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ABSTRACT

We consider a partially hyperbolic diffeomorphism of a compact smooth
manifold preserving a smooth measure. Assuming that the central distri-
bution is integrable to a foliation with compact smooth leaves we show
that this foliation fails to have the absolute continuity property provided
that the sum of Lyapunov exponents in the central direction is not zero
on a set of positive measure. We also establish a more general version of
this result for general foliations with compact leaves.

1. Introduction

Let f: M — M be a partially hyperbolic diffeomorphism of a compact smooth
Riemannian manifold M preserving a smooth measure p (i.e., a measure that is
equivalent to the Riemannian volume on M). The tangent bundle TM can be
split into three df-invariant continuous subbundles

TM =FE*® E°® E
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such that df contracts uniformly over € M along the stable subspace E*(z),
it expands uniformly along the unstable subspace E(x), and it may act either
as non-uniform contraction or expansion with weaker rates along the central
subspace E¢(z). See Section 2 for definitions.

It is well-known that the distributions E* and E" are (uniquely) integrable
to stable and unstable foliations W* and W" that possess the crucial absolute
continuity property (see the definition in the next section). On the other hand,
the central distribution may not be integrable and even if it is, the correspond-
ing foliation W¢ may fail to satisfy the absolute continuity property in some
very strong way — the phenomenon known as “Fubini nightmare” (see [12, 15,
16]). Our goal is to show that the failure of absolute continuity is a generic
phenomenon in a sense. More precisely, we describe some general conditions
that guarantee non-absolute continuity of the central foliation.

The absolute continuity property can be understood in a variety of ways. The
most common and most strong interpretation of absolute continuity is obtained
through holonomy maps associated with the foliation. The others require that
the conditional measures generated by the Riemannian volume on leaves of the
foliation are equivalent to the leaf volume. This can also be stated in a weaker
or stronger sense leading to two other definitions of absolute continuity. We
shall discuss all these three interpretations in the next section.

This work was initiated when A. Wilkinson discovered and sent to the sec-
ond author a copy of a hand-written note [10] from R. Mané to M. Shub in
which the case of one-dimensional central distributions was considered (indeed,
Mané considered more general one-dimensional foliations whose leaves have fi-
nite length; see below). Our approach is an elaboration and generalization of
Mané’s approach.

We say that a partially hyperbolic diffeomorphism preserving a Borel proba-
bility measure p is center-dissipative if x¢(x) # 0 for p-almost every = € M,
where x°(z) denotes the sum of the Lyapunov exponents of f at the point x
along the central subspace E°(z). Recall that p is a smooth measure if it is
equivalent to the Riemannian volume in M.

THEOREM 1.1: Let f be a C? partially hyperbolic diffeomorphism of a compact
smooth Riemannian manifold M preserving a smooth measure u. Assume that
(1) the central distribution E° is integrable to a foliation W€ with smooth
compact leaves;
(2) f is center-dissipative on a set of full y-measure.

Then the central foliation W€ is not absolutely continuous.
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We say that a partially hyperbolic diffeomorphism preserving a Borel proba-
bility measure i has negative central exponents if for y-almost every x € M,
all the Lyapunov exponents along the central distribution are negative. The def-
inition of having positive central exponents is analogous. Observe that in
the case of one-dimensional central distribution center-dissipativity is equivalent
to having negative (positive) central exponents.

As an immediate corollary of Theorem 1.1 we obtain the following result.

THEOREM 1.2: Let f be a C? partially hyperbolic diffeomorphism of a compact
smooth Riemannian manifold M preserving a smooth measure u. Assume that
(1) the central distribution E° is integrable to a foliation W° with smooth
compact leaves;
(2) f has negative (positive) central exponents.
Then the central foliation W€ is not absolutely continuous. Moreover, if p is
ergodic then the conditional measures induced by p on leaves of W€ are atomic.

For a general center-dissipative diffeomorphism, the conditional measure on
central leaves, though not smooth, may not be atomic as the following example
illustrates.

