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Abstract. Weconsiderinfinite-dimensionaldynamicalsystemswhicharelatticesof
someweakly-interactinghyperbolicsystems. Wedescribetheconstructionof their
BRS-measureswhich aremixingwith respectto thegroupofspace-timeshifts. The
proofsusemethodsofstatistical mechanics.

1. INTRODUCTION

I. M. Gelfandalwaystaughtus that theremight be different infinities. In this paper

weconsiderthoseinfinite-dimensionaldynamicalsystemsforwhich all degreesof free-

dom are in somesenseequivalent. Thedirect consequenceof this equivalenceis the
appearenceof a new symmetrygroup acting on the degreesof freedom by shifts and
commutingwith thedynamics.Ourmain problem will beto studyergodicproperties

of thetotal groupgeneratedby theshiftsandthe dynamics,i.e. thegroup of space-time
translations.If thisgrouppreservessomeprobabilitymeasureandismixing with respect
to it thenweshallsay that thespace-timedynamicsexhibitsthespace-timechaos.

The first examplewhich motivatedour investigationswas the diffusion-reaction
equationof theform
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(1)

Thegroup of spacetranslationsactsas thegroupof shifts (Szu)(z) = u( ~ + z), z E

R
1 andcommutesobviously with the equation(1). Howeverthis exampleis still too

difficult for thecompleteanalysisand weshalldealwith moresimplemodels. Infinite-
dimensionaldynamicalsystemswith space-timetranslationsareoftenly encounteredin

statisticalmechanics(see[1]). It is alsobelievedthat the fully developpedturbulence
involvesinfinitely manydegreesof freedomandin principlecanbedescribedby systems

of a similar type aftersomenormalization.

Our first stepconsistsindiscretizing(1) and considerationthe transformationsof the
following type

(2) u~.~
1(z)= f(u~(x)) + c(ti~(z+ 1) + u~(z—1)),

x e Zv. We shall dealonly with the caseof ii = I. The last terms describesthe
interactionof different degreesof freedom.We shallseethat it canbetakenin a much
moregeneralform. For small ~ the propertiesof the mappingcorrespondingto (2)

dependvery heavilyon thepropertiesof f. In [2] the authorsconsideredthesituation
whenf wasanone-dimensionalexpandingmapbutthesecondtermin (2) wasdifferent.

The mainresultof [2] wasthe contructionof a naturalinvariantmeasurewith respectto
thegroup Z

2 generatedby theshift and thedynamicswhichwas mixing, i. e. wehad
thespace-timechaos.

The goalof this andsubsequentpapersis to showa muchmoregeneralresultwhich
statesthe space-timechaoswhenis an arbitrary hyperbolictransformation. The cor-
respondingtechniquefor analogousfinite- dimensionalsituationsis quite well-known

(see [1, 3, 4]). The so-calledMarkov partitionsgive a possibilityto reduceall aris-
ing problemsto problemsconcerningone-dimensionallatticemodelsof statisticalme-

chanicswith rapidly decayinginteractions.We shallshowthat the infinite-dimensional
mappingsdefinedby (2) canbereducedin somesenseto two-dimensionallatticemod-

els. The theoryof suchmodelsis less trivial becausetheremigh be phase-tranitions.
The caseof small � correspondstothe high-temperatureregionin statisticalmechanics
wherethereareno phasetransitions.Howeverit is possiblethatthe increaseof � leads

to someinterestingbifurcationssimilarto phasetransitions.From thepointof view of
dynamicsit canbeconnectedwith the widely observedcoherentstructuresin extended
systems.

Now weshallgibemoreexactdefinitions.
Denoteby M a C°°smoothcompactp-dimensionalRiemannianmanifold. As-

sumethat f is a topologicallytransitive C2 -Anosov diffeomorphism. Its stableand
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unstablesubspacesat anypoint x E M are denotedas E( x), Ey( x). Without any
lossof generalitywemay assumethat M is equippedwith theLiapunov metrics.For
any x e M wehave

T~M E(z) ®E~(z),
(3)

dfE~lA(x) =

andforeveryn>’O

IIdf~vII� ~ lvii, v E
(4)

Iidf~vII< A’~~ v E E~(x),

where A, 0 <A < 1 is a constantnotdependingon x and n.

