¢-ENTROPY FOR SYMBOLIC DYNAMICAL SYSTEMS
YUN ZHAO AND YAKOV PESIN

ABSTRACT. For symbolic dynamical systems we use the Carathéodory
construction as described in [4] to introduce the notions of g-topological
and g-metric entropies. We describe some basic properties of these en-
tropies and in particular, discuss relations between g-metric entropy and
local metric entropy. Both ¢-topological and g-metric entropies are new
invariants respectively under homeomorphisms and metric isomorphisms
of dynamical systems.

1. INTRODUCTION.

Since the introduction by Kolmogorov and Sinai, entropy has become one
of the most important invariants of dynamics. It comes in two incarnations:
as metric entropy and as topological entropy depending on whether ergodic
properties of invariant measure or topological properties of the system on
invariant sets are to be studied. The metric entropy measures the maximal
loss of information of the iteration of finite partitions in a measurable dy-
namical system and the topological entropy characterizes the exponential
growth rate of the number of periodic points.

For a dynamical system f acting on a measure space X with an invariant
measure p, given a finite partition £ of X, the classical Shannon-McMillan-
Breiman theorem claims that for almost every x € X the limit

(11) iy 198 (Cn(2))

n—o0 n

= h,u(fvxag)

exists. Here Cp(z) is the element of the n-th shifted partition &, = &V
flev. .. v f~(=D¢ that contains = and hu(f,z,€) is the local entropy of f
with respect to the partition £ at the point z. If p is ergodic then h,(f, z,§)
is constant almost everywhere and the common value is the entropy h,(f, &)
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of f with respect to the partition £&. The latter coincides with the entropy
hu(f) of f provided the partition { is generating.

Utilizing the Shannon-McMillan-Breiman theorem, one can consider the
multifractal decomposition of the set X associated to local entropies

(1.2) X:XU(U Ka),
a>0

where Ko = {z € X: h,(f,z,§) = a} and X is the set of points for which
the limit in (1.1) does not exists — the so-called irregular part of the multifrac-
tal decomposition. 'The functions g;(a) = dimg K, and g2() = h(f, K,)
are called, respectively, the dimension and entropy spectra associated to the
multifractal decomposition (1.2). Here dimgy Y is the Hausdorff dimension
of the set Y and h(f,Y) is the topological entropy of f on the set V.2 These
two spectra are examples of multifractal spectra, whose general concept was
introduced in [1]. Many multifractal spectra can be obtained by utilizing
a generalized Carathéodory construction described in [4], which provides
a unified approach for producing various dimension-like characteristics for
dynamical systems.

Another example of a multifractal spectrum that can be obtained in
this way is the well-known Hentschel-Procaccia spectrum for dimensions,
which has numerous applications in science. It is a one-parameter family
of dimension-like characteristics associated with a Borel measure in a given
metric space and, a priori, it does not require any dynamics to be present. ?
To obtain this spectrum one starts with a reference measure p, which gives
positive weight to any non-empty open set. One can then use it to build a
particular weight function in the Carathéodory construction to generate the
q-dimension of sets and measures (see [4, Section 8] for detailed exposition).

In this paper, using the Carathéodory construction approach, we intro-
duce, in the setting of symbolic dynamical systems?, the notion of g-entropy
in its both topological and metric incarnations, where ¢ > 0 is a parame-
ter. This actually generates what we call the Hentschel-Procaccia entropy

1While the irregular part has zero measure with respect to any invariant measure (and
hence, is completely negligible from the point of view of measure theory), its Hausdorff
dimension can be positive and indeed, as big as the Hausdorff dimension of the whole
space.

2Note that the set Y does not have to be invariant nor compact and that the topological

entropy of f on Y should be treated in the sense of Bowen, see [4].
30f course, the most interesting applications of the Hentschel-Procaccia spectrum for

dimensions appear when the measure is invariant with respect to some dynamical system
with rich stochastic properties.
hwe emphasize that in this setting the systems always possesses a generating partition.
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spectrum. We show that this spectrum is closely related to the g-topological
entropy on the support of the measure y. Furthermore, we define the mod-
ified Hentschel-Procaccia entropy spectrum, which is related to the g-metric
entropy and local metric entropy of the measure .

We stress that both g-topological and ¢-metric entropies are new invari-
ants of dynamics. The ¢-topological entropy is an invariant under a class
of homeomorphisms that respect measure p that is they satisfy some spe-
cial requirement with respect to the measure p. The g-metric entropy is
invariant under metric isomorphisms.

