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Abstract. We show that a smooth compact Riemannian manifold of dimension greater than
or equal to 2 admits a Bernoulli diffeomorphism with non-zero Lyapunov exponents.

0. Introduction
In this paper we prove the following theorem that provides an affirmative solution of the
problem posed in [BFK].

MAIN THEOREM. Given a compact smooth Riemannian manifold K # S' there exists a
C diffeomorphism f of K such that:

(1)  f preserves the Riemannian volume m on IC;

(2)  f has non-zero Lyapunov exponents at m-almost every point x € K;

(3)  f is a Bernoulli diffeomorphism.

For surface diffeomorphisms this theorem was proved by Katok in [K]. In [B2], for
any compact smooth Riemannian manifold K of dimension > 5, Brin constructed a C*°
Bernoulli diffeomorphism which preserves the Riemannian volume and has all but one
Lyapunov exponents non-zero. Thus, combining the results of [B2, BFK, K] one obtains
that any manifold K admits a diffeomorphism with ¢ zero exponents, where

0, ifdim/kC =2,
=12, ifdimk =4,
1, otherwise.
In this paper we show how to perturb the diffeomorphism to remove zero exponents.

Let us review some main ingredients in the construction of hyperbolic Bernoulli
diffeomorphisms.
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(1) Let f be a diffeomorphism of /C preserving a smooth volume m and TK = E @ F
the splitting of 7'/C into two invariant subbundles. We say that F' dominates E (and
write E < F) if there exists § < 1 such that

max |ldf ()| =6 min ldf@)].
veE,|v|=1 veF,|lvl=1
If f admits a dominating splitting then so does any diffeomorphism which is
sufficiently close to f. Shub and Wilkinson [SW] have shown that if T =
E| ® E, @ E3 where E| < Ep < E3 then the function

f— /logdet(df|E2)(x)dm(x)

is not locally constant (see also [D]).

(2) If for any sufficiently small perturbation of f the subspace E» does not admit further
splitting, then using results of Man& [M1] (see also [M2]) and Bochi [Bo] one can
approximate f by a diffeomorphism g such that all Lyapunov exponents of g along
E; are close to each other. We will use this observation in the case dim K = 4.

(3) The results in (1) and (2) can be used for constructing non-uniformly hyperbolic
systems on manifolds carrying diffeomorphisms with dominated decomposition.
However, not every manifold has this property. On the other hand, results in
[B2, BFK] allow one to construct on any manifold a diffeomorphism which is
partially hyperbolic away from a singularity set. In this paper we extend results
in (1) and (2) above to diffeomorphisms with singular splitting.

(4) The above results allow us to construct systems having non-zero exponents on a set
of positive measure. We then establish local ergodicity using the approach of [P]
(see also [BP] for detailed exposition and extensions of this approach).

(5) Finally, we use some ideas from [BrP] concerning transitivity of foliations to pass
from local to global ergodicity.

The structure of the paper is as follows. We begin with the case dim /C > 5, since in
the multi-dimensional case there is more room to perturb and so the proof is simpler. Then
we describe modifications needed if dim/C = 3 or 4. In §§1-3 we review constructions
of Katok [K] and Brin [B2] and establish some additional properties of the corresponding
diffeomorphisms which are used in our analysis. In §4 we explain how to get rid of the zero
Lyapunov exponent while in §5 we establish some crucial properties of our perturbation
including transitivity and absolute continuity. In §6 we observe the Bernoulli property of
our diffeomorphism and thus complete the proof in the case dim IC > 5. We then proceed
in §7 with modifications needed in dimensions three and four. Section 8 reviews Mané’s
work on the discontinuity of Lyapunov exponents which is needed for the four-dimensional
case.

Finally, let us mention that open sets of hyperbolic Bernoulli diffeomorphisms on some
manifolds are constructed in [ABV, BV, D, SW].

Preliminaries and notation. In this paper we deal with various partially (uniformly and
non-uniformly) hyperbolic diffeomorphisms and we adopt the following notation (see [BP]
for details). A diffeomorphism F of a compact smooth Riemannian manifold K is called
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non-uniformly partially hyperbolic on a set X C K if for every x € X the tangent space at
x admits an invariant splitting

T.K = E3(x) @ EG () @ Ef(x) ©0.1)

into stable, central, and unstable subspaces. This means that there exist numbers 0 < A* <
A{ <1 < A§ < A" and Borel functions C(x) > 0 and K (x) > 0, x € X, such that:
(1) forn >0,

ldx F"vll < C(x)(%)" e [lv]l, v e E*(x),
lde F~" 0]l < CHA) ™" e™ " lvll, v e E"(x),

CE@) A e ol < llde F'o|l < C)(AE)"e™ vl v € E°(x);

)
L(E*(x), E"(x)) = K(x), L(E’(x), E°(x)) = K(x), Z(E"(x), E°(x)) = K(x);
3) formeZ,
C(F" () < C)e ™, K(F"(x)) = K (x)e*".
Throughout the paper we deal with the case
A —A{ <e

for sufficiently small ¢ > 0. We denote by

1
x(x,v) = lim —log||dF"v| 0.2)
n—oo n

the Lyapunov exponent of v at x and by X; (x) the values of the Lyapunov exponents at x.
We also adopt the notation x{.(x) for the Lyapunov exponent along the central direction in
the one-dimensional case and x| (x, F') > x5 (x, F) for the two Lyapunov exponents along
the central direction in two-dimensional case (only these two cases will be considered).
Given ¢ > 0, set

AT Foe)= Y xp(), AT Fe)= Y xpW). 0.3)
x’F(x)>e xfp(x)<e

Denote by V;.(x) and Vj(x) the local stable and unstable manifolds at x. They can be
characterized as follows: there is a neighborhood U (x) of the point x such that for any
n>0,

Vex)={yeUx) :d(F"(x), F"(y)) < Cx)(A")"e" " d(x, y)},

, 0.4)
Vi) ={y e U(x) : d(F"(x), F"(y)) < C(x)(A")"e™ d(x, y)}.
Finally, we define the global stable and unstable manifolds at x by
Wi(x) = | F'(VEFE " (x)),
n>0
- (0.5)
W) = | F(VE(F" ().
n>0
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Given a subset X C K we call two points p, g € K accessible via X, if there are points

20 = P,2l,---,%—1,2¢ = ¢q,2 € X, suchthatz; € VE(z;—1) fori = 1,...,¢ and
a € {s,u}. The collection of points zg, z1, - .., z¢ is called the path connecting p and ¢
and is denoted by [p, glr = [z0, 21, - - -, Z¢]lF. The diffeomorphism F is said to have the

accessibility property on X if any two points p, g € X are accessible.

Recall that a partition £ of a Borel subset X C K is called a foliation of X with C!
leaves if there exist continuous functions § : X — (0,00) and g : X — (0, 00) and an
integer k > 0 such that for each x € X:

(1) there exists a smooth immersed k-dimensional manifold W(x) containing x for
which £(x) = W(x) N X where £(x) is the element of the partition £ containing
x; the manifold W (x) is called the (global) leaf of the foliation at x; the connected
component of the intersection W (x) N B(x, §(x)) that contains x is called the local
leaf at x and is denoted by V (x); the number §(x) is called the size of V (x);

(2) there exists a continuous map ¢, : X N B(x, g(x)) — CY(D, M) (where D C R¥
is the unit ball) such that V(y), y € X N B(x, g(x)) is the image of the map
¢x(y) : D - K.

In this paper we will only consider foliations with C! leaves and for simplicity we will
call them foliations.

