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Abstract. Given a non-conformal repeller A of a C'*” map, we study the Hausdorff
dimension of the repeller and continuity of the sub-additive topological pressure for
the sub-additive singular valued potentials. Such a potential always possesses an
equilibrium state. We then use a substantially modified version of Katok’s approxi-
mating argument, to construct a compact invariant set on which the corresponding
dynamical quantities (such as Lyapunov exponents and metric entropy) are close
to that of the equilibrium measure. This allows us to establish continuity of the
sub-additive topological pressure and obtain a sharp lower bound of the Hausdorff
dimension of the repeller. The latter is given by the zero of the super-additive topo-
logical pressure.

1 Introduction

Dimension is an important characteristic of invariant sets and measures of dynam-
ical systems, (see the books [Bar08, Barll, Fal03, Pes97, PU10] where the role of
dimension in the theory of dynamical systems is well explained). In this regard, differ-
ent versions of dimension have been put forward to characterize various dynamical
phenomena. However, computing these fractal invariants is usually a challenging
problem, because they depend on the microscopic structure of the set.

For repellers of conformal expanding maps Bowen [Bow79] and Ruelle [Rue82]
found that their Hausdorff dimension is a solution of an equation involving topo-
logical pressure. More precisely, if A is an isolated compact invariant set of a C''+7Y
conformal expanding map f and f|p is topologically mixing, then the Hausdorff
dimension of A is given by the unique root s of the following equation known as
Bowen’s equation:

P(fla,—slog|| Dz f[|) = 0, (1.1)
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where P(f|a,-) denotes the topological pressure. Moreover, the equilibrium measure
corresponding to the potential function —slog|| D, f|| has dimension s and hence, is
the measure of maximal dimension.

In this conformal setting, other dimension characteristics such as lower and upper
box dimensions are equal to s and the topological pressure P(f|x,—log||D.f]|) is
continuous with respect to f in the C'* topology, hence, so is the Hausdorff dimension.
Furthermore, one can also establish analytic dependence of the Hausdorff dimension
on the maps with some specific classes of invariant sets called dynamically defined
sets, see Ruelle’s work on hyperbolic Julia sets [Rue82], which in turn was inspired
by Bowen’s work on the limits sets for quasi-Fuchsian groups [Bow79]. In the case
of a basic set A for an Axiom A diffeomorphism f on a compact surface M, the
dependence of the Hausdorff dimension under small perturbations of f was shown to
be continuous by McCluskey and Manning [MM83] and to be C*° by Mané [Man90]
(see also [JLOO]). Further, Pollicott [Poll5] showed the analytic dependence of the
Hausdorff dimension of the basic set for real analytic Smale horseshoe maps. See
also [KNP89, VW96, Wol00] for related works.

The case of non-conformal repellers, which we consider in this paper, is drastically
different. In this case the Hausdorff dimension of the repeller may not be equal to its
(lower or upper) box dimension and there may not be any invariant measure of max-
imal dimension (see [DS]). The study of dimension in this case is a substantially more
complicated problem and to approach it different notions of topological pressure have
been introduced, which allow one to obtain some upper bounds on the dimension. In
[Bar96] Barreira proved that formula (1.1) holds in a variety of settings. In [Fal94],
Falconer defined the topological pressure for sub-additive potentials and obtained
the variational principle under the bounded distortion or I1-bunched condition. He
also proved that the zero of the topological pressure of sub-additive singular valued
potentials gives an upper bound of the Hausdorff dimension of repellers. In [Zha97],
Zhang introduced a new version of Bowen’s equation which involves the limit of
a sequence of topological pressures for singular valued potentials, and proved that
the unique solution of this equation is an upper bound of the Hausdorff dimension
of repellers. Finally, in [BCH10], using thermodynamic formalism for sub-additive
potentials developed in [CFHO8]|, the authors showed that the zero of the topologi-
cal pressure of sub-additive singular valued potentials ®(¢) = {—¢' (-, f™)}n>1 (see
precise definition in Section 3.1) gives an upper bound of the Hausdorff dimension
of repellers, and furthermore, that the upper bounds obtained in the previous works
[BCH10, Fal94, Zha97| are all equal. We refer the reader to [CP10] and [BG11] for a
detailed description of the recent progress in dimension theory of dynamical systems.

