3) < Kpetm R \=(=h) =" < Clok™ e(~logAte0)(n=k)
This completes the proof of the lemma. O
Lemma 8.3. There exists Cy; > 0 such that
m({z € A: 7(z) >n}) < Cyyn~ 'Y,

see for the definition of ~'.
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Note that

m{z e A:7(x) = Z max {m(A])}Card Sy p.

E k,n,p

Therefore, by Lemmas [8.1] and [8.2) . we have
m({zx € A:7(x) =n})

n k
1
<3O - Coellrte0)nh) 0y leomlon k) =

(22) 1 p=1 P
T 5 Zn 5k .—v
< 0901()?6_ " e’k 5

k=1
where § = 2¢p 4+ log A — h > 0 if ¢ is sufficiently small.

n
To estimate > ek k=7 set up = e*k~" and note that Uyl — Ug ~

k=1
A . . .. .
e’®k™" = uy. Since > uy is positive and diverges, by Stolz-Cesaro
k=1
theorem,
n n
A
D ~ Y tpr — Uy = Uy — g~ "0
k=1 k=1
Therefore,

m({z € A:7(z) =n}) < CyChoe ™ Z Rk < CoCron ™.

Thus, we have the following estimate of the tail
m({zr€A:r(z)>n}) =) m{{z e A:7(x) =k}) < Cryn Y
k>n

for some C7; > 0. This concludes the proof of the Lemma and the
upper bound.

9. PROOF OF THEOREM [3.1} CARRYING THE SLOW-DOWN MAP TO
A SURFACE

In this section we show how to carry over the slow-down map of the
torus to a measure preserving diffeomorphism of any surface. Follow-
ing [12], we will construct the maps 1, @9, 3 such that the following
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diagram is commutative:

©»1 ©2 ¥3
T? y 52 y D? sy M

A

1 ©2 ©3
T? y» S2 s D? s M

We stress that while our construction of the maps ¢, and ¢, follows
[12], our construction of the map 3 is quite different, since we have to
deal with finite regularity of the slow-down map.

First, using the slow down map we construct a diffeomorphism of
the sphere S2.

Proposition 9.1 (see [12]). There exists a map ¢1: T? — S? satisfy-
mg:

(1) ¢y is a double branched covering, is one-to-one on each branch,
and C* everywhere except at the points x;, 1 = 1,2,3,4 where
1t branches;

(2) @101 = 1 where I: T?> — T? is the involution map given by
I(tlth) = (]- - t17 11— t2)7‘

(3) @1 preserves area, i.e., (¢1)«m = mg2 where mg2 is the area in
52’.

(4) there erists a coordinate system in each disk D! such that

0
@1(817 82) = (

512 — 592 25159 ) '
(5) The map fs2 == 1 0 fr2 0 ;' preserves the area.

V512 + 592 /512 + 852

The sphere can be unfolded onto the unit disk D? and the map fg2
can be carried over to an area preserving map fp2 of the disk which
is identity on the boundary of the disk. To see this set p; = ¢1(x;),
1 =1,2,3,4. In a small neighborhood of the point ps we define a map

©a by
(1, 7) = 1 —T -1 m1—-T -1
One can extend ¢y to an area preserving C*° diffeomorphism (still

denoted by ¢3) between S? \ {ps} and the interior of the unit disk D?.
The map

(23)

fon = 020 fg2 0y on intD?
P Id on 9D?

is a diffeomorphism of D? that preserves area mpe.
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Proposition 9.2. The maps fs2 and fp2 are of class of smoothness
C?+2% where k = 2.

Proof. Using the explicit local expressions for fg2 and fp2 and following
arguments in Proposition 4.2, we find that the maps fg2 and fp2 are
Hamiltonian with respect to the area and the Hamiltonian functions

are given as
h /2 2
H3(7'1,7'2) = 2 ( i +T2)10g)\

TR+ T2

2 _ 2
Hy(xy,29) = (V1 — 21— 73) log A\
Va2 + 13
respectively. Here, as before, h(u) = uta.