1. Katok’s example

Consider the two-dimensional unit disk D? = {(u1,u2) € R? : u% + u% < 1}
Any diffeomorphism g D? — D? can be written in the form gluy,uy) =
(g1(uy,u2), g2(u1, uz)). We describe classes of functions and diffeomorphisms which are
‘sufficiently flat’ near the boundary 9D2. The sequence p = (oo, p1, .. .) of real-valued
continuous functions on D? is called admissible if every function p, is non-negative and is
strictly positive inside the disk. We denote by CZO(DZ) the class of functions ¢ € C*(D?)
which satisfy the following property: for every n > 0 there exists &, > 0 such that for
every (u1, up) € D? with u% + u% > (1 — &,)* we have

3" (ur, us)

n n < ui,u
911921 on(uy, uz)

for all non-negative integers i1, i2, i1 + ip = n. We also denote
Diff °(D?) = {g € Diff (D) : gi(u1,uz) —u; € CX(D?),i = 1,2},

PROPOSITION 1.1. (See [K]) For every admissible sequence of functions p on D? there
exists a diffeomorphism g € Diff ;’)"(D2) which satisfies statements (1) and (2) of the Main
Theorem.

We outline the proof of Proposition 1.1. Let gop be a hyperbolic automorphism of
the 2-torus 72 which has four fixed points x; = (0,0), x» = (1/2,0), x3 = (0, 1/2),
x4 = (1/2,1/2) (for example, the automorphism generated by the matrix |§ 183| is
appropriate). The desired diffeomorphism g is constructed via the following commutative
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diagram
72 %0 72 2 72 2 S @3 »
lgo lgl lgz l& lg
72 %0 72 1 72 2 $2 @3 D

where S2 is the unit sphere. The map g is obtained by slowing down go near the points
x;. Its construction depends upon a real-valued function i which is defined on the unit
interval [0, 1] and has the following properties:
(1.1) ¢ is C*° except for the point 0;
(1.2) ¥(0) =0and Y (u) = 1 foru > r where 0 < r < 1 is a number;
(1.3) ¥'(u) = 0;
(1.4)
U du
<0
0o Yu)

The next condition on the function i expresses a ‘very slow’ rate of convergence of the
integral fol (du /¥ (u)) near zero. More precisely, fori = 1,2, 3, 4 consider the disk Dﬁ
centered at x; of radius r and endowed with the coordinate system (s1, 52), i.e.

Di = {(s1, $2) :sl2 —i—s% <r}.
Choose numbers rg > ri > r > 0 such that
D ND}y=0, i#j. (80(Di)Ugy (D)) CDi, DiLcCInt(go(D)).

We also set D = U?': 1 Dil. Let B(u) be the inverse of the function

W) = /” dt
O vy

Consider the following two functions defined near the origin,

2, 2)_S1%2
Hi(s1.52) = Goga)p(y/s? +57) 52
sy + 85

52
HaGs1, 52) = (loga)(y/s7 + 53 ) ==
,/sf + s%

and

as well as the function H defined near D? by

X2

[2, 2
x1+x2

where « is the largest eigenvalue of the matrix generating go. We assume that the function

Y is chosen such that the following condition holds:

(1.5) for any sequence « of admissible germs near the origin in R? and any sequence p of
admissible functions on D? there is a sequence 6 of admissible germs near 0 € R
such that if 8 € CJ°(R™, 0) then Hy, H € C°(R™,0) and H € C;"(Dz).

H(x1, x) = (logoz),B( -2 xg)
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Denote by §fp the time-one map generated by the vector field vy in Dio, i=1,2,3,4,
given as follows:

§1 = (loga)s1¥(s? +s3), § = —(loga)syyr (s + s3).

One can show that §\'b (D! ) C Dio and gfp coincides with go in some neighborhood of the
boundary 9D . Therefore, the map

go(x), ifxe E \ D,
g1(x) =17 .
gw(x), ifx e D,

defines a homeomorphism of the torus 72 which is a C*° diffeomorphism everywhere
except for the points x;,i = 1, 2, 3,4. The map g; leaves invariant a smooth probability
measure dv = K U dm where the density « is a positive C* function except for infinities
at x;. It is defined by the formula

v 2 (x) + s2(x)), ifx eD,
Kk(x) = .
) otherwise,

Ko = / Kkdm.
T2

We summarize the properties of the map g in the following lemma.

and

LEMMA 1.2. (See [K])

(1) Themap g is topologically conjugate to go via a homeomorphism @o which transfers
the stable Wgs0 (x) and unstable Wgo (x) (global) curves of go into smooth curves
which are stable We, (x) and unstable W;]' (x) curves of g1.

(2)  There exist continuous families of stable cones K P (x) and unstable cones K ; (x),
x € T2\ {x1, x2, x3, x4}, such that

g7 (Kp (1) C Kg (87 (), g1(KJ (0) € K (1(x))

and the inclusions are strict on the closure of the set T* \ D.

(3) The Lyapunov exponents of g\ are non-zero almost everywhere with respect to the
measure v (and, indeed, with respect to any Borel invariant measure . for which
w{xi})=0,i=1,2,3,4).

For every x € E \ {x1, x2, x3, x4} we define the stable and unstable one-dimensional
subspaces at x by

Ep(n)=[ g (Kg gl ). Ef ) =gl (Kf (g ).
J J

LEMMA 1.3. (See [K])

(1)  The subspaces Eg_l (x) and E;,"l (x) depend continuously on x.

(2)  The map g is uniformly hyperbolic on T? \ D; more precisely, there is a number
A > 1 such that for every x € T>\ D,

) 1 - I
ldgiEg (Ol < =, g 1ES (0l <

>
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Once the maps @1, ¢z, and @3 are constructed the maps g, g3, and g are defined to
make the above diagram commutative. We follow [K] and describe a particular choice of
maps ¢1, ¢2, and @3.

In a neighborhood of each point x;, i = 1, 2, 3, 4, the map ¢ is given by

| g 12
@1(s1,82) = 7(/ —) (s1,52)
/KO(Slz +s§) 0 ¥(u)

and it is the identity in 72\ D. Thus, it is a homeomorphism which is a C*° diffeomorphism
except for the points x;; it carries the measure v into the Lebesgue measure and it commutes
with the involution J (1, ) = (1 — t1, 1 — ).

The map ¢» : 7> — &2 is a double branched covering and is regular and C*
everywhere except for the points x;, i = 1, 2, 3, 4, where it branches; it commutes with
the involution J and preserves the Lebesgue measure; there is a local coordinate system
(11, 72) in a neighborhood of each point p; = ¢2(x;) such that

2 2
57— 85 25152

©2(s1, 82) =

2, 2 [2, 2
sptsy (STt

In a neighborhood of the point p4 the map @3 is given by
rl\/l _le_tzz rz\/l _le_tzz

@3(11, 12) = , ,
JTi T3 Ji+ 13

and it is extended to a C* diffeomorphism ¢3 between S? \ {ps4} and Int D> which
preserves the Lebesgue measure.
This concludes the construction of the diffeomorphism g in Proposition 1.1.

2. Some additional properties of the diffeomorphism in Katok’s example
We first observe the following crucial properties of the map gi.

PROPOSITION 2.1. There are constants yy > 0 and C > 0 such that for every yo >y > 0
one can find a point xog € T> \ D for which

gl (Bxo. ) (| BGo.y) =0, —N <j <N, j#0,
gl (Bxo.y)(\D=#. —N<j<N,
where N = N(y) = —(logy/logi) — C.