Using Markov partitions one can extend the notions of ¢-topological and
g-metric entropies as well as of the Hentschel-Procaccia entropy spectrum
to uniformly hyperbolic systems (that is axiom A diffeomorphisms) and
in particular, to Anosov maps. Note that the g-topological and g-metric
entropies defined in this way may depend on the choice of Markov partitions.
One can show that these quantities converge to limits as the diameter of the
Markov partitions go to zero, thus producing g-topological entropies for the
corresponding smooth system.

2. ¢-TOPOLOGICAL ENTROPY

Throughout this paper, let Z; be the space of one-sided sequences on p
symbols and o(wjwaws...) = (waws...) the shift map on Z;. We assume
that ¥} is equipped with the distance

d(w,w') =27,

where w = (wiwy...) and W’ = (Ww,...) and k = min{n : w, # w, }.
Denote by M, and &, the set of all g-invariant respectively, ergodic o-

invariant Borel probability measures on Z;. Let p be a Borel probability

measure on E;; such that p(U) > 0 for any non-empty open subset U C E;; .

2.1. Definition of ¢-topological entropy. Given n € N and w € E;;,
denote by Cp(w) = {u' € Z; fw; = w;, 1 < i < n} the cylinder of length n
that contains w.

Let Z C Z;; be a subset of Z; , which does not have to be compact or
o-invariant. Given a collection of cylinders I' = {C,, (w'): w* € ¥}, n; € N},
we say that I' covers Z if Z C |, Cy, (w"), and we set n(I') = min;{n;} to
be the smallest length of the cylinders in I'.

For each subset Z C E;Dr, each « € R, N > 0 and each g > 0, set

My(Z,0, N) = inf { 37 (G, ()" exp( — ami) |,
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where the infimum is taken over all countable covers I' = {Cy,,(w")} of Z
with n(I') > N. Since My(Z,a, N) is monotonically increasing with N,
there is the limit

mg(Z, o) := A}i_r)nooMq(Z,a,N).
It is easy to see that my(Z,a) as a function of o (for a fix set Z) has a
critical “jump-up” point so that

hq(o,2) == inf{a : my(Z, o) = 0} = sup{a : my(Z, ) = oo}

Definition 2.1. The quantity hy(o, Z) is called the g-topological entropy of
o on the set Z.

Given « € R, N >0, ¢>0and Z C X}, define

(2.3) R,(Z, &, N) = inf { >~ m(Ox(w))? exp( ~ aN) }

where the infimum is taken over all covers I' = {Cn(w")} of Z. We set
Z,a) = liminf R,(Z,a, N
ry(Z, @) = liminf Ry(Z, a, N),
Tq(Z,a) = limsup Ry(Z, o, N)
N—o00

and define the “jump-up” points of r,(Z, ) and 7(Z, a) as

hy(o,Z) =inf{a:r, (Z,a) =0} = sup{a : 17,(Z,a) = +o0},

hg(o, Z) = inf{a : 7y(Z, o) = 0} = sup{a : 74(Z, ) = 00}

respectively.

Definition 2.2. The quantities h,(0,Z) and hy(o, Z) are called the lower
and upper g-topological entropies of o on the set Z.

The above definitions of the g-topological entropy and the lower and up-
per g-topological entropies follow the generalized Carathéodory construction
described in [4]. According to this construction the space Z; is endowed
with a special Carathéodory structure given as follows: 1) the collection
F of admissible sets (that are used to cover subsets in E;r) consists of all
cylinders Cy,(w); 2) given a number ¢ > 0, the functions &,n,¢ : F — R
are defined by

E(Cn(w)) = p(Cr(w))?, N(Cr(w)) = e, Y(Cr(w)) =n"".
Here 1 measures the size of the cylinder, n is the potential function and &
the weight function. Then for every subset Z C Z; the quantities hy(co, Z),
hy(o, Z) and hy(o, Z) are respectively the Carathéodory dimension and lower
and upper Carathéodory capacities of the set Z (see [4] for details).
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Remark 2.1. We stress that the quantities hy(o, Z), hy(0,Z) and he(o, Z)
depend on the reference measure p which is used as a weight function in the
Carathéodory construction described in [4]. For g =0, the weight function is
trivial and these quantities are respectively the standard topological entropy
and lower and upper topological entropies of o on the set Z (see [2] or [4]
for details). This is why we continue to call them “q-topological entropy”.
Howewver, to avoid any confusions in the definition of metric entropies, we
do not emphasize the dependence on u in the notations.

2.2. Properties of ¢-topological entropy. We describe some properties
of the g-topological entropy and the lower and upper g-topological entropies.
They follow immediately from the definitions and Theorems 1.1, 2.1 and 2.4
in [4].