To show that the maps fg2 and fp2 are of the desired class of smooth-
ness, we will show that the Hamiltonian functions Hz and H, have
Holder continuous second order partial derivatives with Holder expo-
nent 2x. Since Hs and H, are of the same regularity we consider only

one of them and we set g(z,y) = y(2? + y*)° where § = 1+ _ 1

«a 2
Obviously, %(0,0) =0 and
0 20zy(x? + y?)° 1,
_g(m,w:{ v ) £0,0;

and

0, (z,y) = (0,0).

The function gg is symmetric, SO we will only study Holder continuity

of 5 A 5-% as Holder continuity of 4 is immediate. Note that
Py [ fﬁ; SO (1) £ (0,0);
2 0 (z,y) = (0,0).

Since the function %(m, y) is differentiable for all (z,y) # (0,0), it is
Holder continuous for all pairs of nonzero points (x,y). It remains to
show Holder continuity for pairs of points one of which is zero. We can
write

0?g

0x?
where K7 > 0 and K > 0 are some constants. Choose (z,y) # (0,0)
and note that

y(a24+y2)° Y| < (2 492)2 (22420 = (e 492)° 2 = d((x,y), (0,0))P L
Similarly,

= Kyy(2® +y»)° ' — Koa?y(a? + )’ 2,

2%y (2? +y*)"7* < d((z,y), (0,0)*".
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Hence, 24 is Holder continuous with Holder exponent

78x2
1 1
B T
1—a 2) 4

26 — 1 = 2(
Further, each of the functions giyg and ;y—Qagx can be written as a linear
combinations of functions

(24) l’(l’2+y2>6_1, y(x2+y2)5_1, xzy(a:2+y2)5_2, y2x(x2+y2)5_2

and are 0 at the point (z,y) = (0,0). Arguing as above one can show
that each function in is Holder continuous with Hoélder exponent
2k. This completes the proof of the proposition. ([l

Consider a smooth compact connected oriented surface M. It can be
cut along closed geodesics in such a way that the resulting surface with
boundary is homeomorphic to a regular polygon via a homeomorphism
which we denote by T'; this is a well-known topological construction.

Let now f be a C'*° diffeomorphism of the disk, which is identity on
the boundary 0D? and is infinitely flat, i.e., given a sequence p, — 0
and a sequence of open domains V,, C D? satisfying

(25) Vo, CVoyr and | JV, =D?,

n>1

we have that for every n > 1,

If =Tl < pn.

For such an f it is shown in [I2] (see also [2]) that there is a homeo-
morphism ¢ : D? — M such that

(1) @ is of class C* in the interior of the disk;

(2) @ is area preserving, i.e., hympz2 = myy;

(3) the map po fop™!isa C™ area preserving diffeomorphism of
the surface.

In our case however, the map f = fp2 is only of class C?*2* and hence,
is only finitely flat at the boundary, i.e., there is a sequence of open
domains V,, C D?, satisfying , such that for every 0 < 8 < 2 4 2k,

(26) Ifp2 = 1d|lcr+s(v,y < (rn1)?277,

where r, = dist(V,,,0D?). This requires us to develop a specific con-
struction of the homeomorphism ¢ which guarantees that the map fy,
is an area preserving diffeomorphism of class C'*# for some 8 > 0.
More precisely, the following statement holds.
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Theorem 9.3. Given a smooth compact connected oriented surface M
and numbers % <a<giand 0 < p < 3, there exist f = B(a, p) > 0

and a continuous map p3: D2 — M such that

(1) the restriction @s|int D? is a diffeomorphic embedding;

(2) 5(D%) = M,

(3) @3 preserves area; more precisely, (ps)smpz = my; where myy
is the area in M; moreover, my (M \ @3(int D?)) = 0;

(4) the map fu := @30 fp2 03" is a C'*P area preserving diffeo-
morphism of the surface.

Proof. One can represent a compact smooth oriented surface M as a
regular p-polygon P (the number p is even) whose angles are v = (pp 2)

Let Ay, Ao, ..., A, be vertices of the polygon and O its center. For each
1 =1,...,p denote by B; the points on the segment A;O for which

‘ﬁi%ll = % In what follows we assume that A, = A; and B,y = By.
Denote by

@) P () o(Jas).