Proof. Note that the statement holds true for the linear hyperbolic automorphism go and
the desired result now follows from Lemma 1.2. o

We now describe some additional properties of the map g.
Let U be a sufficiently small neighborhood of the singularity set Q = {q1, q2, q3}UdD?
where g; = ¢3(pi),i = 1,2, 3.

https://doi.org/10.1017/50143385702000202 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000202

416 D. Dolgopyat and Y. Pesin

PROPOSITION 2.2.

(1)  The Lyapunov exponents of g are non-zero almost everywhere with respect to the
Lebesgue measure m.

(2)  There exist continuous families of stable cones K, (x) and unstable cones K; (x),
x € D? \ Q, such that

g (K, () CK (g7 ()., g(KF(x) C K[ (g(x))

and the inclusions are strict on the closure of the set D* \ U.
(3)  The distributions

Eg o) =[g/(Kg (&', Ef) =/ (K (g7 (1)
J J

are one-dimensional dg-invariant and continuous on D* \ Q; moreover, the map g
is uniformly hyperbolic on D* \ U: for x € D*\ U,

- ! —1 gt L
ldglEg (DIl = . ldg " |Eg () = -

furthermore, there is an invariant set X of full measure such that for every x € X,
s _ — u _ +
ES() = E; (x), EL(0) = EF (o),

where E; (x) and Eg (x) are given by (0.1) (with F = g; Eg(x) = 0 in this case).
(4)  The map g possesses two one-dimensional foliations, W, and Wi, of the set D>\ Q
such that

T W, (x) = E;(x), TW, (x) =Ef(x), xeD*\Q;

the sizes of local leaves Vg* (x) and VgJr (x) are bounded away from zero on the set
D2\ U; moreover, for every x € X,

W) =Wy (), W) =W/ (),

where Wg (x) and Wg (x) are given by (0.5) (with F = g).
(5)  There exists yo > 0 such that for every yo > y > 0 one can find a point xo € D>*\U
such that

g/ (Bxo,y) [ |Bxo.y) =0, —N <j<N,j#0,
g/ (Bxo.y))(\U=0. —N<j<N,
where N = N(y) = —(logy/logA) — C and C > 0 is a constant.
Proof. The result follows immediately from Lemmas 1.2 and 1.3, and Proposition 2.1. O

Remarks. (1) Katok pointed out to us that the leaves W (x) and Wg‘ (x) depend Lipschitz
continuously over x € D? \ Q (private communication).

(2) One can show that the set 72 \ (¢1 o 2 o ¢3)~1(X) is the union of the stable and
unstable separatrices of the fixed points x1, x, x3, and x4.
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3. The description of Brin’s example
We outline Brin’s construction from [B2].
Given a positive integer n > 5 set k = [(n — 3)/2] and consider the (n — 3) x (n — 3)

block diagonal matrix A = (A;), where A; = |% i | fori < k and
2 1 o
, if n is odd,
11
Ac=112 1 1
1 1 1|, ifniseven.
01 2
It is easy to see that detA = 1 and that A generates a volume-preserving hyperbolic
automorphism of the torus 7”73, Let T* be the suspension flow over A with the roof
function

H = Hy+¢H(x),

where Hj is a constant and the function H (x) is such that |H (x)| < 1. The flow 7' is an
Anosov flow on the phase space )"~ which is diffeomorphic to the product 73 x [0, 1],
where the tori 7”73 x 0 and 7”3 x 1 are identified by the action of A.
One can choose the function H (x) such that the flow 77 has the accessibility property.
Consider the following skew product map R of the manifold M = D? x Y2

R(z) = R(x,y) = (g(x), T*D(y)), z=(x,), (3.1)

where the diffeomorphism g is constructed in Proposition 1.1 and « : D> — R is a non-
negative C* function which is equal to zero in the neighborhood U/ of the singularity set
Q and is strictly positive otherwise.

We define the singularity set for the map R by S = Q X V"2 where Q is the
singularity set of the map g (see Proposition 2.2). We also set N = (D? \ U) x V"2
and Z = X x V"2 where the sets I{ and X are defined in Proposition 2.2.

PROPOSITION 3.1. The following statements hold.
(1)  The map R possesses four continuous cone families K 5 (z), KEC (2), K;'(z), and

K3°(z), z € M\ S, such that
RN K () C Kx(R7'(2), R(KF(2) C Kj(R(2)),

—l/p—c —cop—1 +c +c (3.2)
R™(Kg"(2)) CKRp"(R™(2)), R(Kp"(2)) C Kg“(R(2)),

and inclusions are strict on the closure of the set Ny moreover, there exists . > 1
such that for all 7 € N,

IdRW)Il > il forallve K*(2),

1 B (3.3)
IdR(W)| < ;||v|| forallv e K™ (2).
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(2) Forevery z € Z the formulae

Ex@) =R (KRR @), Ej@ =[R(KF(R @),
J J

determine d R-invariant stable and unstable continuous distributions such that
T.M = E%(z) ® E4(z) ® E%(2),

where E$(z2) is the one-dimensional central (flow) direction.
(3) Foreveryz e NNZ,

1 B 1
IdRIES ()| < —, [dRE%@)I < —.
7 M

4) Foreveryz=(x,y) € Z,
mER(z) = Eg(x), mER@) = Eg(x),
mER() = EF(y), mER() = E (),

where 1 : T, M — TyD?* and 7ty : T, M — Tyy"’2 are the natural projections.

(%)
m{x € M : R"(x) € U foralln € Z} = 0.

Proof. Forevery z = (x,y) € U\ S) x V"2 we set
Kp(@) =K, (x) x K3, (), Kf(@) =K (x) x Kf, ().
Now for every z € A one can find numbers n; = n1(z) and ny = n5(z) such that
R"(2),R7™(z) e U\ S) x V"2

Set
K{(z) =dR™K{(R7™(2)), Kr(z) =dR Ky (R™).

It is not difficult to show that K ;{(z) and K (z) do not depend on the choice of numbers
n1 and ny and, by Proposition 2.2 (see statements (1)—(3)), have all the desired properties.
We show that the distribution E?e (z) is continuous over z € Z. Indeed, let z, € Z be
a sequence of points which converges to a point z € Z. By statements (2) and (3) of
Proposition 2.2, given § > 0, one can find a number m = m(z) such that the cone
R’"(KIJ{(R_’" (2))) is contained in the cone around E%(z) of angle §. Therefore, for all
sufficiently large n the cones R (K ;{(R_’" (zx))) are contained in the cone around E%(z)
of angle 2. Since Ef (z,) C R™(K IJ{ (R™™(zpn))) the continuity of the distribution E'%(z),
z € Z, follows. Similar arguments show the continuity of the distribution E%(z) over
z € Z. Statement (3) follows from statement (3) of Proposition 2.2 and statement (4)
is obvious. The last statement is a consequence of statement (1) of Lemma 1.2 and the
properties of the maps ¢1, ¢2, and @3 (see §1). O

PROPOSITION 3.2. The distributions E%(z) and E(2) generate two foliations, Wy, and
W, of Z; the sizes of local leaves V(z) and V(z) are bounded away from zero on the
set NN Z.
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Proof. We follow arguments in [B2]. Let z = (x, y) € Z. Set
Wi = () G W@y,
)EeWgS(x)
Wi = |J @& Wi @Dy,
ReWH(x)
where
o0
(8 =Y a(g"(®) —a(g" (1)),
n=0
~ (3.4)
@) =) a@"®) —a@" ).

n=0

Note that each series in (3.4) converges for every x € Z. Indeed, since the point
(p1o0¢@a0 <p3)_1(x) does not lie on a separatrix of any of the fixed points xy, x2, x3, and
x4 the series converges exponentially fast. The desired properties of the foliations W3 and
Wy, follow from Propositions 2.2 and 3.1. a

Remark. We shall show below (see Proposition 5.1) that the distributions E% (z) and E% (z)
as well as foliations Wy, (z) and W (z) can be extended to continuous distributions on and
foliations of M \ S.