Proposition 2.1. For any q > 0, the following statements hold:

(1) if Z1 C Z3, then Hq(o, Z1) < Hy(o, Zo), where Hy denotes either hy
or hy or hg;

(2) if Zi C¥}, 0> 1 and Z = ;s Zi, then hy(o,Z) = $1>111)hq(0, Z;),
hy(o,Z) > s‘1>111)ﬁqw, Z;) and hy(o,Z) > sgg)ﬁq(a, Zi); B

(3) hy(o,Z) < ﬁ;(a, Z) < hy(o,Z) for any Zc DI

For any subset Z C E;r and any q > 0, set
(2.4) Ag(Z,n) = intf { 3 M(Cn(wi))q},

where the infimum is taken over all covers I' = {C,,(w?)} of Z. The following
equivalent description of the lower and upper g-topological entropy follows
immediately from definitions and Theorem 2.2 in [4].

Proposition 2.2. For each subset Z C Z;,L and each g > 0 we have
h Z) = liminf 11 A, (Z
7q(0', ) - lnnilo% ﬁ 0g q( an)v

— 1
hg(o, Z) = limsup —log Ay(Z, n).
n

n—0o0
In the following we shall compute the g-topological entropy of o on the

space E;L of one-sided sequences on 2 symbols.

Example 2.1. Consider a Bernoulli measure A on the space %3 = {0, 1}
given by the probability vector (ko, k1) where ko, k1 > 0 and kg + k1 = 1.
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Clearly, for each q >0

M = YA =37 Gl = s+ R,

7=0
where ' = {C,(w")} is a disjoint cover of X5 . By Proposition 2.2, we obtain
that
(0, E; = EQ(U’ EJr) IOg(’{O + ’%1)

hy(o, ¥7) = hy(0,%5) = log2 — qlog 2.
Note that log 2 is the standard topological entropy of the system (o, E;)

We shall now show that the g-topological entropy as well as lower and
upper g¢-topological entropies are invariant under a certain class of home-
omorphisms of E; associated with the measure p. To this end consider a
continuous map 7 : E; — E; . It is easy to see that there exists an integer
ko > 0 such that for every w,w’ € X},

d(w,w') < 27F = d(n(w), 7)) < %

In the case when m commutes with the shift, i.e., m o 0 = o o, this implies
that for any n > 0 and any w € ¥} we have

T(Crtho (w)) C Cn(m(w))-

If in addition, 7 is a homeomorphism we without loss of generality may as-
sume that the number k is chosen such that 771(Cp, 4k, (w)) C Cp (71 (w)).

Proposition 2.3. Let 7 : Z;r — Z; be a homeomorphism such that Too =
oom. Assume that there is K > 0 and N > 0 such that for any n > N and
any w € Xy,

%N(Cnﬂﬂo(w)) < M(Cn(ﬁ(w))) < KM(Cn+ko<w))7

(ot (©)) < p(Calm (@))) < Kp(Cryro(®)).

(2.5)

Then for every Z C %f,
H(I(Ga Z) = HQ(Ua W(Z))a

where as before Hy denotes either hy or h, or hy.
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Proof. Given a cover I' = {C,(w*)} of Z with n > N, the collection of
cylinders T = {C,,(7(w"))} covers 7(Z). By (2.5), we have

Zr:u(cn+k0 ) > EZM )!

> KqA (w(Z),n).

By Proposition 2.2, one has that
ﬁqw, Z)> ﬁq(a,ﬂ'(Z)) and Eq(a, Z)> Eq(O',ﬂ'(Z)).

Furthermore, note that if the collection T' = {C,,, 1, (w’)} covers Z with
n; > N for all i, then the collection IV = {C,,(7(w?))} covers 7(Z) with
n(I") > N. Tt follows that

M(Z,a, N + ko) > e ™ M, (7(Z),a, N)

yielding that

h’Q(Uv Z) = hQ(U7 W(Z»'
Finally, since 7 is a homeomorphism, applying the above arguments to 7!,
we obtain the desired result. O

Example 2.2. Let A\ be the Bernoulli measure on Z;r given by the probability
vector (Ko, -+ ,Kp—1) with k; > 0 for each i =1,...,p—1 and ko + --- +
kp—1 = 1. Fiz an integer N > 0 and consider a homeomorphism  : E;r —
/

Y. defined as follows: m(w) = W' where w = (w;) and W' = (W]

i) are such that

Wi =w; foralli=N+1,N+2,... and (w],...,wl) is a given permutation
of (wi,...,wn). Although the homeomorphism m does not satisfy mo o =
ogom, it is easy to see that 7(Cp(w)) = Cp(w(w)) for any w and anyn > N.
This means that in our case kg = 1. Furthermore, for any n > N it is easy
to check that
min { (247} < 2O {7
1<ij<p LK AMCp(m(w))) ~ 1<izi<p LK

By the same arguments as in the proof of Proposition 2.3, for any Z C Z;
we have Hy(o,Z) = Hq(o,7(Z)).