Example: Let A be a hyperbolic automorphism of the torus T? and F the
direct product map of A and the identity map of the circle T'. F is partially
hyperbolic and so is any of its perturbation. Shub and Wilkinson [16] showed
that arbitrarily close to F in the C' topology there is a C? volume-preserving
ergodic diffeomorphism G with negative central exponents. The central foliation
WE¢ consists of invariant circles and is not absolutely continuous: The condi-
tional measure generated by volume on almost every circle is atomic (indeed,
has only one atom). Consider now a C? volume-preserving diffeomorphism H
that is the direct product of G and the identity map on T'. It is partially
hyperbolic and its central foliation W§ consists of invariant tori. Clearly, H
is center-dissipative on a set of full volume and has one negative and one zero
Lyapunov exponents along the central direction. The central foliation Wy, is
not absolutely continuous and the conditional measure generated by volume on
almost every torus is not atomic. In this example the invariant Lebesgue mea-
sure is not ergodic. However, if one considers the direct product of G and the
irrational rotation of T! the resulting map is ergodic (since G is weakly mixing),
the central foliation is not absolutely continuous, and the conditional measures

on central leaves are not atomic.
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Remark 1: The assumption that the leaves of the central foliation are com-
pact is important. Indeed, consider a hyperbolic automorphism A of the three-
dimensional torus T? with eigenvalues A1, A2, and A3 such that 0 < |\1] <
|A2] <1 < |A3]. The tangent bundle is split TT® = E; 4 & Es 4 & E3 4, where
E; 4 is the eigensubspace corresponding to A;, ¢ = 1,2,3. One can view A
as a partially hyperbolic diffeomorphism with Es 4 as its central distribution.
Clearly, A is center-dissipative and the distribution Es 4 is integrable to a fo-
liation, which is smooth (hence, absolutely continuous). If g is close to A in
the C' topology then ¢ is an Anosov diffeomorphism and the tangent bundle
is split TT3 = Ey, ® E2, ® E3 4 so that g is partially hyperbolic. The cen-
tral distribution E» 4 is integrable to a foliation W5 4 with smooth non-compact
leaves. This foliation is, in general, not smooth (but Hélder continuous). It
is an open problem whether g can be perturbed (in the C' or C? topology) to
a diffeomorphism h for which the foliation W, is not absolutely continuous.
We believe that indeed a stronger conjecture holds true: For a “typical” g in a
small neighborhood of A the foliation Wh 4 is not absolutely continuous.

Theorem 1.1 is a particular case of a more general result, which we now
describe. It turns out that partial hyperbolicity, more precisely, the fact that f
is normally hyperbolic to the foliation W€, is not important. Therefore, let us
consider a C? diffeomorphism f of a compact smooth Riemannian manifold M
preserving a Borel probability measure p and a foliation W of M with smooth
leaves, which is invariant under f. We say that f is W-dissipative if there
exists an invariant set A of positive p-measure such that yw(z) # 0 for p-
almost every © € A, where xyy(z) denotes the sum of the Lyapunov exponents
of f at the point = along the subspace T, W(x).

For x € M we denote by VolW(z)) the volume of the leaf W(z). We say that
the foliation WV has finite volume leaves almost everywhere if the set B of
those points x € M, for which Vol(W(z)) < oo, has full Riemannian volume.

An example of a foliation whose leaves have finite volume almost everywhere
is a foliation with smooth compact leaves. If VW is such a foliation then for
every € M the function x — Vol(W(x)) is well-defined (finite) but may not
be bounded (see [7]). In this connection one can wonder if there is a foliation
of a compact manifold whose almost all (but not all) leaves are compact or if
there is a foliation which is invariant under a diffeomorphism f of M, normally
hyperbolic, and such that all leaves have finite volume but some (or all) are not
compact.!

1 We would like to thank C. Pugh who mentioned these problems to us.
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THEOREM 1.3: Let f be a C? diffeomorphism of a compact smooth Riemannian
manifold M preserving a smooth measure u. Let also W be an f-invariant
foliation of M with smooth leaves. Assume that VW has finite volume leaves
almost everywhere. If f is W-dissipative almost everywhere then the foliation
W is not absolutely continuous.