Note that the complement to P* is an open simply connected set.
We now construct a homeomorphism from the unit disk D? onto P.

Proposition 9.4. There exist

(1) a nested sequence of open simply connected sets Uy C Uy C
- C U, C--- satisfying | J, U, = P\ P*;
(2) a sequence of C* diffeomorphisms hy, : U, — U,41 forn >0;
(3) a number >0
such that setting h(z) = lim h,_; o---0hy o hg, we have that the map
n—o0

fp: P — P given by

f :{(hofDQOh_1)<$)7 .I’EP\P*,

Id otherwise

is a O diffeomorphism.

Proof of the proposition. We split the proof into three steps.

Step 1. We first construct a sequence of open sets U, (see Figure

1)
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A] AQ
Ag <A As
A?% Ay
A As

)

Figure 1: The shape of the set U,

Fix n > 0, t € [n,n + 1] and let r(t) > 0 be a strictly monotonically
decreasing continuous function on [1, c0) which will be determined later
in Step 4. For ¢ = 1,...,p consider the following collection of points
associated with the point A; (see Figure 2):

e K;;, the point that is determined uniquely by the requirements
that the angle Z(Ky;A;Ai11) = sa and dist(Ky;, AjAi) = r(t);

e [, the point that is determined uniquely by the requirements

that the angle Z(OA;Ly;) = o and dist(Ly;, A;0) = r(t);

M;;, the image of L;; under the reflection about the line OA;;

Ny, the image of K;; under the reflection about the line OA;;

Ey;, the point on the line through B; which is perpendicular to

the line A;B; and such that dist(Ey;, B;) = r(t);

F};, the image of Ej; under the reflection about the line A;B;.
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Ain

Figure 2: The collection of marked points

We introduce the following curves: for ¢ =1,...,p let

° fyt(il) be a line segment connecting the points Ky and Nyyq)
where we assume that N;;1) = Nyg;

° %(12 ) be a curve connecting the points Ky; and Ly to be deter-
mined later in Step 2;
° ”yt(f’ ) be a curve connecting the points M;; and N;; to be deter-

mined later in Step 2.
° %(;1 ) be the line segment connecting the points L;; and Ejy;
) 7;5 ) be the line segment connecting the points My; and Fj;

° 'yt(f ) be a curve connecting the points E}; and F}; to be deter-

mined later in Step 2.
Let 7; be the curve given by
p 6
Ty = U U %f(z] .
i=1j=1

By construction, 7, t € [n,n + 1], is a closed connected continuous
curve which bounds an open simply connected domain in the polygon
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P. We denote this domain by U;. In particular, U, is the desired open
set.

Step 2. We show how to choose the curves %Ff ) and fyt(f ). The curve
yt(f’ ) can be chosen in a similar way.

Let ¢, : [—1,1] — R be two continuous functions satisfying:

(1) p € C* on [0,1] and ¥ € C* on (0, 1);

(2) p(—x) = p(x) and ¢(—z) = ¢ (2);
(3) ¢(0) = a where 1 —tan$§ < a < cot§ and p(—1) = ¢(1) =

8

(4) ¥(0) =1 and ¢(—1) = ¢(1) = 0;

(5) 0 < ¢'(z) <cot§ for 0 <o <1and —cot§ < ¢'(z) <0 for

-1 <z <0
(6) ¢'(—=1) = —cot § and ¢'(1) = cot ;
(7) 4 is infinitely vertically flat at —1 and 1.
For i =1,...,p consider the orthogonal coordinate system with ori-

gin at A; whose vertical axis is the bisector of the angle Z(B;A;A;41)

and for every t € [n,n + 1] we let 'yff ) be the graph of the function

oi(T) = r(t)go(%) where —r(t) < x < r(t). It is easy to see that fyt(f)
is a C'° curve that connects the points K;; and L, and is infinitely
tangent to the lines Ky Ny; and Ly Ey;.

Now consider the orthogonal coordinate system with origin at B;
whose vertical axis is the line A;B;. We let 7&6 ) be the graph of the

function ¢y () = r()i(;75) where —r(t) < o < r(f). It is easy to see

that ’y,ff ) is a C™ curve that connects the points Fy; and Fj; and is
infinitely tangent to the lines Ly; Ey; and M;; Fy;. Hence, with the above
choice of curves 77, 7 = 1,...,6, the curve 7 is of class C'.