We also note that in the case of iterated function system, the zero of topological
pressure of sub-additive singular valued potentials always gives an upper bound for
the dimension of the set, and sometimes gives the exact value of the dimension,
see [Fac88] and [Sol88] for details. Recently, Feng and Shmerkin [FS14] have proved
that the sub-additive topological pressure of singular valued potentials is continuous
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in the class of generic self-affine maps. Consequently, the dimension of “typical”
self-affine sets is also continuous. This resolves a folklore open problem in fractal
geometry.

The motivation for this paper is two-fold. First, in view of Zhang’s result [Zha97],
it is interesting to know whether there is a lower bound for the Hausdorff dimension
of a non-conformal repeller that can be obtained as the zero of topological pressure.
A natural way to proceed is to replace the sub-additive singular valued potentials
with super-additive ones (see Section 3.1 the definition). However, in doing so one
faces a difficult problem: it is not known whether the corresponding super-additive
topological pressure defined in a usual way via separated sets satisfies the variational
principle for a general topological dynamical system, although it is true for some
special systems, see [BCH10] for details. To overcome this difficulty, we define the
super-additive topological pressure via variational principle (see Section 2.4). This
allows us to obtain a lower bound on the Hausdorff dimension of repellers for a
general C1*7 expanding map, see Theorem 3.1, which to the best of our knowledge,
is the sharpest lower bound currently known.

Second, in view of Feng and Shmerkin’s result [FS14], it is natural to ask whether
the topological pressure of sub-additive singular valued potentials is continuous with
respect to the dynamics f in an appropriate topology. One of our main result shows
that the map f — P(f|a,®f(t)) is continuous in the C'! topology within the class
of C'*7 expanding maps f, see Theorem 3.5. Further, we show that the unique root
t(f,A) of Bowen’s equation P(f|a,®f(t)) = 0 is exactly the Carathéodory singular
dimension of the repeller (see Section 4 for details). Thus replacing the Hausdorff
dimension of a repeller in the non-conformal setting with its appropriately chosen
Carathéodory singular dimension, one obtains a precise value of the dimension.
Furthermore, our result on continuity of topological pressure thus implies that the
Carathéodory singular dimension also varies continuously with the dynamics, see
Theorem 4.1.

Our main innovation in obtaining a lower bound on the dimension and in es-
tablishing continuity of topological pressure, which distinguishes our approach from
previous ones, is based on some powerful new results in non-uniform hyperbolicity
theory for non-invertible maps. Therefore, we require that f is of class of smoothness
C'*7. These new results are given by Theorems 5.1 and 5.2 and are of independent
interest in hyperbolicity theory. The first one is in the spirit of Katok’s approxima-
tion argument, see [Kat80] or [KH95, Supplement S.5] but we need a substantially
stronger version of it. Namely, we show that in the setting of expanding maps, given
an invariant ergodic measure pu, there is a compact invariant set K with dominated
splitting whose expansion rates are close to the Lyapunov exponents of p; moreover,
the topological entropy of f|K is close to the metric entropy of p (see Theorem 5.1).

Further, a similar result holds for any sufficiently small perturbation g of f: there
is a compact set K invariant under g with dominated splitting whose expansion rates
are close to the Lyapunov exponents of y; moreover, the topological entropy of g|K
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is close to the metric entropy of p (see Theorem 5.2). We shall apply these theorems
in the proofs of our two main results: 1) a lower bound for the Hausdorff dimension
of the repeller (see Theorem 3.1 and Section 6.2.2) where we choose u such that the
corresponding free energy h,(f) + Fu(Vy(s), ) (here Fi(Vy(s), ) is the potential
associated with the sequence W(s) of super-additive singular valued potentials, see
Sections 2.4 and 3.1) is sufficiently close to the super-additive topological pressure;
and 2) continuity of sub-additive topological pressure (see Theorem 3.4 and Section
6.6) where we choose 1 to be an equilibrium measure for the singular valued sub-
additive potential ®f(t).

