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Given a uniformly expanding map of two intervals we describe a large class of poten-
tials admitting unique equilibrium measures. This class includes all Holder continuous
potentials but goes far beyond them. We also construct a family of continuous but not
Holder continuous potentials for which we observe phase transitions. This provides a
version of the example in (9) for uniformly expanding maps.
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1. INTRODUCTION

We consider a uniformly piecewise expanding map f of the interval [ =
[0, 1],i.e.,weassumethat/ = /D U@ U... U 1P andintI® NintIV) = @ for
1<k, j<p,j#kandthat f: I — [ j=1,..., pisaC! diffeomorphism
with | /| > 1. Given a potential function ¢ : I — R, a Borel invariant measure
Wy 1s called an equilibrium measure if

oo () + /1 odyu, = suplh, (f) + f1 odu),

where the supremum is taken over all Borel invariant probability measures. The
classical thermodynamical formalism states that if ¢ is (piecewise) Holder con-
tinuous, then f admits a unique equilibrium measure. The proof is based on
representing the system as a Bernoulli shift on p symbol alphabet.
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The goal of this paper is to show that the class of potentials, admitting
the unique equilibrium measure, is substantially larger than the class of Holder
continuous potentials. We restrict ourselves to the case of uniformly piecewise
expanding maps of two intervals although some results can easily be extended to
any finite number of intervals. Our approach is based on constructing a countable
Markov partition for f/ and representing it as the “renewal shift” —a subshift of a
special type on a countable set of states. We describe a broad class of potentials
which admit unique equilibrium measures and show that this class includes some
continuous but not Holder continuous potentials. Moreover, building on results of
Sarig,® we construct a family of continuous (but not Hlder continuous) potentials
¢. exhibiting phase transitions: there exists a critical value ¢y > 0 such that for
every 0 < ¢ < ¢ there is a unique equilibrium measure for ¢, which is supported
on (0, 1] and for ¢ < ¢( the equilbrium measure is the Dirac measure at 0. This
phase transition phenomenon can be characterized in terms of the behavior of the
pressure function (see Sec. 4).

2. THERMODYNAMICS OF COUNTABLE MARKOV SUBSHIFTS

We briefly describe some results on the thermodynamics of countable Markov
subshifts (seerefs. 1,2,5,8,10,12,13).Let S = {1, 2, ..., } be an infinite alphabet
and X4 the Markov shift with the set of states S and a transition matrix 4 =
(aij), i, j € N. This means that ¥4 is the set of all one-sided infinite sequences
w € SN which are admissible by 4, i.e., Qo = 1 for all i € Z. Assume that
(X4, 0) is topologically mixing. We write [a, ..., a,] for the cylinder set {(xx) :
x;=a;,1 <i <n}.

Given a continuous function ¢ : ¥4 — R, called pofential, we define the
n—variation of ¢ to be

Va@)=  sup  |¢(x) — ()| .
We say that the potential ¢ has summable variations if
D V(@) < +oo. (1)
n>2

Furthermore, we say that ¢ is weakly Hélder continuous if there exists 4 > 0 and
0 < y < 1suchthatforalln > 1,

Va(@) < Ay™ . 2

If ¢ is weakly Holder continuous then it has summable variations.
Set

Zy(p.a)=Y expu(®)w),

o (x)=x
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where ¢, (x) = Z?;lo ¢(c'(x)). Define the Gurevich pressure by

Pg(¢) = lim %log Zy(d,a).

If the potential ¢» has summable variations then the limit exists and does not depend
on the choice of the symbol a.

A Borel o-invariant probability measure 114 on 34 is called an equilibrium
measure for ¢ if

(@) + /2 ¢ dis = suplh(o) + /E o du),

where the supremum is taken over all Borel o-invariant probability measures on
¥4 for which [ ¢duy > —oo.
We consider the induced map on the cylinder [a]. For x € [a], define

rqo(x) = inf{n > 1;06"(x) € [a]}.