We show that the curves 7; corresponding to different values of ¢ are
disjoint. To this end fix n < t; <ty < n + 1. It suffices to show that

the curves ’yt(f ), ;6 ), and ’yt(? ) with ¢t = ¢, and t = t, are disjoint. We

will prove this for the curve fyg ) only as the proof for other curves is

similar. By Property (3),

Q@ , o
¢, (0) = ar(ty), ¢ (r(t1)) = r(ty) cot 3 P (r(t1)) = cot 1
Similarly,

¢1,(0) = ar(ta), 1, (r(t2)) = r(t2) cot %, @}, (r(t2)) = cot %.

In view of Property (5) the desired result would follow if we show that

i, (r(ta)) = 7“(151)90<:E2;>Z 01, (r(t2)) = r(ts) cot %.
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Setting x = %, the above inequality amounts to ¢(z) > xcot § and

immediately follows from Properties (3) and (4) of the function ¢.
Step 3. We now construct maps h,. By the Riemann Mapping
theorem, there is a C*° diffeomorphism hq : D? — U;. For each n =
1,2,3,... we will construct maps h,, : U, — U, such that hn|Un_1 =
Id.
Given two numbers n — 1 < s Snandp—l <t <n+1 such that
s < t we construct a C'™° diffeomorphism hy : 7¢ — 7 in the following
way.
o hy 19 =
267;-1) andi=1,...,p;
s o ol -
r(t .
(4, ps(y)) and v = (H5y, @i(y)) for —r(s) < y < r(s), i
2 ...p,j=2,...,6.
Now given n — 1 < s < n, define the map hy = hg with t = 2(s—n+
1) + n — 1. The desired map h,, : U, — U, is now given as follows:
for A € U, choose a unique s such that A € 7, withn—1<s <n
and then set h,(A) = B where B = hy(A) € To(s—n+1)tn-1 C Upta1. It
is easy to see that h, is a C'*° diffeomorphism.
It follows that the map A = lim h,_10---0hy o hg is a well defined
n—0o0

C®® diffeomorphism from intD? onto P\ P* where P* is given by .
It also follows from the construction of the map h that there is C' > 0
such that

(28) Ihller <€, [Ih7Hler < C.

is a linear map, given by hy(z) = %(Z),

is a map, given by izst(z) v, where z =

Step 4. It remains to show that the map fp = ho fp2 0o h™!is a
C*# diffeomorphism for some 3 > 0.

Observe that fp(P\ P*) = P\ P*, fp(P*) = P*, and fp|P* = Id.
In particular, fp|P \ P* is a C* diffeomorphism. It remains to show
that fp is of class C'*# on P*. To do so we will show the following:

(29) ”fP - IdHCH'B(Un-H\Un) —0

as n — oo.
First, we will prove the following lemma.

Lemma 9.5. Let r(n) be a decreasing sequence such that 0 < r(1) <1
and

(30) r(n+1)=7r*n), 0<r(l) <1l
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Then the sequence of open sets V,, = h=Y(U,) satisfies and
Vi1 C fp2(Va) C Vi
Proof of the Lemma. Note that there are Cy > C > 0 such that
Cir(n) < dist(Uy,, P*) < Cor(n).
Furthermore, in view of there are Cy > (5 > 0 such that
Csr(n) < dist(V,, 0D?) < Cyr(n).

Since the map fp2 is identity on 9D? and is of class of smoothness 242k,
we obtain that for all sufficiently small r,, any x in the neighborhood
U,,(0D?) and any 8 > 0

dist(z, fp2(x)) < r(n)?+2~
Therefore, for some 0 < a < 1,
Csr(n) — r(n)*™* < dist(fp2(z), 0D?) < Cyr(n) + r(n)*+.

To prove the desired inclusion we will show that

Cyr(n +2) < Csr(n) — r(n)*** < Cyr(n) +r(n)*t* < Csr(n — 2).
We prove the leftmost inequality. Since r(n + 2) = r4(n), we have

Cyr(n+2) < Csr(n) —r(n)*** <

r(n+2)

r(n)

Cyr(n)® < C3 —r(n)'+e.