Results similar to our Theorem 5.1 were obtained in some particular situations
by 1) Misiurewicz and Szlenk [Mis80] for continuous and piecewise monotone maps
of the interval; 2) Przytycki and Urbanski [PU10] for holomorphic maps in the
case of a measure with only positive Lyapunov exponent; 3) Persson and Schmeling
[PS08] for dyadic Diophantine approximations. For C''*7 maps results related to
Katok’s approximation construction (and hence, in some way to our Theorem 5.1)
were obtained by Chung [Chu99], Yang [Yanl5], Gelfert [Gell0, Gell6]. See also
[Men85, Men88, Men89, San02, San03, LS13, MS19] that represent works close to
this topic.

For general C''*7 diffeomorphisms (i.e., invertible maps) Theorem 5.1 was shown
by Avila, Crovisier, and Wilkinson in [ACW17]. While their construction of compact
invariant set is based on the shadowing lemma, our approach is more geometrical
and gives the desired compact set via a Cantor-like construction. The advantage of
our approach in the settings of expanding maps is that it allows us to treat the case
of non-invertible maps and also obtain a similar result for small C'' perturbations
thus proving Theorem 5.2.

The paper is organized as follows. In Section 2, we recall various notions of topo-
logical pressure and dimension. In particularly, we define the super-additive topolog-
ical pressure via variational relation and discuss some properties of super-additive
topological pressure. In Section 3 we state our main results on dimension estimates
and continuity of the topological pressure and dimension. In particular, we intro-
duce the super- and sub- additive singular valued potentials and the sub-additive
potential as well as the corresponding pressure functions. We then show that given a
(non-conformal) repeller, the zero of the topological pressure function of the super-
additive singular valued potential gives the lower bound on its Hausdorff dimension
and the zero of the topological pressure function of a sub-additive potential gives
the upper bound on its upper box dimension (under the dominated splitting con-
dition). In Section 4, we introduce the notion of Carathéodory singular dimension
of a repeller and prove that it depends continuously on the map. In Section 5, we
prove our two main technical results discussed above on construction of an invariant
compact subset with dominated splitting and large topological entropy for the map
f and its small perturbations. Section 6 contains the proofs of our main results. In
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the last section 7 we discuss continuity of topological pressure for the case of matrix
cocycles over subshifts of finite type.

2 Notations and Preliminaries

2.1 Dimensions of sets and measures. @ We recall some notions and basic
facts from dimension theory, see the books [Fal03] and [Pes97] for detailed introduc-
tion.

Let X be a compact metric space equipped with a metric d. Given a subset Z of
X, for s > 0 and § > 0, define

H3(Z) = inf {Z uil*: zc|Jui, Uil < 5}

where | - | denotes the diameter of a set. The quantity H*(Z) := }irr(l) H5(Z) is called

the s-dimensional Hausdorff measure of Z. Define the Hausdorff dimension of Z,
denoted by dimg Z, as follows:

dimy Z = inf{s: H*(Z) =0} =sup{s: H*(Z) = oo}.
Further define the lower and upper box dimensions of Z respectively by
log N(Z,0 E— log N(Z,0
dimzZ = h?"félf Og—lo(g(;) and dimpZ = hl;l_s)élp w

where N(Z,0) denotes the smallest number of balls of radius ¢ needed to cover the
set Z. Clearly, dimy Z < dimpZ < dimpZ for each subset Z C X.

If i is a probability measure on X, then the Hausdorff dimension and the lower
and upper box dimension of p are defined respectively by

dimpg p = inf{dimHY Y CXouY)= 1},
dim s = lim inf {dimpY ;Y € X, u(Y) > 14},
dimppu = %ir%inf {diimBY Y X uy)>1 —5}.