We proceed with Brin’s construction.
LEMMA 3.3. (See [B2]) There exists a smooth embedding of the manifold "2 into R"+.
‘We now state the main result in [B2].

PROPOSITION 3.4. Given a compact smooth Riemannian manifold K of dimensionn > 5
there exists a C* diffeomorphism h of K such that:

(1)  h preserves the Riemannian volume on K;

(2)  for almost every z € K there exists a decomposition

T.K=E,(2)® E;(z) ® Ej(2)

into dh invariant stable, central, and unstable subspaces such that dim E; ) =1
and the Lyapunov exponents at the point 7 of a vector v € T, K

<0, ifveE)(2),
x(z,v)1=0, ifveE;@),
>0, ifveE)(z);

(3)  h satisfies the essential accessibility property and is a Bernoulli diffeomorphism.

+ The proof of this statement in [B2] needs some minor corrections. The manifold y"—2 is of codimension two.
Although not every codimension-two manifold has trivial normal bundle, y’l*Z does. This can easily be seen
from its construction. Similar observation should be made wherever triviality of the normal bundle is used.

https://doi.org/10.1017/50143385702000202 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000202

420 D. Dolgopyat and Y. Pesin

Proof. Using Lemma 3.3 one can construct a smooth embedding x; : £ — B" (where B"
is the unit ball in R”) which is a diffeomorphism except for the boundary 9D? x )" 2.
Then using results in [K] one can find a smooth embedding x, : B” — K which is a
diffeomorphism except for the boundary 3/3”. Since the map R is identity on the boundary
dD* x V"2 themap h = (x1 0 x2) o R o (x1 o x2)~! has all the properties stated in
Proposition 3.4. d

4. The perturbation of the diffeomorphism in Brin’s example
Fix a number y > 0 and a point yp € V"2 and set A = B(xp, y) x B(y0, ) (where the
point xq is chosen in Proposition 2.2, see statement (5)).

In this section we prove the following result.

PROPOSITION 4.1. Given ¢ > 0, there is a C* diffeomorphism P : M — M such that

(1) P preserves the Riemannian volume m;

(2) dci(P,R) < & where the map R is defined by (3.1); moreover, P|((M \ A) =
R|(M\ A);

(3) for almost every z € M there exists a decomposition
TM=Ep(2)®EH(2)®ER(2)

into d P invariant subspaces such that dim E, (z) = 1 and the Lyapunov exponent at
the point 7 of a vector v € T, M is

<0, ifveEy(2),
x(z,v) i
>0, ifve E}();

(4)  the Lyapunov exponent x4, (z) in the central direction satisfies

/ Xp(z)dm < 0.
M

Proof. Let ¢y : =2 ))”_Z,x € M, be a family of volume-preserving C*
diffeomorphisms satisfying

dei(gx, Id) <&, ¢c(y)=y for(x,y)e M\A. 4.1

A particular choice of such a family of diffeomorphisms will be specified below (see
Lemma 4.4). Set

px,y) =(x,0:(y)), P=¢oR. 4.2)

It is easy to see that the map P is C*°, volume preserving, and
PI{(M\ A)=R|(M\A), dc~(P,R) <e. 4.3)
It follows from Proposition 3.1 and the first relation in (4.3) that, for every z € M\ S,

P UKz () C Kz (P (2), P(K{(2) CKj(P(2)

-1 —c —c/p—1 +c +c (4.4)
P (Kg™(2)) C KR (P™(2)), P(Kg"(2)) C K" (P(2)
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and inclusions are strict on the set M \ S. Therefore, the formulae

Ep@) =[P/ (Kg(PI@), Ep@ =()PI(KEP (@) 4.5)
J J

define subspaces at every point z € Z. Clearly, these subspaces are d P-invariant.
Moreover, since the first coordinate of the point P(x, y) depends only on x (see (4.2))
we obtain that

mEp(2) = E;(x), mEp(z) = Eg,‘ (x), (4.6)

where z = (x, y) (recall that 771 : T, M — T, D? is the natural projection).

Remark. We shall show below (see Proposition 5.1) that for any sufficiently small gentle
perturbation P of the map R the distributions E} and E% can be extended to continuous
distributions £, and E ;F on the set M \ S (but not just the set Z). However, the property
(4.6) holds true only due to the special form of the perturbation (see (4.2)). This property
is crucial for our further study (see Proposition 5.2).

LEMMA 4.2.
(1)  For every sufficiently small y > 0 and z = (x,y) € Z with x € B(xg, y) we have
that 0wt /loe
L(E(2), E(2) < Cy'8n/loeh, “n
L(Ep(2), dPT ER(P(2))) < Cylogr/logt, '
(2) There is a number v > 1 such that for everyz e N NY,
s 1 -1, pu 1
ldPIEp () = > ldP~ |Ep ()| < o (4.8)

Proof of the lemma. The second statement follows immediately from the first one and
statement (3) of Proposition 3.1. We will prove the first inequality in (4.7), the proof of the
second one is similar. Consider the point

Z* — (x*’ y*) — R*(N*l)(Pfl(Z)),
where N = N (y) is defined in Proposition 2.2 (see statement (5)). By (4.3),
d(Ep(Z%), ER(z")) <,

where d is the distance in the Grassmanian manifold and § = 8(¢) > 0 is sufficiently
small. Since
P/(z") =R/(z") for 0<j<N-1 (4.9)

we obtain using statement (3) of Proposition 3.1 that

ddRV ' EY (), dRV T Ef () <

MN—I :

Again using (4.9) we rewrite the last inequality as
8
d(Ep(P™! @), ER(P™' @) = 3y < duy /e,

Applying d P we obtain the desired result. a
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Since the maps R and P preserve the Riemannian volume we have, for every z € M\ S,

ATz, R, &)+ A (2, R, &) + x3(@) = AT(z, R, &) + A~ (z, R, &) =0,
ATz, P,e)+ A" (z, P, &) + xp(2) =0,

(see (0.3) for the definition of the terms). It follows that
/ xp(2)dm = / AT (z, R, &)dm — / AT (z, Pe)dm
M M M
+/ A" (z, R,s)dm—/ A" (z, P,e)dm. (4.10)
M M
LEMMA 4.3. We have

/ At(z, P,e)dm—/ A+(z,R,£)dm=/(10g[det(<I>”)(z)]+0(81°g“/1°g)‘))dm,
M M A
/ A (z, P,e)dm —/ A (z,R,e)dm
M M
=— / (log[det(® 1" (2)] + O(&'& #1082y am,
A

where
D7) = do|E%(z), (PN (2) = dp|E%(2). (4.11)

Proof of the lemma. We will establish the first relation. The proof of the second one is
similar. Consider the induced maps R and P generated by the maps R and P, respectively,
on the set A. These maps are well defined for almost every z € A. Let A be the set of such
points. By Kac’s formula

/ At(z, R,g)dm:[AJ“(z, R,e)dm,
M A

/ AT (z, P,s)dm:/ AT(z, P,e)dm.
M A
It follows that

/ [AT(z, P,e) — AT (z, R, &)]dm = / [AT(z, P,e) — AT (z, R, &)]dm.