Cy < 03 — r(n)1+“ =4

For large values of n both Cyr(n)? and r(n)'*® are small. Hence, the
last inequality holds.
We now prove the rightmost inequality (the inequality in the middle
is obvious).
Cyr(n) +r(n)*™* < Car(n — 2) <
Cy+r(n)t < C’gM &

r(n)
Cy+ r(n)+* < Cyr(n) 7.
For large values of n the left hand side of the last inequality is close
to C'y while the right hand side gets large. This completes the proof of

the lemma.
The above lemma allows us to write

(31) 17 o (fp2=1d) o B | creswr,y\0) <

IRl cr+sv ovvi ol fp2 = 1d|lcats v v 1A e+, \om)-
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Observe that || fp2 — Id||c1+s admits Estimate and it remains to
estimate the norms ||h||ci+s(v;,,\v, 1) and |7 o180, . \0,)-

We write hly,,, = hnt1|u,,., SO in order to estimate the norm of h
we will estimate the norm of h,.;. In order to estimate the norm of
h~! we will need to estimate the norms of h,! for each n =0,1,2,....

Further, it suffices to estimate the norm of h restricted to the bound-
ary of the sets U,. Recall that 7,, the boundary of U,, is a union of

the curves ’y,(i), 1 =1,...,p, 5 = 1,...,6. Note that the map h acts
linearly on the curves 7,(;) and hence, the norm of h restricted to these

parts of the curve 7, is bounded.
The curves vg) and 7,(3) are the graphs of the function ¢, and the
curves 79

ni

are the graphs of the function v,,. We shall only give an

estimate of the norm of h restricted to the curves 77(3), since the esti-
mates of the norm of A restricted to other curves are similar. Also, we
can assume that ¢ and j > 1 are fixed.

Now for a fixed curve 77(3) we define the orthogonal coordinate system
centered at the vertex A; with the vertical axis A;O (recall that O is
the center of the polygon P). In this coordinate system the map h,, is

given by

o (2, pul2)) = (%x Pun(@). —r(n) <z < r(n).

Since ¢, is symmetric, we can further assume that x > 0. We have
that

Iallerss = max (|1Anllcs, ldhn oo, [ dhalles),

where

WMM@—%%@W_WWMM@—%M@W>

| dhallcs = max(sup ,
|z —yl||? |z —yl||?

and 0 h,, and 9,h,, are the partial derivatives of h with respect to the
first and the second variables respectively.

Let us write h,, = (h,(ll), hg)), y = pn(x) where

B (a,y) = (0T

Ty v end W2 (2, y) = @npa ().

Since
1
WO y) = "D 1) <1 and KO (e, y) = puni(e) < K,

r(n)

we obtain that sup ||k, || < K;.
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Further, we have that &JLS)(m, y) = (;z:)l) < 1 and

01 w) = 5 (%x) = %(%%%y))

—r(n+ 1)@5’(%)% <1

Also, Oh (7,y) = ¢}, 11(7) < cot § and
T(n)w‘l(%)»
r(n+1)

. , r(n) -1 Y L
=r(n+ 1y m@ (w)@ ) ) < K.

Thus, the partial derivatives of the functions h; and hy are bounded.
However, a similar calculation shows that ||dh,||cs tends to infinity as
r(n)~P. Therefore, we conclude that

(32) 17 llcrtsvrpavny < (0 +1)77 = r(n) ™.

O (z,y) = %(r(n + 1)g0<

Similar computations holds for h ! : U,y — U,, with the only dif-
ference that the partial derivatives estimated by ((1)1) which is un-
bounded. Therefore, the Holder norm of the first derivatives of h,,* are

bounded by

r(n) 1 r(n)t=¢
r(n+1)r(n)f  r(n+1)