Considernow infinitely many copiesof M and f i.e. M1 M, f~ f, i E Z.
Put

)vj= ® ~ ® f~

M isaninfinite-dimensionalBanchmanifoldwiththenormlixM= sup jz~j~,x =

(x1), x~E TM~,.F ~ C
2 and is a topologicaflytransitiveAnosovdiffeomorphismfor

whichstableand unstablesubspacesat z E M havetheform

= ® E’~ (x
1)

iEz

andsatisfy (3) and (4). It is naturalto call .F as a chainof non-interactingAnosov

diffeomorphisms.
Forany m,n E Z , m< n denote

Mmn = ~ M~,Fmn = .~ f~

and ~mn : M —÷ Mmn is thenaturalprojection,~~m =

Now weshallintroducethe interaction.Let g0 bea C
2-map of fyi onto M

0.

DEFINITION 1. g0 isshort-rangedif for some C0, 0 <C0 <oo and x0 , 0 <x0 < 1

thereexistsasequenceof C
2 -mapsg~ of onto M

0, n= 0, 1,2,... suchthat
g~

0~= Id, dist~z(g~,g~l)) <C
0 z~,dist~2(g0,g~oP~)<C0 x~.

In the lastinequalities g~, ~ are consideredas mapsof onto M0,

dist~2isthedistancein the C
2 -topology.
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If g0 = ~ for some n then we shall say that g0 is aninteractionof thefinite
range. The smallestn is calledthe radiusof interaction. In what follows we shall

consideronly short-rangedinteractionnotmentioningthis again.Let S betheshift to
theright, i.e. (Sz), = ;~ where z = (;). Put g = S’g0S’,g~ =

theymap M (or M_~~~,0÷~)onto M~and is also short-ranged.Now wedefine the
interactionmap g which actsby theformula

g(z) = ~ =

= (...g_~(x),...,g_j(z),g1(z),... ,g0(x),...).

The form g resemblesin many respectsmapswhich are encounteredin the theoryof
cellularautomata.

Weshallstudyin this papermaps 11 = go F whichcanbecalledchainsof interact-

ing Anosovmaps.Forsuchmapswe shallconstructnaturalmeasuresinvariantunder

theactionof thegroup Z
2 generatedby 1 and S providedthat C

0 ~ are suffi-
ciently small. Thesemeasuresare analogousof BRS-measuresin thetheoryof finite-
dimensionalhyperbolicsystems(see[1]).

2. PROPERTIES OF STABLE AND UNSTABLE MANIFOLDS OF 1

The map t hasnaturalfinite-dimensionalapproximations. Namely, put ~)mn =

~ o Fmn for any rn, n, rn < n and n—rn is even,where

g~ (~,... ,x~)= (g~zm, ~ ~ .

PROPOSITION1. For sufficientlysmall C0, z0 themaps(I), ~ are transitive C
2 -

Anosovdiffeomoiphisms. .

REMARK. Onecanshow that 1 , ~ are topologicallyconjugatewith F, ~mfl re-

spectivelywith thehelp of homeomorphismswhich arecloseto identity, in the lastcase
uniformly over m,n.

Denoteby ~ ( !,i), 8~fA(y) the stableandunstablesubspacesfor themappings~

and ~tmn~ Also p~is themetricsin the tangentspaceinducedby the metricsp on fyi

where p(z,y) = supp,(;,y
2) and p, is theRiemanniandistanceon M1.

PROPOSITION2. For any y E M

p*(eSu(y)&Sli(y)) <const •x0
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for any y E Mmn

~* (e~:~Y),e~,,((y)) ~ const

Ourfirst essentialresultconcernsthestructureof stableandunstablemanifoldsof ~I)

and (I)m?2. Theformal theorygives the following. Denoteby B”( y) , B~’~( y) the
ballsof radius 8 centeredattheorigin in thesubspaces&~(y), &~(y) respectively.