The center-dissipativity property is typical in a sense. More precisely, the
following two statements hold.

THEOREM 1.4: Let f be a C? partially hyperbolic diffeomorphism of a compact
smooth Riemannian manifold M preserving a smooth measure p. Assume that
X;(z) < —a for some a > 0 and p-almost every x € M. Then any diffeomor-
phism g, which is sufficiently close to f in the C' topology, is center-dissipative
on a set of positive p-measure.

THEOREM 1.5: Let f be a C? partially hyperbolic diffeomorphism of a compact
smooth Riemannian manifold M preserving a smooth measure p. Assume that
Xj(z) = 0 for p-almost every x € M. Then for any ¢ > 0 there is a C?
diffeomorphism ¢ such that dci(f, g) < € and g is center-dissipative on a set of

positive measure.

We shall present a proof of Theorem 1.4 below. Theorem 1.5 is an easy
corollary of results by Baraviera and Bonatti [2].2 These results yield that
the “pathological” phenomenon described in Theorems 1.1 and 1.2 is typical
in a sense. More precisely, let f be a partially hyperbolic C? diffeomorphism
preserving a smooth measure p. Assume that the central distribution Ef is
integrable to a smooth foliation W§ with smooth compact leaves and that f
is center-bunched (see the definition in the next section). By Theorem 1.1, f
is not center-dissipative. A well-known example of such a diffeomorphism is a
skew product map f(x,y) = (Azx, v, (y)), where A is an Anosov diffeomorphism
of a compact smooth Riemannian manifold N and ¢, is a diffeomorphism of a
compact manifold K which depends smoothly on x € N and satisfies

s in mi —1 -1 < .
max ||dA|E} (z)I| < minmin[ldp; " (y)| ™" < maxmax |ldp= ()|
in |[|[dA™!EY ()] 7"
< min ||[dA™ | B (2)]

Using a result of Hirsch, Pugh and Shub [9] we conclude that there is a neigh-
borhood Uy C Diff' (M, 1) of f such that any g € U; is partially hyperbolic and

2 Although in [2] the authors consider volume-preserving transformation the proof
works well for any transformations preserving a smooth measure.
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its central distribution E is integrable to a foliation W with smooth compact
leaves.? Since the property of center-bunching is C' open by its definition, there
exists a neighborhood Uy C U; such that any g € Us is center-bunched. By a re-
sult of Dolgopyat and Wilkinson [6], there is an open and dense set V C Us such
that every g € V has the accessibility property (indeed, it is stably accessible,
see the next section). By a theorem of Pugh and Shub [14] (see also [5]), each
g €V is stably ergodic with respect to u (i.e., every h sufficiently C'-close to g
is ergodic with respect to p1) and hence, X;(ac) is constant p-almost everywhere,
say xg(u). In particular, whether g is center-dissipative amounts to xg (i) # 0.
If g €V and xj (1) = 0, by Theorem 1.5, there is a C? diffeomorphism h, which
is arbitrary C'-close to g, center-dissipative on a set of positive and hence, by
ergodicity, on a set of full y-measure. The central distribution E} of h is in-
tegrable to a foliation W;, with compact leaves and by Theorem 1.1, it is not
absolutely continuous. The same holds true for any sufficiently small C? per-
turbation of . This phenomenon was first discovered by Shub and Wilkinson
[16].

ACKNOWLEDGEMENT: We are grateful to Charles Pugh whom we owe a lot for
his many valuable comments and suggestions to an early version of this paper.
This helped us to avoid some mistakes and to clarify the crucial concept of
absolute continuity. In fact, while working on his comments we came up with a
simpler proof of a stronger result. We also would like to thank Amie Wilkinson
for providing us with Mané’s notes.