It is the first return time of x to [a]. We have

[al= |J [a.8.a]UN,

n>0,&#a

Whereg =&,...,&_1,rs(x)=nforx € [a, &, a],and N is a null set for any o -

invariant probability measure. Leto = o”“™) : [a] — [a] be the induced map. The
map o |[«] is topologically conjugate to a countable Bernoulli shift with symbols
corresponding to [a, g ,al.

Given a potential ¢, we define the induced potential by ¢(x) = &r,(x)(x). In
order to describe thermodynamics of o with respect to the potential ¢ we introduce
the following crucial property.

Define the discriminant of ¢ by

Alp] = Sug{Pc(qb + p); Po(¢ + p) < +o0}.
PE

Proposition 2.1. (see [9]). A[¢] > 0 if and only if there exists p such that

Pe(¢ +p)=0.
Set

Z,($,a) = Z "0

o (x)=x,rqs(x)=n
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Proposition 2.2. (see [9]). We have

Alp]—log Y &"Z3($, @le=raa.| < Y Va(®),

n=1 n>2

where & = rad. is the radius of convergence for the power series

oo

> "2y, a).

n=1

Furthermore, if we define p*(¢) =sup{p : Ps(¢p + p) < o}, then logé& =
—r*(@).

Set A = exp Pg(¢). Following [9], we call the potential ¢ recurrent if the
sum

D A" Zu(, a)
n>1

diverges. Otherwise we call ¢ transient. We call ¢ positive recurrent if it is
recurrent and

Zn)»_”Z:(qb, a) < oo
n>1

and null recurrent if
Zn)f”Z,f(d), a) =00 .
n>1

By (9), we have that ¢ is recurrent if and only if A[¢] > 0. ¢ is positive recurrent
when A[¢] > 0 and is either positive recurrent or null recurrent if A[¢] = 0.

Proposition 2.3. (see refs. 9, 11). Assume that the potential ¢ has summable

variations (see (1) Pg(¢) < +00 and sup ¢ < oo. Then the variational principle
holds:

Po($) = suph, (o) +/ pdupoo ' =p, [ ddu> —oo)
T4 oy
If ¢ is positive recurrent then Pg(¢) = — p(¢), where p(¢) is the solution of the
equation Pg(¢ + P) = 0, if ¢ is transient then Pg(¢) = —p*(¢), where

P*(¢) = sup{p : Ps(¢ + P) < +oo}.

The following proposition illustrates that if ¢ is transient, there is no equilib-
rium measure for ¢.
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Proposition 2.4. (see ref. 2). Assume that ¢ has summable variations, finite
Gurevich pressure and sup ¢ < oo. If ¢ admits an equilibrium measure then it is
positive recurrent.

In general, positive recurrence does not imply existence of equilibrium mea-
sure. We therefore, consider a particular case of the renewal shift (X 4, o) where
the entries of the transition matrix 4 are 1 at (0, #n) and (n,n — 1);n > 1 and 0
otherwise.

To study existence and uniqueness of equilibrium measures for the renewal
shift one can use results on thermodynamical formalism for general subshifts of
countable type (see for example, 1, 2, 5, 8, 12, 13) and reexamine the conditions
in this particular case. We however, exploit another approach which is based on
inducing schemes, see.” Consider the inducing of the renewal shift on the symbol
0. The induced partition is formed by the cylinders J, =[0,n — 1, ..., 1, 0] for
n > 1. The collection of intervals {.J, },> and the inducing time t(J,) = rjoj(x) =
n,x € J, form an inducing scheme (see refs. 6, 7) with the inducing domain [0]
and the induced map o (x) = o(x)", x € J,. Following refs. 6, 7, we write

w=()7o" <UJ> X:UUak(WﬂJn).

n>1 n>1 n>1 k=0

In our case W : [0] and X = >, given a continuous function ¢ : X — R, define
the induced function ¢ : | J,-, J» — R by

n—1

() =Y (o' (x) forx e,
k=0

Denote by M(o) the set of all o-invariant Borel ergodic probability measures p
on X and by

so = sup(h (@) + [ #dn)

where the supremum is taken over all 41 € M(o) with [ x Pdpn > —oo. The fol-
lowing result can be derived from (7).