We now obtain a formula that allows one to compute the lower and up-
per g-topological entropies for any ¢ > 1. Note that the function w —
p(Cp(w))4~! is measurable. Since it is bounded, it is integrable. For any
measurable set Z C E;f and g > 1, set

ool Z,n) = /Z H(Cr(@))T dpa(w).

Theorem 2.4. The following statements hold:
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(1) For any q > 1 and any measurable set Z C El‘f,

1
hy(o,2) > hmmf—loggoq(Z n), hg(o,Z) > hmsup—logcpq(Z n),

n—oo N n—o0

and

hy(o,Z) < hmlnf—logcpq((Z) n), he(o,Z) < hmsup—loggoq((Z) ,n),

n—oo N n—o0

where (Z)n = Uyez Cn(w);
(2) For any set Z of full measure and any q > 1,

1 1
hy(0,Z) = lirginfaloggoq(Z, n), hg(o,2Z) = hmsup—logcpq(Z n).

n—o0

Proof. For any 3> 0 and n € N there is a cover I' = {C,,(w’)};>1 of Z such
that

Zu q<A( )—f—ﬁ

Using the fact that Cy,(w) = Cy,(w?) for each w € Oy (w'), we have that
> u(C, Q—Z/ W) du(w)
i

= Z / )i dp(w)
> Soq(Z n)

Since 5 can be chosen arbitrarily small it follows that
Ng(Z,n) = ¢g(Z, ).

By Proposition 2.2, this implies that

1
hy(o,Z) > hH_l}infﬁloggpq(Z, n), and hy(o, Z) > hmsupflog wq(Z,n).

n—oo

To prove the reverse inequality given n € N, choose a cover I' = {C),(w") };
of Z whose elements are pairwise disjoint. Since Cj(w) = C,(w?) for each
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w € Cp(w') we have

Ay(Z,n) < 3 (G’
=3[ (G ) du(w)
- (@?)
=3 [ (Cuw)) du(w)
i Y Cn(w?)

q—1 w
< /(Z)n H(Co ()T dp(w)

= SDQ((Z)’VH”)'
This yields the desired results. The second statement now is a direct conse-

quence of the first one. O

If one considers g-topological entropy and the lower and upper g-topological
entropies as functions over ¢ > 0, then we have the following proposition.

Proposition 2.5. The following statements hold:

(1) h(h (07 Z) > hlIQ (07 Z)? hql (Ua Z) 2 hq2(07 Z), andﬁt]l (Jv Z) > Eth (Ua Z)
for any Z C Z; and any 0 < q1 < qo;

(2) if wW(Z) = 0 then hi(0,Z) < hy(0,Z) < h1(0,Z) < 0 and hence,
he(0,Z) < hy(0,Z) < hq(0, Z) <0 for any q > 1;

(3) if W(Z) > 0 then hi(o,Z) = hy(0,Z) = hi(0,Z) = 0 and hence,

0 < hg(o,Z) <hy(0,2) <hglo,Z) if0<qg<1

and

hg(0,2) < hy(0,Z) < hg(o,Z) <0 ifqg>1.

Proof. The first statement is obvious and the second one follows from Propo-
sition 2.1 and Theorem 2.4. By (2.4), for ¢ = 1 and every n € N we obtain
that

w(Z) < M(Zn) < 1.
By Propositions 2.1 and 2.2, this yields that h1(o, Z) < hy(0, Z) = h1(0, Z) =
0. On the other hand, for any a < 0 by a direct computation we have

mi(Z,a) = +o0.

Since « can be chosen arbitrarily, this implies that hq (o, Z) > 0. Hence,

hl(O', Z) =0.

The last statement follows from Proposition 2.1 and the first statement. [
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2.3. The Hentschel-Procaccia entropy spectrum. We follow the ap-
proach of defining the Hentschel-Procaccia dimension spectrum in [4] and
introduce the notion of the Hentschel-Procaccia entropy spectrum.

Given the measure u and ¢ > 1, define

1 1
o . . + q—1
HP (1) p— lim inf —log /X 1(Cn(w))T dp(w),
s . 1 _
HPy(n) = —— limsup -~ log /X p(Cr (@)~ dpa(w),

where X is the support of p.

Definition 2.3. We call the one-parameter family of pairs of quantities
(HP, (1), HPy(1)) the HP-spectrum for entropies.