2. Preliminaries
1. Let M be a compact smooth Riemannian manifold, f: M — M a C?
diffeomorphism of M. It is said to be (uniformly) partially hyperbolic if
there are numbers A\; < A, < 1 < A. < A, such that for every z € M there
exists a d, f-invariant decomposition T, M = E*(z) ® E°(z) ® E"(x) for which
ldaf ()| < Asllvll, v € E*(x),
Aol < ldo f@)II < Acllvll, v € E*(a),
Aullol] < [def(0)ll, v e E*(x).
E*(z), E¢(x), and E“(x) are called respectively, stable, central and unstable
subspaces.

3 The result of Hirsch, Pugh and Shub [9] requires the foliation W$ be smooth or
have a weaker property of being plaque expansive. It is an open problem whether
this requirement can be dropped if the leaves of the foliation are compact.
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2. A partition W of M is said to be a foliation with smooth leaves or
simply a foliation if there exist § > 0 and k € N such that for each x € M:

(1) The element W(z) of the partition W containing z is a smooth
k-dimensional immersed manifold called the global leaf of the foliation at x;
the connected component of the intersection W(z) N B(z, ) (here B(z, ) is the
ball in M centered at x of radius §) that contains z is called the local leaf at
x and is denoted by V(y) (the number ¢ is called the size of V(y)).

(2) There exists a continuous map ¢,: B(z,§) — CY(D, M), where D is the
unit ball in R¥, such that for every y € B(x,§) the local leaf V(y) is the image
of the map ¢, (y): D — M of class C*.

A continuous distribution E on TM is called integrable if there exists a
foliation W of M such that E(z) = T,W(z) for every x € M. It is known that
the stable and unstable distributions E®(x) and E%(x) are integrable to stable
and unstable foliations W?* and W", respectively. The central distribution
E<, however, may not be integrable (see [12]).

3. Given a foliation W of M, consider the measurable partition £ of the ball
B(z,r) into local leaves V(y). We denote by m Riemannian volume on M and
by my(yy Riemannian volume on V(y).

The foliation W of M is said to be absolutely continuous (see [4, 12, 13])
if there exists r > 0 such that for every € M, any Borel subset X C B(z,r)
of positive volume and almost every y € X we have

(2.1) mV(y)(X NVY(y)) > 0.

It is easy to see that the foliation W is absolutely continuous if and only if for
any Borel subset X C M of positive volume and almost every y € X,

(2.2) MW (y) (XNW(y)) >0

(since M is compact it can be covered by finitely many balls of radius r < ¢
where ¢ is the number in the definition of the foliation). Furthermore, absolute
continuity of the foliation W is equivalent to the following property: for any
Borel subset X C M of positive volume there is y € M such that (2.2) holds.
Indeed, the set Y = {y € X: myy(,)(X N W(y)) = 0} must have zero volume
(otherwise, one can find a Borel subset Z C Y of positive volume and hence,
a point z € M for which myy.)(Z N W(z)) > 0; therefore, for some point
y € Z C X we have myy (X N W(y)) > 0, thus leading to a contradiction).

We stress that absolute continuity is a property of the foliation with respect
to volume and does not require the presence of any dynamics (or any invariant
measure).



180 M. HIRAYAMA AND Y. PESIN Isr. J. Math.

Remark 2: The “usual” definition of absolute continuity property is stronger
than the one given above (see, for example, [1, 3]). It imposes some requirements
on the Radon—Nikodym derivatives of the conditional measures generated by
volume on V(y) viewed as elements of the partition £&. More precisely, let T' be
a local transversal through z to local manifolds V(y), y € B(x,r). Clearly, T
can be identified with the factor-space B(x,r)/¢.

We say that the foliation W of M is absolutely continuous (in the strong
sense) if for almost every € M, any r > 0, and any Borel subset X C B(z, )
of positive volume,

23 w0 =10 [ 1. 2oty imw)

where Iy is the characteristic function of the set X, h a Borel function in y € T,
g a Borel function in y € T and z € V(y), and mr the Riemannian volume on
T. In other words,

_dimyy) _dmr

(2) and h(y) = ——(v),

9(y,2) = Jmr

dmy)
where My, is the conditional measure generated by volume on V(y) as an
element of the partition £ and mp is the factor-measure for the partition &
generated by volume.