M A

Fixz = (x,y) € A. Every vector v € E‘IS(z) can be written in the form v = vg + w where
vg € ER(z) and w € Ey(z) ® ER(z). Denote by N = N(z) the first return time of the
point z to A under the map R. By (4.2) we have that the first return time of Z to A under
the map P is also N. Moreover, by Lemma 4.2,

dPNv = dedR" (vg + w)

N

dR
= IR v |y ( ok

— 2 Ya+owu™>N
||dRNvR||>( +O0u™"m))

dRNUR *i|

=1 4+0@uN)|drY v— =
A+ 0@ ) UR||[ IIdRNvR||+w
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where w* is a vector in E%(z) @ E%(z). Notice that

fA+(z,ﬁ,s)dm=[1ogdet(dﬁ|E;(z))dm,
A A

/~A+(z, R,e)dm:/:logdet(dﬁ|E%(z))dm.
A A

It follows that
det ®*(PN|E%(2))
det @4 (RN |E'%(2))

/~(A+(z,15,8)—A+(Z, ﬁ,e))dm=/~10g
A A
_ / (log det (RN (2)) + O(=N)) dm
A

= / (logdet " (R (2)) + O(y'oe1/ 1084y dm,
A

The desired result now follows. O
Forz = (x, y) € Z we set

Lo
dy
It follows from the definition of the map ¢ (see (4.2)) that

x| B
P (E3() N TV 2).

D(z) = By

(E4X)NT,Y"™%, (@7)() =

det d“(z) = det d*(z), det®*(z) = det d*(2).
Therefore, using (4.10) and Lemma 4.3 we obtain that
/ X5(2)dm = f([logdet P (z) — logdet(d 1) ()] + Oy 18/ )y am.  (4.12)
M A

LEMMA 4.4. There is a family of diffeomorphisms ¢, : V"% — V"2 satisfying (4.1)
and such that

/~[—log det " (z) + logdet(® 1) (2)1dm < —Ce*y" 2 + O(e>)y" 2 + o(1)O™),
A

where C > 0 is a constant.

Proof of the lemma. Choose a coordinate system {x, y} = {x1, x2, y1, ¥2, ..., Yyp—2} in A
such that:

(1) dm =dxdy;

2

E7:(yo) = 3/dy1,  E.(yo) = (3/dy2, ..., /dyx),
Ef(y0) = (8/0Yk+1, -, 9/3yi,_,)

forsome k,2 <k <n—2.
Let ¥ () be a C* function with compact support. Set T = )/_2(||x||2 + ||y||2) and
define

o ') = (x, y1 cos(eyr (1)) + yasin(ey (7)), —yi sin(ey (7))
+ y2c08(e¥ (1)), ¥3, -+ s Yu—2)- (4.13)
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Since the distributions E%(z) and E%(z) are continuous (see statement (2) of
Proposition 2.2) by (4.11) we find that

f log det ®* (z) dm = o(1)m(A) = o(1)O(y™) (4.14)
A

and

/Nlogdet(éfl)“(z)dm =/:logdet(dg0;1|E}§)(z)dm
A A

:/ logdet<d(px1

A

:/ logdet<dgox_1
A

<i, el i>> (x,y)dxdy + o(1)m(A)
ay2 dyk

0 0
<—, e —>> (x,y)dxdy+o(1)O(y").

ay2 dyk
(4.15)

It is easy to see that

3 0 2y1y2
<8_’ ce —>>(x, y) = ey’ (7) cos(ey (7)) + cos(ey (1))
Y2 V

det(dgox_1 o

2
— —Zey/ (1) cos(ey (1)).

It follows that

0 0
logdet(dgox_l <a—,...,—>>(x,y>= 22y — ylyz £ (1)
2 V

AV

— 582(1//@))2— yyz XY (DY () + O(e?).

Making the coordinate change n = y/y we compute that

) 3
/logdet<d(pxl <— . >)(x y)dxdy
A y2 " Ok

=y"? / dx / [—2nimey () 1dn
B(xp,y) n—2

+ 2 / dx / [—2nin3e* (W (1)) dn
B(x0,y) n—2

oy f dx / [—382(1//@))2 2629 (D) (1) }dn+0(83)1’" g
Buoy) JR2L 2
(4.16)

Since the function i has compact support, the first integral in (4.16) is zero. Integrating
by parts we obtain that

1
/ 2y W) dy = —= / 2y () dn.
Rnfz 4 R1172

Hence, the third integral in (4.16) is also zero. The second integral is a strictly negative
number of order O(¢2y”~2). The desired result follows. O
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Using Lemma 4.4 and (4.12) we obtain that
fM X5 @) dm = —Ce?y" 2 + 0(e%)y" ™2 + 0(1)O(y") + Oy e/ leHm),

In order to complete the proof of the proposition we choose the number y so small that
y<éd ]

5. Absolute continuity and orbit density of the perturbation
In this section we establish some additional crucial properties of the diffeomorphism P
given by (4.2).

Definition. A perturbation P of the map R is called gentle if P = R on U x )" 2.

If P is a gentle perturbation of R which is sufficiently close to R then P satisfies (3.2)
and (3.3). In what follows we assume that P has these properties. Set

Ef(2)=()dPI(KZ(P/ (). EpR) =()dP ™ (Kz(P! (),
J J
Ef(2)=(dP/ (KT (P (@), Ep@=()dP /(K “(P/()),  (5.1)
J J

ES(2) = EF @[ Ep .
PROPOSITION 5.1. The following statements hold:
1 E;f(z), Ep(2), E;Fc(z), E;“(z), and E$(2) are d P invariant distributions which
depend continuously over z € M\ S;
(2)  the distributions E(z) and E}'(z) are integrable and the corresponding global
leaves Wy (z) and W;’,‘ (z) form foliations of the set M\ S;
(3) foreveryz € Z we have

Ep(2) =Ep(), Ep@=Ep@), Wp) =Wp@, Wik =Wi(@),

where the distributions E'(2), E'(z) and the foliations Wy,(z), Wp(z) are defined
by (0.1) and (0.5), respectively; moreover, the sizes of the local leaves Vp (z) and
V;r (z) are uniformly bounded away from zero on the set N';

(4)  the distributions and the foliations depend continuously on P.

Proof. Consider the set

Mt ={ze M\S: P"(z) > Sasn — +00}.

Note that:
(a) forevery z € M\ M there exists a sequence of numbers n;y — o0 such that
P™(z) € N;

(b) forevery z € M™ there exists a number ng = ng(z) such that for every n > ng if we
write P, (z) = (x5, yn) then x, = " ""0x,.

It follows from (a) and (b) that £, (z) is a d P invariant distribution. We shall show

that it is continuous. Fix z € M \ S and ¢ > 0. Let z,,, be a sequence of points which

converges to z. There exists n > 0 such that d P™" (K (P"(z))) is contained in a cone
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around E, (z) of angle . By (a), (b), and the continuity of the cone family K one can
find M > O such that for every m > M the angle of the cone d P™" (K 5 (P"(z))) does
not exceed 2¢. Since E, (zm) C dP™"(K g (P"(zm))) we conclude that the Grassmanian
distance between E, (z,,) and E, (z) does not exceed 3e.

We shall show that the distribution E, (z) is integrable. Fix z € M\ M. Consider
a u-admissible manifold V™~ at z, i.e. a local smooth submanifold passing through z and
such that T, V™~ C K (w) forevery w € V—. We have for z € M,

W@ = P (V" (P"™(2) = Wh(2).

n;>0

For z € MT the existence of the manifold W, (z) follows from property (a) and
Proposition 2.2. The desired properties of the foliation W, follow from continuity of
the distribution £, (z), Lemma 4.2 (see equation (4.8)), and Proposition 2.2. Using similar
arguments one can establish the desired properties of other distributions in (5.1) and the
corresponding foliations. a

It is easy to see that the perturbation P given by (4.2) is gentle and hence Proposition 5.1
applies. Furthermore, due the special form of the perturbation we will obtain additional
crucial information.