PROPOSITION3. Forsome 5= 6(C0 , x0) > 0, A1,A < A1< 1

1) for any y ~ fyi thereexiststheone-to-onemappings~ y) : B”~(y) —‘ fyi
suchthat V~(y)= ~y) B~(y),V~(y)= pu(y) B~(y)areloca1stableandut~stab1e

manifoldsof thepoint y;
2) for each rn, n, rn < ii andany y E Mmn thereexist theone-to-onemappings

~ y) : ~ ( y) —* Mm~suchthat ~ ( ii) = ~p~n( y) B,,,,.~(y), ~ ( 1/) =

~ y) ~ (y) are local stableundunstablemanifoldsof thepoint &‘;

3) ç,~SU(y)(O)= V ç~u(V)(0)=

4)
p(~ky~kz)<A~p(yz)fork�0 zEV~(y);

~(~_k ~~_k z) <A~p(y,z)fork � 0, z ~

p ~ < A~p(y,z)for k >0, z E V~~6(y);

p (~,~y,cI,~5z)< A~p(y,z)for k � 0, a E

The nextlemmadescribesthe first importantpropertyof V6
8’~(y) which apparently

is valid only for small C
0

LEMMA 1. ForsmallenoughC0 , x~ thereexistsa constantC1 suchthat

1) fix j, k ~ Z and take y ~ fyi and arbitrary u’, u” E B~”(y) for which

u~= u~for all j ~ k then

~ ((~s~( ~)( ~f)) (~8~~( y)( u”) )~)<C1 li-ki Pk( t4, u~);

dist(d~o8u(y)(u/). d ~‘~‘(y)(u”)~) < C1z~’~p~(u’~,u~);

2) takem,n,m < n,fixi,k,rn < i,k < n andta.keyE Mmn,U’,U’ E B~’~(y)

for which = u~f for all 5 ~i k; then

p1((çof~(y)(u’))~, (~‘~(y)(u”))~) < C1x~ pk(uk, u~);

dist(d ço~~(y)( u’),, d ~o~’~(y)( u”)1) < C1 x~~pk(u’t, u~).
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This lemmaand the previouspropositionsshow thateachlocal manifold V,~’(y),

V~(y) hasa naturalstructureof the directproduct. The mappings~~y) introduce
this structure. Lemma I showsthat if we considerthe i-th coordinate(~o~”~(y) ( u) )~
asa mappingof B~(y) into M~thenit is short-rangedin the samemeaningas the
short-rangeof the interaction. On shouldalsoremark that the interactionmight havea
finite radiusof interactionbut ‘p8”2( y) will nothavethis property.Thesameis truefor

8,u
~m,n ~

Furtherwe shall dealwith functions,mappingsetc. which dependvery weakly on

variableswhosenumberis far from somefixed numberk E Z. In orderto treatsuch

objectsweneeda newmetrics.Namely, fixx
1 , 0 <x1 < I and take y’, y” E Mmn.

Pk(Y, y”) = max p(y~,1l)H~~I
m<i<Zn

LEMMA 2. For sufficientlysmallz~thereexistsa constantC2 suchthatforany y E

Mmn and I � 0

Pk (ci~~~~ z) <CzA~pk(y,z), z E

Pk ~ y,I~,, a) <C2A~pk(y,z), z E V,~(y). U

3. CONSTRUCTION OFNATURAL MEASURES ON LOCAL MANIFOLDS

In the finite-dimensionalsitutationsthe first stepwhich gives BRS-measuresis the

constructionsof the measureson local stableand unstablemanifoldswhich arelimits
of the imagesof theLebesguemeasures.In our casetheselocal manifoldsare infinite-

dimensional. However thenatural measuresalso existbut they aredecribedasanon-
homogeneousGibbsstates.