Let us stress that, if f is a diffeomorphism of M and p a smooth f-invariant
measure, then (2.3) holds for u (instead of volume m) with appropriately chosen
densities h and g with respect to my,) and mr(y). The stable and unstable
foliations are known to be absolutely continuous (in the strong sense). Indeed,
they have an even stronger property. Namely, consider the family of local leaves

L(z) = {V(w): w € B(z,r)}.

Choose two local transversal T; and Ty to the family £(z), and define the
holonomy map 7 = w(x, W): T1 — T by setting

7(y) = V(w) N Ty,

for y € V(w)NTy, w € B(x,r). The holonomy map 7 is a homeomorphism onto
its image. It is called absolutely continuous if my, is absolutely continuous
with respect to m.mr, . It is well-known (see, for example, [3]) that a foliation W
of M is absolutely continuous (in the strong sense) provided that for any family
L(x) and any two local transversal T7 and T5, the holonomy map is absolutely

continuous.



Vol. 160, 2007 NON-ABSOLUTELY CONTINUOUS FOLIATIONS 181

The holonomy maps associated with families of stable and unstable local
manifolds are absolutely continuous and, in fact, the functions A and g are
continuous (and hence bounded).

4. The point € M is said to be Lyapunov regular (see [3]) if there exists
numbers x1(x) > ... > Xy@)(z) and a d, f-invariant decomposition T, M =
Ey(x) @ -+ @ Ey)(z) such that for each i = 1,...,s(z),

lim log||d.f"(v)| = xi(z), v € Ei(x)\ {0},

n—too N
1 5(z)
ngrfwﬁlog|Jac )| = le )dim E; (x),

where Jac stands for the Jacobian. We denote the set of regular points by I'. By
the Multiplicative Ergodic theorem, I' has full y-measure. The numbers x;(x)
are called the Lyapunov exponents of f at x along the subspaces FE;(x).
Note that the functions = — y;(z),r(z) and dim F;(x) are Borel measurable
and f-invariant.

Let x € T' and W be an f-invariant foliation of M whose leaves are smooth
submanifolds of M. We define the Lyapunov exponent along the foliation
by

vwl() = lm_(1/n)log| Jac(dy f"|T, W ()]

Let AT be the set of points for which xyy(x) > 0. Suppose u(A*) > 0. Then for
a sufficiently small A > 0, sufficiently large integer ¢, and every € € (0, A/100)
there exists a Borel set Aj{& . C AT of positive y-measure such that for every
T € A;&E and n > 0,

(2.4) | Jac(dy f™ | TuW(x))| > £ eAme e,

See [3]. When the central distribution E° is integrable to a foliation W¢ with
smooth leaves, we denote xy-(x) simply by x¢(z). Clearly,

le ) dim F; (),

where the sum is taken over all ¢ for which the associated subspaces satisfy
@D, Ei(z) = E<(x).

The measure p is called hyperbolic if x;(z) # 0 for p-almost every x € M
and every i = 1,...,s(z). Let p > 0 be sufficiently small, and ¢ a sufficiently
large integer. For every ¢ € (0, p/100) there exists a Borel set A, ¢ C M of pos-
itive y-measure such that for x € A, . there exists a local smooth submanifold
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V™ (z) of M with the following property: for y € V™ () and n > 0,

(2.5) dpn @) (f" (@), f"(y)) < Le” e dy (2, y),

where d,, denotes the induced Riemannian distance in V™ (z). The local manifold
VYV~ (x) is tangent to
E™(z) = @ E;(z).
x4 () <0

For x € A, ;. the size §(x) of V™ (z) is uniformly bounded from below, say by
;. See [3, 11].