Proposition 2.5. Assume that the induced potential function ¢ has summable
variations, —o0 <S4 < +00, and Pg(¢p —s54) = 0. Assume also that sup
(¢ — 5¢) < 00 and that

xed,

Zn sup exp(¢ — s¢) < 00. 3)
n=1
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Then there is a unique equilibrium measure |1y € M(0), i.e., a measure for which

s¢ = hy,(0)+ [¢dﬂ¢ = sup{h, (o) + /]d’dﬂ} .

Combining Propositions 2.3 and 2.5, we establish a condition, which guar-
antees existence and uniqueness of equilibrium measures for the renewal shift.

Theorem 2.6. Let (X4, o) be the renewal shift. Assume that:

1. ¢ has summable variations;
2. sup ¢ < 0o,
3. ¢ is positive recurrent.

Then there exists a unique equilbrium measure.

Proof.  We show that the conditions of Proposition 2.5 are satisfied. Since ¢ has
summable variations, so does ¢. Due to the special structure of the renewal shift,
the sum in

Zy(#,0)= Y e”Pp(x)
0" (x)=x
has at most 2” terms. Hence,
Zy(9,0) < 2",
This implies that
Pg(¢p) <log2 +sup¢p < oo .
By Proposition 2.3,

24

P<;(<;>)={hu(a)+/2 ddu:poot=p, ¢d,u>—oo}.
A
Since the inducing time in our case is the first return time, we conclude that the
right-hand side of the last equation is s4 and hence, s4 = Pg(¢) < oo. Taking the
Dirac measure over a periodic orbit, we know that there is at least one invariant
measure with [ ¢ du > —oo. Hence, 55 > —0o0.

Using the fact that ¢ is positive recurrent we have

> naT"Zi(@,0) < 4o

n>1

Since o is the renewal shift we obtain that Z'(¢, 0) = exp(¢(x)), where x is
the unique periodic orbit of period # in the cylinder [0,n — 1, ..., 0]. For A =
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exp Ps(¢) = exp sy, we have that

D naT"Zi@.0) = > nsupexp(@ —sg)| < D V(@)
=1 n=2

n>1 n= xey

We know that positive recurrence implies Condition (3). Note that Condition (3)
in turns, implies that sup(¢ — s4) < oo.

Furthermore, Proposition 2.3 implies that Pg(¢ — s4) = 0 and the desired
result follows. O

3. SYMBOLIC REPRESENTATION OF F VIA THE RENEWAL SHIFT

Recall that /" is a uniformly expanding map of the unit interval 7 = [0, 1].
More precisely, we assume that / = IV U 1P, int IV Nint1® = @ and that the
map f:1 0 -7, j = 1,2 can be extended to a C 1 diffeomorphism of a small
neighborhood of 7V) finally, we assume that | '(x)| > A > 1 forall x € intI(V U
int1®. Consider the closed intervals Iy = I?, I, = f~'(I,_;) N I',n > 1. They
cover the semi-open interval (0, 1] and form a countable Markov partition for f.

Define the coding map h: ¥ 4 — I\{0} by

o0
h(iv, i, ) = [ £ Tip).
j=1
Here (X4, 0) is the renewal shift.
Denote by Q the set of all end points of the partition intervals and all their
preimages. Observe that the only invariant measure u with w(Q) = 1 is the Dirac
measure at 0, &.

Proposition 3.1. The map h is onto and is one-to-one and a topological conju-
gacy between (£ ,\h~'(Q), o) and (I\Q, f).

Given a potential function ¢ on I, we define ¢ = ¢ o & to be a potential
function on X 4. We denote by H the class of potential functions ¢ for which the
corresponding functions ¢ satisfy all the conditions of Theorem 2.6, i.e., ¢ has
summable variations (see (1)), is recurrent and sup ¢ < oo.

The following result is an immediate corollary of Theorem 2.6 and Proposi-
tion 3.1.

Proposition 3.2. [f¢ € H then

1. there exists a unique equilibrium measure vy for ¢;
2. there exists an equilibrium measure w,, for ¢ that is either 8y or vy o h™1.
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The following example illustrates that for some potentials ¢ the measure 1,
may not be an equilibrium measure for ¢ while the Dirac measure § at 0 may be
such a measure.