Fix m, n, rn < n, y E Mm,,. Forany a E ~ and I � 0 considerthe
expression

rmn(z,y,I) = fl1(~’,,z) [Iu(~,,y)I~

whereI”(cI~,~,z)is theJacobianof the mapping

dc’,, V,~,,6(y) —*

It is easyto showthatthereexiststhe limit

rm,,(z,y) lim
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The limiting function is uniformly continuousin y E Mm,, and z E ~ (y) and

satisfiesthehomologousequation

Tmn(Z,V) rmn(w,z)= rm,,(w,y).

Introducetheprobabilitymeasurepmn(•; y) on B~,,,,6(y) by putting

dpmn(z;y) = Zmn(V)

Here ~ , z,, arenaturalcoordinateson B~,,,6(y);‘lrm,,,(Z) is the Jaconianwhich
comesfrom themapping ~ y) : ~ ( y) —~ ~ ( y) in suchawaythat lrmn( a)

d Zm ... - d z,, is thedifferentialof theRiemannianvolume on ~ ( y); Zmn(y) is
thenormalizationfactor. It is ananalogyof thepartitionfunction in statisticalphysics.
Ournextproblemis to studythelimit of measuresI.Lmn(.; y) as m —~ —00, n —+ co.

The point y is now fixed and we shallnot denotethedependenceon y explicitly.

Put Pmn(Zm,... ,z,,) = (Zmn(y))~’rmn(z,V)’7l~mn(Z)and

Pmn(Zm,...,Zk) = f Pmn(Zm,...~Zfl)dZk+l. ...

Pmn(Zm,... ,Zk)
Pm,n(ZkiZk_I,... ,Zm) = -

Pmn(Zm,...,Zk_l)

LEMMA3. For sufficientlysmall C0 , x0 thereexist ‘m
0 < ‘~ < 1, C

3 > 0 not

depending on rn, n and such that

k—j - Pm,,(ZkIZkI,...,Z,... ,Zm)
exp{—C3’y1 } <mm -~ Pmn(ZkiZk_I,...,Zj,...,Zm)

Pmn(ZkiZk_I,...,Z~,... ,Zm) k—j
<max - ,, <exp{C3’y1 }.

z,,z1 Pm,n(ZkiZk_1,...,Zj,...,Zm)

Theproofof thislemmais basedupontheestimationgiven in thelemmas1,2. It also
showsthatonecantake ‘y~ —~ 0, C3 —~ 0 as — 0, C0 —~ 0. We areencountered
now with functionsdependingon manyvariablesbut thedependenceon variableswhich
havenumbersfar from somefixed number decaysquickly with thedistancefrom this

number. We shallneeda specialdefinition for this.

DEFINITION2. Letbegiven k,m < k < ri, ‘yE (0,1). ThenVk(’y) isthespaceof
continuousfunctions h( z), a E ~ ( y) suchthat

max ih(z’) — h(z”)i <
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Maximumis takenoverall z’ = (z~), z” = (z~’) for which z~= z~’ i = rn,.. , n for

all i ~‘j. Infimum of all C(h) isdenotedby iIhii.1.
We shalldealalsowith positivefunctions h(z) for which In h(z) E V~(’y).The

spaceof suchfunctions isdenotedby V~°(‘y). For h eV~(‘y)

Iihii1 = inf {C exp{—C’y~
11}<mm

h(z’) k
<max h(z” <exp{—C’y —J }

where mm andmax aretakenoversuchpairs z’, a” that z~,z~’ for all i ~“ j. Lemma

3impliesthatPm,n(ZkiZk_I,.~,Zm) EV~(’y
1).

Now takea function h(Zm,... , ~) E V~(’y) and introducethestochasticoperator

(Qkh) (Zm,...,Zk_1) = fh(Zm~... ,Zkl,Z) Pmn(ZIZk_1,.•• ,Zm)dZ.