Let © € I'. Define the central Lyapunov exponent by

Xe(x) = lim (1/n)log||dy f"|E(x)]|

n—-+4oo

Clearly, f has negative central exponents if and only if y.(z) < 0. If f has
negative central exponents then E~ (z) = E*(z)® E°(z) for almost every z € M.

5. See [8]. A partially hyperbolic diffeomorphism f is called center-bunched
if

max{ s, \; ' < A/ e

A diffeomorphism f is said to have the accessibility property if any two
points p, g € M are accessible, i.e., there are points z; € M with zg = p, zp = ¢
and such that z; lies on a stable or unstable local manifold through z;_;. We
say f is stably accessible if every ¢ sufficiently C'-close to f is accessible.

3. Proof of Theorem 1.3

Let A~ C M Dbe the set of points for which y(z) < 0 and AT C M the set of

points for which xyy(2) > 0. They both are f-invariant and either m(A~) > 0

or m(AT) > 0 or both (we use here the fact that the invariant measure yu is

smooth and hence, equivalent to volume). Without loss of generality we may

assume that m(A™) > 0. Fix a sufficiently large £ > 0 such that m(A;;LE) > 0.
Given V > 0, consider the set

Yv ={y € M: VolW(y)) < V}.

Let z € Aj\'e . be a density point of m. By the conditions of the theorem, one
can choose V' > 0 such that the set

R= Aj{_’eﬁg N B(z,r) N Yy

has positive volume.
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Assume on the contrary that the foliation W is absolutely continuous. Then
for almost every y € R the set R, = RN W(y) has positive volume in W(y).
Using again the fact that the invariant measure p is smooth and hence, equiv-
alent to volume we find that pu(R) > 0. Therefore, the trajectory of almost
every point y € R returns to R infinitely often. Let y be such a point and {ny}
the sequence of successive returns to R. We may assume that myy,)(Ry) > 0.
Observe also that f"(W(y)) = W(f"(y)) for every integer n.

Since f™ (y) € R C Yy, we have that for every k > 0,

mw (e () (F"* (Ry)) < VIW(f™(y))) < V.
On the other hand, by (2.4),

VolW(f"™ (y))) = myw(pr ) (f " (Ry))
- / | Jac(d f7* [ToV(2))dmyyy) (2)

> f_le(/\_e)nkmw(y)(Ry) >V
if ny, is sufficiently large. This yields a contradiction and completes the proof of
Theorem 1.3.

4. Proof of Theorem 1.2

The fact that the foliation W€ is not absolutely continuous follows from Theo-
rem 1.3. It remains to show that if p is ergodic then the conditional measures
induced by p on leaves of W€ are atomic. The argument below is a simple adap-
tation to our case of an argument by Ruelle and Wilkinson [15] and is presented
here for the sake of completeness.

Since the foliation W€ is invariant with respect to f, we obtain for p-almost
every x € M,

(recall that u, denotes conditional probability measure generated by p on the
leaf W¢(x)). Due to ergodicity of the measure p it suffices to show that
there exists a positive p-measure set A C M such that for p-almost every
x € A, the conditional measure p, has an atom. Indeed, for x € M set
d(z) = Supyeyye(y) Ha(y). Clearly, this function is Borel measurable, invari-
ant under f, and positive for p-almost every € A. Since p is ergodic we have
d(z) = d > 0 for p-almost every z € M. Let

S ={zx e M: u,(y) > d for some y € W(z)}.
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By (4.1), S is invariant under f, has measure at least d and hence, measure 1.
The desired result therefore would follow if we show that the conditional measure
1 has an atom.

Set Ap = A, .. Fix a sufficiently large integer £ > 1. Then there exists a set
A of positive p-measure such that for every x € A we obtain

pe(We(z) N Ag) > 1/2.

We shall show that for p-almost every x € A the measure u, has an atom.

It follows from the Poincaré recurrence theorem that there exists a Borel
measurable set R C A with pu(R) = u(A) such that every point 2 € R returns
infinitely often to R under iterations of f. This implies that the first return map
F = f7: R — R is well-defined, where 7: R — N is the first return time to R.
Note that u(R) = pu(F(R)) since the map F' preserves the measure pp = ﬁu.
Furthermore, since the foliation W€ is invariant under f, for x € R, we have

FTOWe () = We(f7) (z)) = We(F ().