For every z = (x,y) € M\ S we define ‘traces’ of stable and unstable global leaves
for the maps R and P on the fiber ()" ~2) by

Wr() = Wi NO" e, Wp() =Wp (@) N ),
Wh() = Wi N "D, WED) = W@ N ("D

PROPOSITION 5.2.

(1) Forevery z € M\ S the collections of manifolds WISQ (), Wl’é (), W; (), W; )
form four foliations of (V" ~2)y; for x € N, the sizes of local leaves \N/Ise(y), ‘N/g ),
‘7; ), ‘7;{ (y) are uniformly bounded away from zero.

(2) Given 5§ > O there exists € > 0 such that if dci(P, R) < ¢ then, for every
7= (x,y) eN,

p(Va(3), Vo () <8, p(VEG), V() <.

Proof. The result follows from Propositions 3.1, 3.2, 5.1, and Lemma 4.2. O

We now establish the absolute continuity property. Choose a point zo € A and consider
the local manifolds V,j' (), z € B(zp, r) N Z, for a sufficiently small number r > 0. Since
the manifolds depend continuously on z € N’ N Z there is a local submanifold W passing
through z¢ and transversal to Vlj' (2). Set

A= |J Viw. (5.2)
z€B(z9,r)NZ
Denote by & the partition of A by Vlj' (2), z € B(zo,r) N Z. Note that the factor space A/&
can be identified with W N A. Finally, we denote by m_ and my respectively the Lebesgue
measure on V:,' (z) and on W induced by the Riemannian metric. Since the set Z has full
measure for almost every point zg € Z, we have that my (W N A) = 1.
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PROPOSITION 5.3. The foliation W;’,‘ of the set N'NZ is absolutely continuous: for almost
everypointz e NN Z,

(1) the conditional measure on the element V,;" (z) of this partition is absolutely

+.
7

(2) the factor measure on the factor space A /& is absolutely continuous with respect to

continuous with respect to the measure m

the measure my.
A similar statement holds for the foliation W, of N N Z.

Proof. If the map P were (fully) non-uniformly hyperbolic the desired result would follow
from [BP, Theorem 14.1] (see Lemma 14.4). It requires a simple and standard modification
to generalize the arguments there to the partially non-uniform hyperbolic case. a

Our next statement establishes the essential accessibility property of the map P.

PROPOSITION 5.4. If the perturbation P is sufficiently close to R then any two points
p,q € ZNN are accessible.

Proof. Let p = (p1, p2) and ¢ = (g1, q2). One can connect points p; and g; by a path
[x0, ..., x¢lg such that xo = pi1, x¢ = ¢q1, and each point x; € X. Without loss of
generality we may assume that x| € Vg_ (x0). The local stable manifold V, (p) intersects
the fiber (J"~2) xo at a single point y; € Z. Proceeding by induction we construct points
¥2,...,¥e, such that each point z; = (x;,y;) € Z,i = 0,1,...,ye, and the path
[zo, z1, - - -, Z¢] p connects the points p and z¢. Note also that y, € ())"_Z)ql. Fix a number
r > 0 and consider the interval [y~, y¥] on the trajectory T’ (g2) centered at g5 of radius
r. Since the flow T' has the accessibility property (see §3) for every s € [y~, y™] one can
find a path [yg, s]y:. Moreover, paths corresponding to different s are homotopic to each
other. By Propositions 3.2 and 5.2 and statement (4) of Proposition 3.1, one can find a
family of homotopic paths [z¢, (g1, s)]p such that s runs over an interval on the trajectory
T'(q2). For sufficiently small ¢, this interval contains a subinterval centered at ¢, of length
r — & > 0. The desired result follows. O

We now show that the map P is topologically transitive; indeed, we prove a stronger
statement.

PROPOSITION 5.5. For almost every point 7z € N the trajectory {P"(z)} is dense in N

(i.e. {P"(z)} D N).
Proof. Consider a maximal set Eg C A of points z for which:

z is topologically recurrent, i.e. for any r > 0 there exists n € Z such that
P"(2) € B(z,1); (5.3)

for any w € Ey the points z and w are accessible. 5.4

LEMMA 5.6. m(Ep) = 1.

Proof of the lemma. Since the set of topologically recurrent points has full measure the
desired result follows from Proposition 5.4. a

https://doi.org/10.1017/50143385702000202 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000202

428 D. Dolgopyat and Y. Pesin

LEMMA 5.7. There exists a set E such that m(E) = 1, E satisfies (5.3), (5.4), and the
following condition:

for every z € E the sets Vi (z) N E, a € {—, +}, have full measure with respect

to the Riemannian volume on V3§ (2). (5.5

Proof of the lemma. Givenaset F C M, set
F*={z € F :thesets F N V3 (z), @ € {+, —} have full measure}

(with respect to the Riemann volume on Vf,‘ (z)). Starting with the set E, define inductively
E, = E,_,. It follows from the absolute continuity of stable and unstable foliations (see
Proposition 5.3) that m(E,) = 1. Let E = ﬂzozo E,. Thenm(E) = 1 and (5.3) and (5.4)
are satisfied since E C Eg. Also if z € E then z € E, for each n. Therefore, the sets

V3 () N Ey, a € {4+, —} have full measure and hence, so do the sets V3 (z) N E. O
Choose any two points z, w € E and let [zo, . . ., z¢] be a path connecting them.
LEMMA 5.8. Given § > 0, there are points z/j € E, j=0,...,¢suchthat z;, = z, and

d(zj,Zp) <8forj=1,....L

Proof of the lemma. Without loss of generality we may assume that z; € V;{ (zo). Ifz1 € E
we set 7 = z1. Otherwise, fix 0 < §; < § and let 2| € E be a point such that z| € V;“ (z0)
and d(z1, z}) < 81 (such a point exists for every 8; in view of (5.4)). If 8; is sufficiently
small, for any 0 < 8 < &; one can find a point z;, € E such that z), € V, (z}) and
d(z2,z,) < 8. Since the length of the path £ is uniformly bounded over z and w it
remains to use induction to complete the proof. O

We proceed with the proof of the proposition. Choose z, w € E and let z/j € E,
j = 0,...,4, be points constructed in Lemma 5.8. Fix § > 0 and the numbers
0 <8 <.+ <8 < 8. There exists m; > 0 such that d(P"(z0), P"(z}) < %51 for
every n > m1. By (5.2), there exists n; > m for which d(P"1(z1), z1) < %81. It follows
that d(P"'(z0), 2}) < é1.

There exists my > 0 such that, for every n > ma, d(P7"(z}), P7"(z})) < %82.
By (5.2), there is np, > my for which d(P_"Z(z’z),z/z) < %82. It follows that
d(p—™ (z/l), 75) < %82. Note that if §; is chosen sufficiently small (depending only on
ny) and np is chosen accordingly then d (P 7"2(zg), z/z) < §>. Proceeding by induction
we find numbers n;,i =1, ..., £, such that

d(PmTmtE () 70y < 8.