It follows that

1R s @, o) = 1B 0 Bty 0+ 0 hg |l oraw,, i\
(33) - -
<
H n —I— 1 gr

Since r(n — 1) = r(n)?, we obtain that

n
Hr 1B — () DAttt gmr) = () 2040 (=)
1=

Finally, using , we find that

[ o (fp2—=1d) o h™H|crss 1)
< r(n)’257"(n)2+2”’6r(n)_2(1+5)(1_2n1+2)

o

_ r(n)2m—5ﬁ+ﬁ—2n% )
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One can choose [ such that 2k — 55 + Q,L% — Qn% > (0 and conclude
that

||h o (fD2 — Id) o h_1||cl+ﬁ(Un\Un_l) —0
as n — o0o. Therefore, fp is tangent to Id near P and hence, the map
fp is of class C1+58,

Proof of Theorem[9.3. By construction, the map fp generates via a
homeomorphism 7" a C'*# diffeomorphism fy; of the surface M. We
construct a O diffeomorphism v : D? — D? such that @3 := T oho)
is the desired area preserving diffeomorphism (that is (¢3).mp2 = ma)
which can be continuously extended to the closure of D?2.

Denote p = (h=toT ™), my;. Since both mpe and my; are normalized
Lebesgue measures, we have

/ dezzlz/de:/ dp.
D2 M D?

To obtain the desired result it suffices to show that there is a C*
diffeomorphism ¢ : D? — D? that can be continuously extended to
0D? such that 1, = mpe.

Set 111 = mp2 and for n > 1 define a sequence of measures u, such
that

(i) pn € C>=(D?) that is the measure p, is absolutely continuous
with respect to mp2 with density function of class C'*°;

(ii) p1n = pon b= (Un—1);
(iii) fhfl(Un) dﬂn = fhfl(Un) d:u-
It is clear that for any n > 1, [, dun = [ dp = 1.
We need the following version of Moser’s theorem (see [9], Lemma 1).

Lemma 9.6. Let w and i be two volume forms on an oriented manifold
M and let K be a connected compact set such that the support of w—
15 contained in the interior of K and fK dw = fK dp. Then there is a

C> diffeomorphism ¢ : M — M such that |(M \ K) = Id(M \ K)
and Y.w = .

Applying Lemma [9.6[ to each compact sets K,, = h~(U,, \ U,) and
volume forms g, +1|(U, \ Uy,) and p,|(U,, \ U,), we obtain a C* diffeo-

morphism v, : D2 — D? such that () sftni1 = i and | A (U_y) =
Id. Then we let

wn:zﬂno-~-o1ﬁ1 and ¢ = lim ,.
n—oo

The construction gives ¢ (R~ (U, \ U,)) = h~Y(U, \ U,). Recalling
that r(n) satisfies (30) and using (32), (33)), and (34), we find that
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diam ¢, '(U,) < Cd,, where C' > 0 is a constant and d,, is a decreas-
ing sequence of numbers such that > 7 d, < oco. This implies that

d(z, ¥ (z)) < Cd, for any = € D2 It follows that for any 2 € D? and
n>j>0,

d(zpj(:c),%(x))_Zd (i(@), iz (z))

de Vi), (i <OZd

This implies that the sequence 1, is uniformly Cauchy and hence, 1 is
well defined and continuous on D?. We can also get that ¢ : D* — D?
is a C*° diffeomorphism.

By construction, we know that (1,,)«ptnr1 = p1 = mpz. Note that
D? = U,>1h™}(U,). Hence, for any x € D? there is n > 0 and a
neighborhood of z on which p,.; = p, for any ¢ > 0. It follows that
et = (¥ )b = mp2 on the neighborhood and hence, ¥, = mp2 on
D2 ]

10. COMPLETION OF THE PROOF OF THEOREM [3.1]

10.1. Representing the map f); as a Young diffeomorphism.
Consider a smooth compact connected oriented surface M of genius
g > 0 and the diffeomorphism fy; : M — M given by Statement 4
of Theorem In this section we represent the map fy; as a Young
diffeomorphism.

Proposition 10.1. The map fi is a Young diffeomorphism. More
precisely, one can choose the number ry in so small that the collec-
tion of s-subsets satisfies Conditions (Y1)-(Y06).