It follows from Theorem 2.4 that

(26)  HP () = b0, X), FPy ) = o, )

for any ¢ > 1. Therefore, by Proposition 2.2, we can rewrite the definition
of HP-spectrum for entropies in the following way:

1
= liminf — log A, (X
HP,(p) = o —7 liminf - log Ag(X, n),
__ 1
HPy(1) = — lig;sgpﬁlog Ay(X,n).

It is a direct consequence of Proposition 2.5 and (2.6) that (¢ — 1)HP, (1)
and (¢ — 1)HP,(n) are non-increasing functions over ¢ > 1.

2.4. g-Topological entropy with Gibbsian reference measures. We
consider the particular case of the reference measure p to be a Gibbs mea-
sure, and we obtain a formula that connects g-topological entropy and the
classical topological pressure. Consequently, we obtain some relations be-
tween g-topological and lower and upper g-topological entropies.

Now we recall the definition of Gibbs measures. Given a continuous func-
tions ¢ : Z; — R, we say that a Borel probability measure p, (not necessary
invariant) is a Gibbs measure with respect to ¢ on E;;, if there exists a con-
stant K > 0 such that for every n > 1 and every w € Z;;

—1 ;U'QO (CTL (w) )
(2.7) K S R @ +5ne@)

<K

where Sy, := Z;:ol @ oo’ and Pip(p) is the classical topological pressure
of ¢ (see [6] for the detailed definition and properties).

Consider the reference measure p given by its value on cylinders C,,(w)
by the formula (Cp(w)) = 5%, One can show that hi(c, Z), hy (o, Z)
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and hy(o, Z) are respectively the topological pressure and lower and upper
topological pressure of o on the set Z (see [4] for details). We denote them
by Pz(p), CP,(¢) and CPz(p) respectively.

Theorem 2.6. Assume that pi, is a Gibbs measure with respect to a con-
tinuous function @ : E; — R, then for any subset Z C E;“ and any q¢ > 0
we have

Hq(f,Z) = Pz(ap) — aPiop(¥)
where Hy denotes either hy or h, or Eq, and Pz denotes either Pz or CP,
or C'Py respectively.

Proof. Fix N > 0 and consider a cover I' = {Cp, (w")}i>1 of Z with n(I") >
N. By (2.7), we have that

Z 11(Cr, (w'))? exp(—an;) < K1 Z exp (—ni(qPiop(0) + @) + ¢Sn,p(w)).

(2

It follows that
My(Z,a,N) < K* irrlfz exp(—ni(qPiop(#) + @) + ¢Snp(w)).

Hence,
hq(Uy Z) < PZ(Q‘P) - qjjtop((p)'
Analogously, we get the following lower bound of the g-topological entropy

hq(o, Z) = Pz(q¢) — qProp(¥)-
Hence,
he(o, Z) = Pz(qp) — qPiop()-
The other two equalities for h, and Eq can be proven in a similar fashion. [

Under the conditions of the above theorem, and using the properties of
topological pressure on non-compact subsets (see [4]), we obtain the relations
between ¢-topological and lower and upper g-topological entropies. More
precisely, for any ¢ > 0 the following properties hold:

1) if Z ¢ ¥ is o-invariant, then CP,(qp) = CPz(qy) yielding that
D Z
hq(UaZ) :hq(O',Z); 7
(2) if Z C ¥} is o-invariant and compact, then CP4(qp) = CPz(qp) =

Pz(¢) yielding that
he(o, Z) = hy(o, Z) = hy(o, Z).
3. ¢-METRIC ENTROPY

In this section we introduce different types of g-metric entropy and we
study their properties and relations between them.
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3.1. Definition of the g-metric entropy. We follow the approach in [4]
and introduce the notion of g-metric entropy using the inverse variational
principle.

Given ¢ > 0 and a Borel probability measure v, let

he(o,v) =inf{hy(0o, Z): v(Z) = 1}
= %i_r}r(l)inf{hq(a, Z):v(Z)>1-0}.

We call the quantity hq(o,v) the g-metric entropy of o with respect to v.
Let further

—q

h,(o,v) = %i_%inf{ﬁq(a, Z):v(Z)>1-46},

hy(o,v) = (%ig(l)inf{ﬁq(a, Z):v(Z)>1-=6}.

We call the quantities h,(o,v) and hg(o,v) respectively the lower and upper
g-metric entropy of o with respect to v. We mention that the g-topological
entropy is defined with respect to a fixed reference measure u, which can be
different from v.

We shall now show that the g-metric entropy as well as the lower and
upper g-metric entropies are invariant under a homeomorphism that respect
the measure p.