LEMMA4. Undertheconditions of lemma 3therc exist ‘T2 E (‘yr, 1) and .X3 E (0,1)

such that for any

Qkh E V~..1(’y2), llQkhiil, <

Proof Wehave

(Qkh)(Zm,...,~,.~,Zk_l) _(Qkh)(Zm,..,~,.~,Zk_l) =

= f[h(Zm~... ,Z~,... ,Zkl,Z) — h(Zm,... ,Z~,... ,Zk_l,Z)]-

.Pm,n(Z1Zk_l,...,Z;,...,Zm)dZ+

~

- 1 Pm,n(ZlZk_l,...,Z~!,.•.,Zm)
Pm,n(ZiZk_~l,...,Z;,...,Zm) -

Hence

i(Qkh)(Zm,,~,~,Zk_1) (Qkh)(Zm, .,Z,~.,Zti)I ~

<C(h)’y~’ + C(h)C3~~~=

= ~ + C3’y1).
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Putting A3 = + C3’y1 weget thestatementof lemma.

Now wecancompletetheconstructionof measureson the local unstablemanifolds.
Takeany y E .M, y = , ... , y,,,. . .}, Ym,n = ~m,nY and construct the balls

B~,,,~(Y),B~(Ymn).We may assumethat Bm,.~(y) C B~(ym,n). Takeanysemi-
infinite sequence(...Zm,...,Zk).

LEMMA 5. There exists thelimit

P(ZkiZk_l,...)limP,nn(ZkiZkI,...,Zm).

The limiting functionis aprobabilitydensityandbelongsto thespaceV
0( ~)

Forprovingthe lemmawefollow for changesof densities ~mn whenwepass from
m to rn—i andfromn to n+l. Inthefirstcasethechangeislessthenconst.y~_m.It
followsdirectly fromLemma3. Thepassagen —~ n+ 1 isslightlymoredifficult. Firstly
we integrateoverthevariablen+ I and getafunctiong(z,... ,z,,) E V,,(’-y

2). Then

weapplyLemma4 whichshowsthat aftern—k integrationsof g over d a,,,... , d Zk+ 1

wegeta functionwhich is exponentiallycloseto a constant.Butthis constantisequalto
onebecausethe integralof the function g is equalto one. Now weformulatethe final
result.

THEOREM 1. Takeany B~(y)= ® B~(y1), y = {. , Vm,’~~, y,,, . . .}. Theproba-
iEz

bility measures/
1rn,n convergeweaklyas rn —* —co,n —~ co to a probability measure

definedtheBorel 6-algebra of thespaceof thespaceB~(y). •

Theone-sidedconditionalprobabilitiesof thismeasureareequaltothe limiting den-

sitiesgiven in Lemma5.
In thenextsectionwediscusstheproblemhowto constructthemeasureon lvi com-

patiblewith themeasures

4. THE CONSTRUCTION OF THE BRS-MEASURE

As in thefinite-dimensionalsituationthe naturalwayto constructtheBRS-measure
is totaketheshifts (dir) ~ areconsidertheirweaklimit. Howeverit isnotsosim-
ple dueto the infinite dimensionof thephasespace.Firstly weremarkthat themeasures

bLB;(y) are compatiblein thefollowingsense.Take Yi E V~(y) andconsiderthe inter-
section. ç~c(y)(B~(y))fl ~o~’(y

1)(B~(y1)). Thentherestrictionsof
to thisintersectioncoincideup to a constantfactor.Thus wehaveon eachtotalunstable

manifold a family of compatiblemeasures.
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Constructa partition ( which is Markov with respectto themap (I) andinvariant

underS. As in thecaseof finite-dimensionaldynamicalsystemsonecanconstructfirst
someMarcovcover(cf. [1, 3,4]). TheMarkovpartition ( determinesthesymbolicrep-

resentationofourZ2 -dynamicalsystem.As in [2]themethodsof statisticalmechanics

giveaposibilityto showthat thereexistonly oneinvariantmeasurewhichproducescon-
ditionalmeasureson local layersconstructedabove.Detailedproofsof all formulated

resultswill bepublishedelsewhere.
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