Proof. First note that we already know that the map fr2 is a Young
diffeomorphism, so we can assume that the genius g > 1. Consider the
collection of s-subsets A and the return time 7 : A — N for the map
fr2 defined in Section[5.3] Define Af := ¢5(¢2(p1(A5))) with the return
time on M (again denoted by 7) given by 7(¢3(p2(p1(x))) = 7(z), = €
T2 Let A = J, Af. We claim that fj is a Young diffeomorphism with
respect to the collection of s-subsets Af.

To prove this we need to check Conditions (Y1)—(Y6). Since the
maps @;, i = 1,2, 3 are homeomorphisms and (Y1) and (Y2) are satis-
fied for the map fr2, then these conditions are also satisfied for fy,;. In
addition, (Y5) and (Y6) hold true for f), since the maps ¢p;, 7 =1,2,3
preserve the area.
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To show (Y3) and (Y4) observe that the element of the Markov
partition P in the Young tower representation for the map fr2 is away
from the critical points x;, ¢ = 1,2,3,4. This implies that the map
(3 © 2 © (p1 is a smooth diffeomorphism from P onto its image. Since
the return time function fy; = f7; is defined on A C P, (Y4) follows as
it hold true for the map fr= by Proposition 5.2 Note that (Y3) holds
for the map fr2 for some constant 0 < a < 1. If the number ry in (1)
is chosen sufficiently small, then the fact that (Y3) holds for the map
far can be shown by applying the argument in the proof of Proposition
6.2. in [21].

Finally, arguing similarly it is easy to show that the diffeomorphism
fs2 of the sphere S? is a Young diffeomorphism. This completes the
proof of the proposition. O

10.2. Lower and upper polynomial bounds on the decay of
correlations. Let f be a Young diffeomorphism admitting a Young
tower with base A, s-sets A], and inducing time 7 = {r;}. Consider
the associated Young tower given by (see Section 5.4)

YV ={(z,k) e AXxN:0<k <7(x)}
For k£ > 0 let
M, = {(z,0) €Y : 0 < ¢ < min{k, 7(z)}}.
Consider the projection 7 : ¥ — M given by 7(z,¢) = f*(x) and let

YM:W(Y/>, Mk :T(Mk)
The sets My are clearly nested and exhaust Y.
To establish upper and lower bounds on the decay of correlations we
need the following result which is a corollary of results in [23] (see also
[8] and [22]).

Proposition 10.2. Assume that

e the greatest common divisor of numbers {1;}, ged{r;} = 1,
where T; are the values of the function 7;
o there is C' > 0 such that for all z,y € A and 0 < 5 < 73,

(35) d(f(z), F(y)) < Cmax{d(z,y),d(f"(x), " (y))};
o there are v > 0 and C; > 0 such that
(36) m(t >n) < ﬁ
nV
Then the following statements hold:
(1) There is Cy > 0 such that Cor,(hy, hs) < n?zl for any hy, hy €
CP(M).
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(2) For any hy,hy € CP(M) supported in My, for some k > 0, we

have
(37)
Coralhn,h) = S ml{e: 7() > k})/Mhldm/thdm—irrl,(n),

where r,(n) = O(R,(n)) and

- ifv>2,
R,(n)= (8" ify=2

# ifl <v<2.
Moreover, if [,,h1 [,; ha =0, then Cor,(hy, he) = O(1/n”).

To apply Proposition to the Young diffeomorphism f,; we need
to verify the assumptions of this proposition.

To prove the first assumption that ged{r;} = 1 observe that the
maps ¢;, ¢ = 1,2,3 and the map H are homeomorphisms. Hence, it
suffices to prove this for the linear map A. This is well known (see for
example, [24]).

To prove the second assumption that the map f,; satisfies ob-
serve that this is true for the map fr3 of the torus which is smoothly
conjugate to the map fj;.

Finally, to prove the third assumption observe that by Lemmas
and we have that

Cs
ny—1
where v and 7/ are defined by (8). It is easy to see that v >+ > 2 for
a110<04<}1and0<,u<%.

Since the homeomorphisms ¢, 2, and @3 are measure preserving

we also have the same estimates for the map fJ,. In particular, (36))
holds with v =+' — 1 and Cy = C4;.