Proposition 3.1. Let 7: Z; — Z; be a homeomorphism that satisfies the
conditions of Proposition 2.8. Then for each v € M,,

Hy(o,v) = Hy(o, mr),

where Tv =vom L.

Proof. By Proposition 2.3, we obtain that
he(o,v) = inf{hy(0,Z):v(Z) =1}
= inf{hy(o,7n(2)): v(Z) =1}
= inf{hy(0,Y) : mrv(Y) =1}
= hy(o, mw).

Here the third equality follows from the fact that = is a homeomorphism.
The other two equalities for h, and ﬁq can be proven in a similar fashion. [J

3.2. Relations between different g-metric entropies. In this subsec-
tion we study the relations between various versions of g-metric entropies.

Proposition 3.2. The following statements hold:
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(1) For the reference measure j we have hy(o, p) = hy(o, 1) = hi(o, ) =
0;
(2) For any q > 0 and any Borel probability measure v we have

hqy(o,v) < Qq(a, v) < Eq(a, v);
(8) For any q > 0 and any o-invariant ergodic measure v we have that
EQ(U7 1/) S hV(G)v

where h, (o) is the standard metric entropy of o with respect to v,
see [6] for details;

(4) 0 < hy(o, ) < hy(o,p) <
hy(o, 1) < helo,p) <0 ifq

hg(o,p) if 0 < q < 1 and, hy(o,pu) <
> 1.
Proof. The first statement is a direct consequence of statement 3 of Propo-
sition 2.5 and the definitions.

By Statement (3) of Proposition 2.1, for any Borel probability measure v
we have

hQ(Uv V) < hq(O', V) < Eq(gv V)a

and the second statement follows. By Proposition 2.5, for any ¢ > 0 we have

hq(av V) < EO((L V)‘
Recall that

ho(o,v) = (%i_r)r(l)inf{ﬁo(a, Z):v(Z)>1-4}.

By Remark 2.1, ho(c, Z) is the standard Bowen’s upper topological entropy
on the set Z. Since v is ergodic, we have

%ig(l)inf{ﬁo(o, Z):v(Z)>1=6} =hy(o),

see [2] or [4, Theorem 11.6] for the proof. This gives us the third statement.
The last statement follows directly from Proposition 2.5. This completes
the proof of the proposition. O

+

Given a Borel probability measure v and any point w € 3

, set

1 — 1
h,(w) :=liminf ——logv(Cy(w)) and hy(w) = limsup - log v(Cp(w)).

n—oo n n—oo

These two quantities are called local lower and upper metric entropy at w
with respect to v respectively.

Theorem 3.3. The following statements hold:
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(1) For any q > 1,
(1 —q)ess infwezgﬁu(w) < hylo, ) < hg(o,p) < (1 —q)ess infwezjhu(w)?
(2) For any 0 < ¢ <1,
(1= qesssup, ey (@) < hy(o ) < iy, 1) < (1= less sup, ey ().

Proof. We will prove the first statement; the second one can be proven in a
similar fashion. Given a small number 5 > 0 and a positive integer N, we
define the set

Ly = {w €N :h,(w)—B< —%logu(Cn(w)) < hy(w) + B, VYn > N}.

For any ¢ > 0 there exists N7 such that u(Ly) > 1—9 for any N > N;. Fix
such a positive integer N. It is easy to see that for any w € Ly and n > N,

(3-8) exp( —n(hu(w) + B)) < p(Cp(w)) < exp( —n(hy,(w) - B)).
To simplify our notations let
h = ess infwez;ﬁu(w), h = ess infwez;fﬁu(w)'

For p-almost every w we have ﬁu(w) > h — 8. Furthermore, there exists a
subset 3 of positive measure such that hu(w) < h+ B for every w € 5. Let
Z C Ly N{w : hy,(w) > h— B} be a set of positive measure and I' a cover of
Z by cylinders C,(w*) with n > N. Then for ¢ > 1 we have that

3 H(Cn(@))T = 3 H(Caw) T u(Calw)

<exp(—n(h—26)(g—1)) Y u(Cu(w))

< exp( —n(h—28)(q - 1))

In view of Proposition 2.2 this implies that h,(o, Z) < (1 — ¢)(h — 23) and
hence,

he(o, 1) < (1 = q)(h = 28).

Since 3 can be chosen arbitrarily small, one has that h,(o, 1) < (1 — q)h.

To prove the reverse inequality we choose a set Z with u(Z) > 1 — ¢ for
which h, (o, 1) > h,(0, Z) — B. If § is sufficiently small the set

Y =2nYNLy
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has positive measure. Let I' be a cover of Y by cylinders Cy, (w') with n > N.