Example 3.1 Assume that the map f is C'*<, and consider the potential

o(x) = {;Ot’loglf’(xn, v #0

Observe that ¢ is Holder continuous on (0, 1). By Theorem 3.3 below, if
Jo < Pg(¢ o h), the measure 1, is a unique equilibrium measure for ¢ (it is
the absolutely continuous invariant measure) and if fy > Pg(¢ o k), the equilib-
rium measure is §y. Furthermore, if fy = Pg(¢ o ) there are two equilibrium
measures for ¢.

We show that the class of functions H is sufficiently large and in particular,
includes all the Holder continuous functions.

Theorem 3.3. [f ¢ is Holder continuous on 1 then ¢ € H.

Proof.  Since ¢ is bounded and continuous, so is ¢. Moreover, as the map 4 is
Holder continuous (while 27! is not), we have that ¢ is Holder continuous on X 4.
This implies that ¢ has summable variations (see (1)) and is bounded from above.

To establish the recurrent condition we consider inducing on the cylinder [0]
as described in Sec. 2. Note that the only induced cylinder with return time n
is[0,n—1,...,1,0]. Fix x; € [0,i — 1, ..., 1, 0] and consider the function v
such that ¥ (x) = ¢(x;) whenever x € [0,i — 1, ..., 1, 0]. For simplicity we write
a; = ¢(x;). The function ¢ has the following properties:

1. V,(¢) = 0 (this is true since ¥ is constant on every cylinder);

2. there exista, 4 > 0and 0 < y < 1 such that |a; — a| < Ay’ (this is true
since A(x;) — 0in / and ¢ is Holder continuous);

3. |o(x) — ¥ (x)] < Vy(¢) foranyx € [0,n —1,...,1,0].

We claim that

o
log Y " &" Z¥(W. 0)le=rad. = +00.

n=1

To show this observe that forx € [0,n — 1, ..., 1, 0],

n—1 n—1
ZX, 0) = exp {Zq&(oix)} = exp :Za,«} )

i=0 i=0
As n — 400, we have that

Zr, 0) < " .
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Hence, for § = e7¢,

log ) "&"Z;(¥,0)=log ) e " Z3(¥,0)

n=1 n=1

n—1
= log i exp Z(a,- - a)}
n=1 i=0
o0 n—1
zlogZexp —ZA)/”}
n=1 i=0

oo
1
> logZexp —A—} = +00.
n=1

-y
Using Property 3 of the function i, we obtain that

n+1

1Z5(6.0) — Z; (¥, 0)l < Y V().

k=2
Since anz V,(¢) < +00, we conclude that the power series

o0 o0

Y Zi¢p.a). Y Zi(Y.a)

n=1 n=1

have the same radius of convergence. It follows that

A[g] = log Y "E"Z3($,0) = ) V(@)

n=1 n>2
> log » &"Z3(¥.0) =2 Vu(@) = +oc.
n=1 n>2

The desired result follows.

1103

O

We now show that the class of function H admits some non-Holder continuous
potentials which thus have equilibrium measures. Consider the one-parameter

family of functions

—c(1 —logx)™, xe€(0,1
R P o

“4)

where ¢ € R. Observe that ¢, is continuous on [0, 1] but is not Holder continuous

at zero.
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Theorem 3.4. For any o > 1 the potential ¢. = ¢. o h € 'H, i.e., it satisfies all
the conditions of Theorem 2.6.

Proof. Set B =min|f’|~" and y = max|f’|"!. Since f is uniformly expand-
ing B <y < 1. We write Iy =[do, 1], 1} =[dy,do], -, I, =[dy,d,—1], and
L ..;, =1[i1...,i,] as long as iy, ..., i, is admissible. Note that f(d,) = d,_:
and that

5

L. I, C [dy, 1]and £ < [G4) <
20 iy inl =97
3.d, = p".

=R

We first verify the summable variation condition (see (1)). Choose x, y €
I;,...;, Let a be an integer such that y < ,35. Setiy = m.If m > 2, we have that
L. i, C 1y C[dy, 1] and hence, ™ < x,y < y™. It follows that

|§06(x) - (pc(y)| = |(pc/(§)||x - y|
a(l — logg)~=""!