This implies that for almost every point z € N N E the orbit {P"(z)} is everywhere
dense. The desired result for almost every point z € M follows from statement (2) of
Proposition 4.1 and statement (5) of Proposition 3.1. O

6. Proof of the Main Theorem: the case dim K > 5
Consider the set £ of points for which x(z) < 0 and, hence, all values of the Lyapunov
exponent at z are non-zero. It is well known that ergodic components of P|L have positive
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measure. Let Q be such a component. In view of statement (5) of Proposition 3.1 the set
0O N N has positive measure. Let zg be a Lebesgue point of the set Q N N. Fix r > 0
and consider the set A defined by (5.2). Using Proposition 5.3 and applying the standard
Hopf argument (see the proof of Theorem 13.1 in [BP]) one can show that Q D A for
sufficiently small r. This implies that Q is open (mod 0) and so is the set £. Applying
Proposition 5.5 we conclude that P|L is ergodic. Note that the same arguments can be
used to show that the map P" is ergodic for all n. Hence, P is a Bernoulli diffeomorphism.
It also follows from Proposition 5.5 that m(L£) = 1.

Set f = (x1o0x2)0Po(x1o0 X2)71 where the maps x; and x» are constructed in
Proposition 3.4. It follows that the map f satisfies all the desired properties.

Remark. Let us mention another approach for establishing ergodicity of P. Using the
theory of invariant foliations one can show that if P is sufficiently close to R then W% (2)
are uniformly close to Wj‘é (z) forallz € Z,« = u, s. Let @ C N be such that there exist
sets 2% which consist of the whole leaves of Wg such that m A/ (QAQY) = 0 (where m s
is the restriction of the Riemannian volume to ). It follows from [PS] that m () = 0
or mpr(2) = 1. Hence, if A is a P-invariant set then m(A (\AN;) = 0orm(AN;) = 1
for almost all z € M. It follows that A factors down to a g-invariant set. This implies that
P is ergodic. In this paper we choose to present another proof since it extends to the case
dim K = 3 or 4 as we show below.

7.  Proof of the Main Theorem: the case dim IC = 3 and 4
Consider the manifold M = D? x T*, where £ = 1 if dimXC = 3 and £ = 2if dim K = 4,
and the skew product map R

R(z) = R(x,y) = (§(x), Ra(x)(»)), z=(x,y), (7.1)
where the diffeomorphism g is constructed in Proposition 1.1, Ry (y) is the translation by
a(x), and « : D> — R is a non-negative C* function which is equal to zero on the set I/
(defined in Proposition 2.2) and is strictly positive otherwise.

We define the singularity set for the map R by S = Q x T, where Q is the singularity
set of the map g, and we also set N = (D>\U) x T ¢ and Z = X x T* (see Proposition 2.2).

As before we have four cone families K ;{(z), K ;{C (z), K (z), and K z°(z) which satisfy
(3.2) and (3.3).

We say that the map R is robustly accessible if for all p,q € N and any pair of
foliations F* and F~ which are close to W,}" and Wy respectively, there exists a path
[p,ql =lz0z1...z¢l suchthat zj 11 € F¥(zj), a € {+, —}.

PROPOSITION 7.1. The function a(x) (see (7.1)) can be chosen such that the map R is
robustly accessible.

Proof. By [B1] (see also [BW]), a generic skew product over multiplication by the map

g 183| of 72 is robustly accessible. Now the statement follows from statement (1) of
Lemma 1.2. d

Choose the function «(x) such that R is robustly accessible. Then any gentle
perturbation of R has the accessibility property. Repeating the proof of Proposition 5.5
we obtain the following result.
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COROLLARY 7.2. Any gentle perturbation P of R which is sufficiently close to R has no
open invariant sets.

We consider a gentle perturbation P of R in the form P = ¢ o R. We wish to choose ¢
such that

/ logdet(d P|E%)(z) dm(z) = —p < 0. (7.2)
M

Indeed, in the case M = D? x S!, consider a coordinate system & = {&, &, &3} in a small
neighborhood of a point zg such that:
(1) dm =dg;
(2)  ER(z0) = 3/3&1, ER(z0) = 3/3&, E(z0) = 9/09&3.
Let ¥ (¢) be a C* function with compact support. Set t = ||& I2/2 and define

@ 1 (&) = (&1 cos(ey (1)) + Exsin(e (1)), —&1 sin(e¥ (7)) + & cos(e¥ (7)), &3).

The proof of (7.2) is similar to the proof of Lemma 4.4 (with y chosen such that y < &).
In the case M = D? x T2 write M = (D? x §') x ! and let 91 = ¢ x Id where ¢ is the
above map (note that the distributions E%,, E%, and E¢, are translation invariant).

In the case dim/C = 3 the remaining part of the proof repeats the arguments in the
case dim IC > 5 (see Propositions 5.1, 5.3, 5.4 and 5.5 and §5). Note that the embeddings
X1 : M — B3 and X2 : B3 — K should be chosen according to [BFK].

We now proceed with the case dim IC = 4. We further perturb the map P to P to obtain
a set of positive measure on which P has three negative Lyapunov exponents.

PROPOSITION 7.3. Suppose that the support of the map ¢ is sufficiently small. Then for
all positive €1, & there exists a gentle perturbation P of P such that d-1(P, P) < &1 and

/ G P) = x5z, PYldm () < 62,
M

where x(z, P) > x5 (2, P) are the Lyapunov exponents of P along the subspace E% (2).
Proof. See §8. O

If &1 and & are sufficiently small then xj(z, P) < 0 and x5 (z, P) < 0 on a set of
positive measure. Indeed, by (7.2) there exist &1 > 0 and C > 0 such that for any gentle
perturbation P of P with d-1(P, P) < &1 we have

/ (X2 P) + x5z, Pyydm < =2
M 2

and |x¢(z, P) £ x$(z, P)| < C. Hence, x{(z, P) + x$(z, P) < —p/4 on a set of measure
at least p/4C and x{(z, P) — x5 (2, P) > p/8 on a set of measure at most 8¢,/ C.
To complete the proof one now proceeds as in the case dim /C > 5.

8. Almost conformality

We will prove Proposition 7.3. We follow the arguments in [M1, Bo] and split the proof
into several steps. In what follows we adopt the following agreement: if at some step we
use a statement of the type:
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“for any positive &¢,, . . ., &, there exist positive g, . . ., €k, such that ...’
then each time thereafter we assume that & : (j =1,...,q) are functions of g, (i =
1,..., p) satisfying the condition above.

Consider the set D = {z € M\ S : x{(z, P) # x5(z, P)}. If m(D) = 0 the desired
result follows (it suffices to choose P = P). From now on we assume that m(D) > 0. Let
E{(z) and E5(z) be the one-dimensional Lyapunov directions corresponding to xi (z, P)
and x5 (z, P). They are defined for almost every z € D.

LEMMA 8.1. For every €3 > 0 there is a measurable function ng : M\ S — N such that
forany z € M\ S and two one-dimensional subspaces E', E" € E%(z) one can find maps

Li(z,E,E"): ES(PI7(2) —» ES(P/(2)), 1<j<no()

satisfying:
() Ljz,E E")= Rg; 2.6, E7(d P|E (2)) where Rg denotes the rotation by angle
and Bj = Bj(z, E', E") is such that

1Bjll <e3, Bj=0o0nl; 8.1)

@ if )
Lz E'E") = Ly @ E' . E") o0 L1z E'. E")

then L(z, E', E")E' = dP™®E".

Proof. Let A be the set of points z € M \ S for which the statements of Lemma 8.1 hold.
It is easy to see that A is invariant. Since the number n(z) does not depend on the choice
of subspaces E’ and E” by continuity of d P we find that the set A is open. In view of
Corollary 7.2 if A is not empty it coincides with M \ S. We shall show that A # @.