We have that
3 H(Cn())? = 3 pCale) i Calw)

> exp(—n(h+28))" u(Y).
This implies that
h (Umu) Zﬁ (072) _6 > h (UaY) _B 2 (1 _Q)(E+26) _5-
Since 8 can be chosen arbitrary small, this implies that h, (o, 1) > (1 —q)h
completing the proof of the theorem. O

As a direct consequence of Theorem 3.3 we have: if the measure u satisfies

ﬁu(w) = Eu(w) = hu(w)

p-almost everywhere, e.g., p is a o-invariant measure, then

hy(o,p) = hy(o, 1) = (1 — q)ess infwez;;hu(w)
for ¢ > 1, and

hq(a, ) = Eq(a, p) = (1 —q)ess SUD,, vt hy(w)
for0<g<1.
For any ¢ > 0 and o € R we define the lower and upper q-pointwise
entropy of a Borel probability measure v at w by

alogv(Cy(w))
ﬁu,a,q( w) = 1m£f qlog p(Cr(w)) — an
n(

— alogv(Cp(w))
hy .o = limsu
) = D g (Calw)) — an

Given a number h > 0 and the Borel probability measure p, define
(3.10) Ly = {w €%yt hy(w) = hy(w) = h}.

The following result is a straightforward calculation.

Proposition 3.4. Assume that the measure p is such that u(Ly) =1 for
some h > 0. Choose numbers ¢ > 0, ¢ # 1 and € > 0 such that h —e > 0
and the interval I = [h(1 —q) — €, h(1 — q) + €] does not contain 0. Then for
p-almost every w and every o € 1,

by o g(w) = hya,q(w) = ah(hg + o)~
(note that hq+ « > h — € > 0 although o may be negative).

Theorem 3.5. Assume that the measure p is such that (Ly) = 1 for some
h > 0. Then for any ¢ >0
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(1) hq(U, /‘) = hq(av /’L) = Eq(f-a M) = h(l - Q);
(2) hq(o, Ly) = hy(0, Ly) = hy(o, Ly) = h(1 —q).

Proof. If ¢ = 1, the first statement is a direct consequence of Proposition
3.2 or Theorem 3.3 and the second statement follows from Proposition 2.5.

We now consider the case ¢ # 1. Fix a small number n > 0. For p-almost
every w there exists a number N(w) > 0 such that for any n > N(w)

(3.11) exp(—n(h +n)) < p(Cp(w)) < exp(—n(h—1)).
Given a positive integer IV, set
ENZ{WE,C}L:N(W) SN}

We have that Ln C Ly4+1 and Un>0 Lyn = L. Hence, given § > 0 one can
find Ny > 0 for which p(Ly,) > 1 — 6.

Fix a number N > Ny. Let I' = {C,,(w®)} be a cover of £ whose elements
are pairwise disjoint. By the first inequality of (3.11), the cardinality of I is
less than or equal to exp[n(h + n)] for any n > N. For all sufficiently large

ﬁN, <Zlu,

< eXp[—nq(h —n)] exp[n(h + n)]
= exp[n((l —qh+ (1+ q)n)]

n we have

It follows that
he(o,Ln) < (1= q)h+ (14 q)n.
Since u(Ly) > 1 — 0, we have

hq(o, 1) < (1= q)h + (1 +q)n.

Since 7 can be chosen arbitrarily small, we conclude that hg(o, 1) < (1—q)h.

We shall now prove that hy(o,p) > h(1 —¢q). It suffices to prove that
he(o,Z) > h(1 — q) for any subset Z C X} of full measure. Choose n > 0
and ¢ € (0,1/2) and denote A = (h—7)(1—q) if0 < g < lor A = (h+n)(1—q)
if g > 1. Let L' = L, N Z. Clearly, u(£') = 1. One can find a set £, C L'
with p(£1) > 1 —§ and a integer N; > 0 such that for any w € £; and
n Z N1

exp(—n(h+n)) < p(Cr(w)) < exp(—n(h—mn)).

We may further assume that £ is compact, since otherwise we can ap-
proximate it from within by a compact subset. Given any N > Ny, let I’
be a cover of £1 by cylinders Cy,(w®) with n; > N for all i. Since £; is
compact, we may assume that the cover is finite and consists of cylinders

Cm (Wl)a T ’Cnl (Wl)'
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Without loss of generality, we assume that w’ € £; for any 1 < i < [.
Now for 0 < g < 1 we have

p(Cn, (")) exp(—Any)

MN

> (Ch, (W) exp(—Ang) >

Chn, (wi)ET 1

Z )y >1-06.