=le|———F———Ix — )|
&1
a(l —log.;&)“)“1
< lel———=— 14|
[0, d]l
]m —_——
<telml a1~ miog )t

1[0, d]|

—a—1

< Clelim| ™" = Cle ()

If m < %, we have that

|‘pc(x) - (pc(y)| = |§00/(§:)||X - y|
a(l — logg)=""!

=lc|———F———Ix —y|
&1
a(l —logg)™!
< lel—————— i i, ]
[0, d]l
|]m| |111 [N} | —a—1
< el —a(l —mlogy)™
1[0, dn]l | 1n]
,}/Vl

< C'|c|

n
a
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With n sufficient large, we can guarantee that
! 1
.
7/1 <" ( n ) .
Ba a

Va(oe) < n'e s

This yields that

and hence, ¢. has summable variations (see (1)). Clearly, this function is bounded
from above. We shall now show that

log Y " £" Z3 (e 0)leraa. = +00.
n=1
In fact,

n—1

Z3(@e, 0) = exp Y ¢e(xi)

k=0
with x; € [I;. Taking into account that o« > 1 we find that

n—1 n—1
exp {Z%(m)} >expi—) |‘Pc(dk)|}
k=0

k=0

n—1
> exp i —le| > (1 +kl logyn—“}

k=0

n—1
> exp { —le|(|logy )™ > "(k + 1>“} >e €,
k=0

where C > 0 is a constant. It follows that for & = 1,
oo oo
log» "&"Zx(¢.0)=1log Y e = +oo.
n=1 n=1

We have A[¢.] = +o0 and the desired result follows. O

Remark. The above argument shows indeed, that the function ¢. has summable
variations and is bounded from above for all o > 0.
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4. PHASE TRANSITIONS

Phase transitions for the renewal shift were studied by re_fs. 3,4,9. Let
(X4, o) betherenewal shift, ¢ : £, — Rapotential functionand ¢(x) = ¢, ()(x)
corresponding induced potential function.

Proposition 4.1. Assume that ¢ satisfies Conditions 1 and 2 of Proposition 2.3
(i.e., ¢ has summable variations and is bounded from above) and that ¢ is weakly
Haélder continuous (see (2)). Then there exists a critical value 0 < ¢y < 400 such
that the potential c¢ is positive recurrent for all 0 < ¢ < ¢y and is transient for
¢ > Cp.

Note that this result does not exclude the case when ¢y = o0.

In fact, if ¢ is a Holder continuous function on / then the function cg is
Holder continuous and hence, is positive recurrent for all ¢ (see Theorem 3.4). We
provide an example of a one-parameter family of functions for which the phase
transition actually occurs.

Theorem 4.2. For the function ¢.(x), given by (4) with 0 < o < 1, the poten-
tial function ¢. = @. o h has summable variations and ¢.(x) is weakly Hélder
continuous. There exists ¢y > 0 such that

1. ¢, is positive recurrent for ¢y > ¢ > 0 and there is a unique equilbrium
measure for ¢. among all invariant measures. This measure is supported
on (0, 1].

2. ¢, is transient for ¢ > cy and there is no equilibrium measure for @,
among the measures supported on (0, 1], the Dirac measure at 0 is the
equilibrium measure.

Proof. The fact that ¢, has summable variations and is bounded from above for
0 < o <1 (and actually for all @ > 0) was established in the proof for Theorem
3.4 (see Remark in the end of Sec. 3).