This implies that for every 2 € R the extension F(W¢(x)) = fT@(W¢(x)) is
well-defined satisfying F(W¢°(x)) = W(F(x)).

Let © € A and for r € (0,9;/10), consider a family B, of N = N(z,r) > 1
closed balls that cover W¢(z). Define

k
m(x) = inf { Z diam, Bi},
i=1

where the infimum is taken over all collections of closed balls B; in W¢(z) such
that £ < N and

k
fra ( U Bz-) >1/2
i=1
(here diam, B denotes the diameter of B with respect to the intrinsic distance

in We(z)). Let m = esssup,c 4 m(z). We will show that m = 0.
Otherwise, there is an integer ng such that for every n > ng, we have

(4.2) (ANe e <m/2,

where A = diam, W¢(z).
Let B(y1,7),..., B(Yk(z),7) be those balls in B, for which the intersection
B(y:, ) N Ay is not empty. Since these balls cover W¢(z) N A, and

pa (WS (2) N Ag) 2 1/2,



Vol. 160, 2007 NON-ABSOLUTELY CONTINUOUS FOLIATIONS 185

we have that

k(x)
e (U B0 ) 2 eV (@) 040 2 172
i=1
By (4.1), fl'fie = pign () for every n € Z and hence,
k(z)
(43) ufn@)( U f”(B(yz-,r))> > 1/
i=1

Since the balls B(y;, r) intersect Ay and have diameter less than d,/10, we obtain,
by (2.5), that

(4.4) diam gn () f"(B(yi, 1)) < LAe e,

Fix n > ng and let y € F™(R). Then there is € R such that F"(z) = y. It
follows from the definition of m, the F-invariance of the foliation W¢|R, and
inequalities (4.2), (4.3) and (4.4) that

k(x)
m(y) = m(F"(x)) <Y diampn (s F*(B(yi, 7))

i=1
< EAk;(x)e_’”n(I)e””(‘”)
< LANe P"e™™ < m/2.

This implies that

m = esssup, 4 m(x) = esssup,cp m(x)

= esSSUP,c pn(p) M(Y) < m/2,

contradicting the assumption that m > 0.

We conclude that m = 0, and hence, m(z) = 0 for p-almost every x € A. This
implies that for every such x there is a sequence of closed balls By (), Ba(z), . ..
with

lim diam, Bj(z) =0

J—0o0

and p,(Bj(z)) > 1/2N for all j € N. Take z; € B;(x). Then any accumulation
point of the sequence {z;} is an atom for p,.
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5. Proof of Theorem 1.4

Let f € U be a diffeomorphism for which x%(z) < —a for some small @ > 0 and
for every z in a set Ay of full y-measure. It follows that for every z € Ay,

lim (1/n)log|Jac(df"|E(x))| < —a.

n—-+oo

Integrating over M we obtain

lim / log | Jac(df™| 5 (x))|du(z) < —av
M

n—oo N

In particular, there exists ng > 0 such that

1 no c
[ tog [ Jactdr™ B ) dn(o) < =5

Without loss of generality we may assume that ng = 1 so that
. @
log | Jac(df| 5 () |du(z) < 5.
M

Since the central distribution depends continuously on the perturbation, for a
diffeomorphism g, which is sufficiently close to f in the C* topology, we have

| tog | Jactdg 5 (o) duta) < -5
M

It follows from the Birkhoff ergodic theorem that there exists a g-invariant
subset A, with 1(Agy) > 0 such that for every z € A,

n—1
1 , «
im — ¢(g <-Z.
lm ]E:o log | Jac(dg|Eg(¢’ (2)))] = -
Hence,
lim log | Jac(dg™|ES(z))] < —2
niJrOOﬂ & g 9 - 4

for every z € A, and the desired result follows.
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