Since the inequality holds for any cover I" of £, we conclude that M, (L1, A\, N) >
1 —¢. Hence, my(L£1,A) > 1 — 3 > 0. This implies that

<.
I

(3.12)

A\

hq(o, L1) = (h=n)(1 —q)

for 0 < g < 1. For ¢ > 1, using the same arguments we obtain that
hq(o, £1) = (h+mn)(1 —q).

Using Proposition 2.1 and the fact that n is arbitrary, for any ¢ > 0, ¢ # 1
we find that

(3.13) he(0,Z) > hy(o, £1) > h(1 — q).

Therefore, by definition, hq(o, ) > h(1 — q).

To prove the second statement, first note that the inequality hq(o, Lp,) >
h(1 — q) is contained in (3.13), since Z is an arbitrary set of full y-measure
and in our case p(Lp) = 1.

Fix now a small number 1 > 0. For p-almost every w there exists a number
N(w) > 0 such that (3.11) holds for any n > N(w). Given a positive integer
N, set

Ly ={weL:Nw)<N}.

We have that Ln C L1 and UnZO Lyn = Lp. Hence, given § > 0, we can
find Ny > 0 for which u(Ln,) > 1— 6.

Fix a number N > Ny. As in the proof of the first statement we have
that

he(o, Ln) < (1 —q)h+ (1 + q)n.

Since 1) can be chosen arbitrarily small, we conclude that hy(o, Ly) < (1 —
q)h. Letting N — oo, we obtain that hy(o, £y) < (1 — g)h. This completes
the proof of the theorem. O



18 YUN ZHAO AND YAKOV PESIN

3.3. The Modified Hentschel-Procaccia entropy spectrum. Follow-
ing the approach in [5], we introduce the modified HP-entropy spectrum.
Given a Borel measure p and ¢ > 1, define

1
_ . coaoe b q—1
HPM, (1) 1 lim inf lim inf — log /Z 1(Cr(w))* " dp(w),
1
_ . . + q—1
HPMq(n) 1 lim inf lim sup - log /Z 1(Cn(w))*" dp(w),

where the infimum is taken over all sets Z C X with u(Z) > 1— 4.

Definition 3.1. We call the one-parameter family of pairs of quantities
(HPM, (1), HPM(11)) the modified HP-spectrum for entropies.

The following result gives the relations between modified HP-spectrum
for entropies, local lower and upper metric entropy and lower and upper
g-metric entropy.

Proposition 3.6. For any q > 1, the following statements hold:

(1) 7HIPMq(:U’) :7(17L1ﬁq(aﬂu) and HPMQ(:“’) = qf%hfI(Ua /’L)y
(2) —essinfyes, hu(w) < HPM, (1) < HPMy(p) < —essinfues, b, (w).

S
Proof. The first statement follows directly from definitions and Theorem

2.4. The second statement is now a direct consequence of the first result
and Theorem 3.3. O

By the second statement of Proposition 3.6, if 4 satisfies that h,(w) =
h,(w) == h(w) for p-almost every w, then

HPM, (1) = HPMy(p) = —ess infwez;;hu(w)-

Acknowledgements. The authors would like to thank the referee for valu-
able comments which helped us substantially improve the paper.

REFERENCES

[1] L. Barreira, Ya. Pesin, J. Schmeling, On a general concept of multifractality: mul-
tifractal spectra for dimensions, entropies, and Lyapunov exponents. Multifractal
rigidity, Chaos, 7:1, (1997) 27-38.

[2] R. Bowen, Topological entropy for non-compact sets, Trans. Amer. Math. Soc., 49,
(1973) 125-136.

[3] M. Brin and A. Katok, On Local Entropy, in ” Geometric dynamics (Rio de Janeiro,
1981) 7, Lecture Notes in Math., 1007, Springer, Berlin, (1983) 30-38.

[4] Y. Pesin, Dimension theory in dynamical systems, Contemporary Views and Appli-
cations, University of Chicago Press, Chicago, 1997.

[5] Y. Pesin, A. Tempelman, Correlation dimension of measures invariant under group
actions, Random and Computational Dynamics, 3(3), (1995) 137-156.



¢-ENTROPY FOR SYMBOLIC DYNAMICAL SYSTEMS 19

[6] P. Walters, An Introduction to ergodic theory, Springer Lecture Notes, Vol.458,
(1982).

DEPARTMENT OF MATHEMATICS, SOOCHOW UNIVERSITY, SUZHOU, 215006, JIANGSU,
P.R.CHINA

DEPARTMENT OF MATHEMATICS, PENNSYLVANIA STATE UNIVERSITY, UNIVERSITY PARK,
PA 16802, USA

E-mail address: zhaoyun@suda.edu.cn

E-mail address: pesin@math.psu.edu

URL: http://www.math.psu.edu/pesin/