Let x € D2\ Q be a periodic point of the map g of period  whose trajectory does not
intersect supp(¢) (such a point always exists if supp(¢) is sufficiently small). We have that
P"T2(x) = T2(x) where T2(x) is a fiber over x. Moreover, P’ |7%(x) is a translation.
Therefore, the desired result holds for any z € 7 2(x). O

Given positive €3, €4, and N define

1 ‘
Di(e3,64, N) = {z € M :no(z,e3) <N, ;log ldP"|E}(z, P)Il — x;(z, P)| < &4,

¢=1,2, L(E{(P"(2), P), E5(P"(2), P)) = ="l for any |n| > N}.

LEMMA 8.2. For any positive €3, €4, €5 one can find N1 > 0 such that for any N > N,
m(D\ Di(e3, €4, N)) < ¢s.
Proof. The result follows from the Birkhoff ergodic theorem and Oseledec’ theorem. O

Fix z € Di(&3, &4, N). Since Xf(z, P) > ch(z, P) we obtain from the definition of the
set D1 (&3, &4, N) that for every point z in this set, v € E5(z, P), [[v|| = 1, and |[n| > N,

1
” log|ld P"v|| — x5(z, P)| < &4 (8.2)
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and for v € E{(z, P), ||[v|]| = 1 such that Z(v, E5(z, P)) > e”*, and |n| > N,
1 .
—log|ld P"v|l — xi(z, P)| < 2e4. (8.3)
n

LEMMA 8.3. For any positive €3, €4, €6, €7, and Ny there exist positive N3 and €5 such
that:

(1) foranyeg > 0 and N > N3 one can find a set Q = Q(N) for which PI() N
=0,0<j<Nandif Q=) P/(Q) thenm(D\ Q) < eg;
@ i
D> (g3, 64,86, N, M) = {z € Q: z = P(y), forsomey € Q,0 < jo <N and
Card{j : [(N = j)/j — 1| < &g and
F1() € Die3, 4, N)} < M}
then
m(Da(e3, €4, €6, N, N2)) < &7.

Proof. The first statement is just the Rokhlin—-Halmos lemma. Note that the measure of
each set R/ () is of order 1/N and that the number
= 86}

is of order e N. The second statement follows. O

N —
Card{j:‘ .]—1
J

The set Q2 (N) is called a tower of height N.

LEMMA 8.4. For any positive €3, €7, €9 there exist positive €4, g6 such that the following
statement holds. Fix 7 € D1(e3, €4, N1), with positive ny, ny satisfying

<& n=nj+ny> N3,

and maps Lj(z) = Lj(z, E{(z, P), E5(z, P)), j = 1, ...,k < egN3, satisfying (8.1) such
that L(z) = Ly(z) o - - - o L1(z) moves E{(z, P) into Eg(Pk(z), P). Then

[ (xf(z, P) + x5(z, P)
exp|n 7 —

eg)} < @P"* o L(z) o dP"|ES(P™™ ()

< exp|:n<x1 @ P) —; 0@ P) + 89)1|.

Proof. Set
P=dP"*oL(z) odP"|E5(2).

Lete; € E{(z, P) and e; € E5(z, P) be a normalized basis in E%(z). Then by (8.2) and
(8.3),

1 ‘
" log [ Pecll = x; (z, P)ni + x5_,(z, P)na + O(e4n)
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for¢ =1,2. Let I1(z) : E°(z) = E“(z) be a linear map satisfying det [1(z) = 1 with the
vectors [1(z)e; and I1(z)es orthogonal. Then

exp(n xi(z, P) er X3 (2, P))PH
= log ||ITT ' (P" (2))l

log

xi(z, P) + x5(z, P)

+ log|| TI(P"(2)) OeXp(n > )7)0 1'II(P’“(Z))‘
+log [TI(P" (2)) |l
and each term is of order O((gg + £4)n). The desired result follows. O

LEMMA 8.5. For any positive €19, €11, €12, €13 there exist positive €3, €7, &9, and Ny such
that the following holds. Let Q21 = Q \ Da(¢e3, €4, €6, N2, N3) where Q = Q(N3) is a
tower of height N3 and

Qo = {fj (2) : z € Q1 and j is the smallest number for which

-1

‘N3—j
J

< ¢ and f7(z) € Di(e3, e4, Nz)}~

Also let k = ggN3. Then:
(1)  there exists an open set Q23 satisfying m(23AQ2) < €19 and a map P=Po ¢ such
that

k—1
supp(¢) = (U ﬁf(m)) \ U x T?;
j=0

() dci(@, 1d) < e1;
(3)  there exists Q2 C Q0 such that m(2 \ Q4) < €11 and for all z € Qa,

I(dP"ES)(z) — L2)|l < e12 for somen <k, (8.4)

where I:(z) i E%(z) — ES(P"(z)) moves E{(z, P) to E5(P"(2),2) (see
Lemma 8.4);
4) foranyz e Q,
d(ES ()., ES(Q) < e13.

Proof. The proof is similar to [Bo]. Consider a finite atlas ® = {®; --- ®,} such that in
each chart ®; one can introduce a coordinate system {&1, &, &3, &4} satisfying
dm = d&dé&d&3dé,.

Approximate €2, by the finite union of balls Uj B(zj,rj), with r; < p where
p is sufficiently small. By coordinate rotation we may assume that E%(z;) =
(0/0&1,0/082)|;;. We can apply Lemma 8.4 to each z € €2 and construct the maps
Li(z), ..., Ly,(z)such thatl:(z) = Ly, (z)o---0oL(z) moves E{(z, P) to ES(P"(z), P).
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By slightly shrinking the set €2, if necessary we may assume that the maps L;(z) are
continuous on £2,. Recall that each map L, (w) is a twist of the form

Le(w) = Rg,w)(dP|ES (w)).
We define ¢ on each B(z;,7;) to be

P&, &, 83, 84) = Ryensrppiy (m, m2), &3, &),

where {11, 72, 13, N4} = eXPZjl(El, &1, &3, &4) and the function v (x) is supported on [0, 1]
and

yx) =1, xel0, 3] (8.5)

Continuing by induction for each £ < N; we approximate the sets P¢(B(z j»7j)) by balls
and define ¢ on each ball to be an appropriate twist generated by the maps L¢(z). This
construction allows us to define ¢ in such a way that (8.4) holds for n = N; on a set A
for which m(A1) > ¢(N1)m(22). Here c(N1) is a constant which can be made arbitrarily
close to ( 11—6)]\]1 if the approximation by balls is chosen appropriately; we exploit here the

fact that in view of (8.5)
mB@ r/2) 1

m(B(z,r)) 16
Consider a point z € 2> \ Aj. Let N (z) > N be the first moment when the trajectory
{PJ(z)} visits the set D;. Define ¢ along the orbit {f/*V(z)} with Ni(z) < j <
Ni(z) + Nj to be appropriate twists such that the map d PV1~NM od PNt moves E{(z, P)
tod PN @ od pMi E5(z, P). Thus, we obtain a set A, for whichm(Az) > m(Q2:\Ay) > ¢
andn = N1+N;(z) on As. Repeating this procedure (N> /Np) times we obtain the required
map ¢. All properties of the map P can now be verified by the arguments similar to those
in Lemma 4.4. O

It remains to show that €19, €11, €12, €13 can be chosen such that
1 A . 1 N
— log [|PM ()| ES ()l dm(z) — = / logdet(d P(z)|E$(2)) dm(z)| < e3.
N3 P 2 Im P

This again is similar to the proof of Lemma 4.4 and we leave the details to the reader.
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