Cal

n,yl_l )

(38)

<m{{z eA: 7(x) >n}) <

The upper bound on correlations is now an immediate corollary of
Statement 1 of Proposition where v = +' — 1. In particular, we
have vy =9 —2 > 0.

To obtain the lower bound on correlations we apply Statement 2 of
Proposition with v = 4/ — 1 and obtain for all hy, hy € CP(M)
supported in M, for some k > 0 that

(39)
Corp(hy, ha) = > m({x: 7(x) >k})/Mh1dm/Mh2dm+m(n),

k=n+1
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where r,/(n) = O(R,/(n)) and

# if ’)// > 3,
Ry (n) = kfzn if ' =3,

Consider the two cases v/ > 3 and 2 < 7/ < 3.
Assume first that 4/ > 3, which is true if a < %. By assumption,

fM hidm fM hs dm > 0 and hence, applying and , we obtain
K K,

COI‘n(hl, hg) >

n=2  py-v

where K7 > 0 and K, > 0 are constants. Using definitions of + and +/
(see (§)) and choosing any 0 < p < 3, one can show that y—2 <~'—1
forall 0 < a < %ﬁ We conclude that for some C' > 0,

C

ny=2’

Corn(hl s hg) >

Now, we consider the case when % <a< }1. This implies that 4" > 2.
Depending on the value of p, we may either have v/ > 3 or v/ < 3
and we assume the latter (otherwise we are back to the previous case).
With this assumption we have

K, Ky
nY—2 n?’y’—4’

COI‘n(hl , hg) >

where K3 > 0 is a constant. Choosing again 0 < p < %, one can show
that v —2 < 29’ —4 holds for all 0 < a < }lﬂ Thus we have the desired
estimate

C

nY—2

Corn(hl, hz) >

for some C' > 0and all 0 < o < }l. In particular, we have v = y—2 > 0.

10.3. The Central Limit Theorem. By Statement 1 of Theorem
for any Holder continuous function h satisfying [ hdm = 0 we
have Cor,(h,h) = O( #) This implies that the correlation function
is summable, when +' > 2 that is when 0 < o < i. The desired result
now follows from [I4], Theorem 4.1 (see also [23], Theorem 3.1).

4One can use a computer assisted calculation to show that v —2 < +' — 1 for all
0<a<042..

5Again a computer assisted calculation to show that v — 2 < 29/ — 4 holds for
all 0 < a < 0.36....
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10.4. The Large Deviation property. We consider the Young tower
Y that represents the map fy;. The upper bound in allows us to
use Theorem 4.2 in [I7] to obtain for 0 < a < ; that for all sufficiently
small a > 0

n—1
1 A , /
mM(‘E Z h(f;\J(x)) - /h) > 5) < Ch7a5_2("/ —Q—a)n_(/y _2_a)‘
i=0

Moreover, for each such an a > 0 the constant C},, depends on the
Holder norm of A continuously.

To get a lower bound we need to check the conditions of Theorem
4.3 in [I7]. More precisely, for the set Y, = {(z,0) € Y : 7(z) > k}
it must be true that for some k, my (7(Y;)) < 1 where 7 : Y — M is
given by m(z, k) = f¥(x) as before.

Given k let us chose a partition element A; in the base A of the tower
for fo; with 7(A;) < k. Then A; C Y\ Y} and obviously 7 (4;) >
0. Thus 7hy(Yz) < 1 and since 7 is measure preserving, we obtain
ma(m(Ye)) < 1. Thus, by Theorem 4.3 in [17], we obtain the lower

bound
1 1 n—1 i
m <mM<‘EZh(fM(x))— h‘ >Ef)
=0

for small €, open and dense subset of Holder continuous observables h,
and infinitely many n.

10.5. The measure of maximal entropy (MME). Recall that the
diffeomorphism fj; of the surface M is a Young diffeomorphism and
consider the corresponding collection {Af} of s-sets. Denote by S, =
{A? : 7(A?) = n}. Since the map fy is topologically conjugate to the
toral automorphism A, the number S, for f); is equal to the number
S, for A. The latter is known to satisfy S, < e"™ with h < hop(A)
(see [21]). It now follows from [20] (see Theorem 7.1) and [23] that the
map fur possesses a unique MME which has all the desired properties.
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