We shall show that the induced potential ¢.(x) is weakly Holder continuous.
This will imply that it has summable variations. Choose two points x and y in the
interval [0, ny, ---,0,n5,---,0,---, ng, - -+, 0]. We have

16e(x) = G = 1D _(@e(f'x) = de(S* )

i=0

I—log&) e .
<3 SIS i) — (£

ar ]
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a(l — (n; — i) log y) =
<2l 100, dy, 1]

|[n1_l On2, "’07“'anka'."0]|

|In1 i| _ . -«
< Z|c||[—y" Noe(1 = (ny — i) log y) ™'~

n

< elCY (m =)y < Ayt
i=0

where 4 = [c|C )2, n~—%"! Hence, ¢.(x) is weakly Holder continuous.
We shall show that for ¢ sufficiently close to zero, the potential ¢, is positive
recurrent and for ¢ sufficiently large, it is transient. Set

n—1
Fy(¢e) = exp {Z sup goc(x>}

0 xEIk
Observe that
log Y " &" Fu(@)le=rad. — 2 Y Valde) < Aloe]
n>1 n>2
< 10g Z EnFn(¢c)|§:rad-
n>1
and that

n—1
Fy(¢e) = exp {ch(dk)} ,

k=0

where d; were introduced in the proof of Theorem 3.4 and are the endpoints of
the basic intervals I, (i.e., I, = [d,, d,, — 1]).

We consider the two cases.

Case I: « = 1. We have

n—1
Fo(¢e) = exp Z%(alk)}
k=0

v

n—1
exp Z —c(1 —logy*)™@ }

k=0

v

n—1
exp 1 ) —cllogy|(k + 1)‘“}

k=0
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> exp{—cMlog(n + 1)} = C(n + 1)™M |
where C > 0 and M > 0 are constants. Similarly, one can show that for some
C'>0and M’ > 0,
Fy(¢e) < C'ln + 1)
Therefore, the radius of convergence £ = 1 and

Y Fuge) =Y Cln+ 1M = 400

n>1 n>1

as long as —1 < —cM <0 (ie., 0 <c < %). For these values of ¢ we have
Al¢.] = +0o0 and hence, ¢, is positive recurrent.
Observe that

log > " Fu(¢e) < log Y C'(n+ 1M
n>1 n>1

The expression in the right-hand side of this inequality tends to —oco as ¢ — oo.
Hence, for some ¢ we have

Al <log ) Fu(¢e) < 0.
n>1
This implies that for ¢ sufficiently large, ¢ is transient.
Case II: 0 < o < 1. We find that
exp(—cM'(n + 1)'™*} < Fy(¢e) < exp{—cM(n + 1)' ™} .

The radius of convergence & = 1 and

D Fu(@e) = Y expl—cM'(n +1)' 7).

n>1 n>1
Therefore,

D Fu(¢e) = ke (5)

n>1

as long as cM’ < W Observe that anz V(@) — 0 as ¢ — 0. In view of

(5), this imples that for ¢ sufficiently close to zero,
Algpe] = 1og Y " Fu(¢e) =2 Valge) > 0
n>1 n>2

and hence, ¢, is positive recurrent.
We also have that

logZFn(qbc) < logZexp{—cM(n + 1)) - —o0

n>1 n>1
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as ¢ — 400, and hence, ¢, is transient for sufficiently large c.

Since & =1, by Proposition 2.2, 0 =logé& = p*(¢.). When ¢ is small,
Alo.] > 0 implies that p(¢.) < p*(¢.) = 0. Proposition 2.3 give that Ps(¢.) =
—p(¢.) > 0. Because ¢, is positive recurrent, by Theorem 2.6, there is a unique
equilibrium measure for the renewal shift, by toplogical conjugacy, there is a
unique equilibrium measure 1, among the measures supported on (0, 1]. Since
the only invariant measure supported outside of (0, 1] is the Dirac measure &y, and
from

o) + /I ge dSo = ¢.(0) < Po(@0)

we know that 8y is not an equilbrium measure, hence ji,, is the equilibrium measure
among all invariant measures.

In the case when c is sufficiently large, A[¢.] < 0 and Proposition 2.3 implies
that Pg(¢.) = —p*(¢.) = 0. In this case ¢, is transient, by Proposition 2.4, there
is no equilibrium measure supported on (0, 1].

hao(f) + /1 oo ddy =0 < Po(d)

implies that the Dirac measure is the equilibrium measure. O
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