The following inequalities are immediate dim;p < dimpp < HB,U«-
Finally, we define the lower and upper pointwise dimensions of the measure p at
the point z € X by
1 B - 1 B
d,(z) = liminf log p(B(x,1)) and d,,(z) = limsup log u(B(x,1))
# r—0 log r r—0 logr
where B(z,r) ={y € X : d(z,y) < r}.
In particular, if there exists a number s such that
1 B
iy 08Bz, 7)) _
r—0 log r

Y (2'1)

for p-almost every x € X, then dimpg p = s, see [You82].
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2.2 Repellers for expanding maps. Let f: M — M be a smooth map of
a mo-dimensional compact smooth Riemannian manifold M and let A := Ay be a
compact f-invariant subset of M. We call A a repeller for f and f expanding if

(1) there exists an open neighborhood U of A such that A = {z € U : f"(x) €
U, for all n > 0};
(2) there is k > 1 such that

| Dy fu|| > k|v||, forallz € A, and v € T, M,
where || - || is the norm induced by the Riemannian metric on M.

2.3 Markov partitions and Gibbs measures. Let A be a repeller of a C!
expanding map f. Assume that f|A is topologically transitive. Then there exists a
partition {Pj,..., P;} of A which satisfies

(1) P, # 0 and int (P;) = P;;
(2) int () Nint (P;) = 0 if ¢ # j;
(3) for each i the set f(F;) is the union of some of the sets P; from the partition.

Here int(-) denotes the interior of a set relative to A. Such a partition is called
Markov (see [PU10, Theorem 3.5.2] for proofs). A repeller admits a Markov partition
into subsets of arbitrary small diameter, and in particular, we may assume that the
restriction of f on each P; is injective.

Given a Markov partition {Py,..., P}, a sequence i = (igiy . ..4i,—1) where 1 <
i; < k is called admissible, if f(P;,) D P;,,, for j = 0,1,...,n —2; and we write
li| = n for the length of the sequence i. If i = (igi; . ..4,—1) is an admissible sequence,
we define the cylinder

n—1
P7;()Z.1...’L'n71 = m f_j(PZJ)‘ (2'2)
§=0

Denote by .S, the collection of all admissible sequences of length n.

We call a (not necessarily invariant) Borel probability measure p on A a Gibbs
measure for a continuous function ¢ on A if there exists C' > 0 such that for every
n € N, every admissible sequence (igij...i,—1), and & € P;;, ; _, we have

_ 1(Prgiy i 1)
C 1 < 01 ln—1 < C,
= exp[—nP + Spp(z)] —

where P is a constant and S,p(z) = Z;:& o(f(x)).

2.4 Sub-additive and super-additive topological pressures. See [Bar(6]
and [FH10, FH16] for more details. Consider a continuous transformation f : X — X
of a compact metric space X equipped with metric d. Denote by M(X, f) and
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ME(X, f) the set of all f-invariant and respectively, ergodic Borel probability mea-
sures on X. A sequence of continuous functions (potentials) ® = {¢;, },>1 is called
sub-additive, if

Omin < ©n +omo [, forall m,n > 1.

Similarly, we call a sequence of continuous functions (potentials) ¥ = {ty},>1
super-additive if —V = {—y, },>1 is sub-additive.
For z,y € X and n > 0 define the d,-metric on X by
dy(,y) = max{d(f'(z), f'(y) : 0 < i < n}.

Given € > 0 and n > 0, denote by By (z,e) = {y € X : dy(z,y) < €} Bowen’s ball
centered at z of radius € and length n and we call a subset E C X (n,e)-separated
if d,,(z,y) > € for any two distinct points x,y € E.

Given a sub-additive sequence of continuous potentials ® = {py, }n>1, let

P, (®,e) = sup {Z e?(®) . B is an (n,e) — separated subset of X} .
el

The quantity

1
P(f,®) = lim limsup — log P,,(®, ¢) (2.3)
£— n

n—oo

is called the sub-additive topological pressure of ®. One can show (see [CFHO08]) that
it satisfies the following variational principle:

P(f,®) = sup { hu(F) + Ful@ ) : 1 € M(X,f), Ful®p1) # =00}, (24)

where h,,(f) is the metric entropy of f with respect to p and

1
Fo(®, ) = lim /cpnd,u. (2.5)

n—oo N

Existence of the above limit can be shown by the standard sub-additive argument.
Given a super-additive sequence of continuous potentials ¥ = {1, },,>1, we define
the super-additive topological pressure of ¥ by

Poae(£,0) i= sup { by (f) + Ful(W, 1) - € M(X, 1)} (2.6)

Note that for any super-additive sequence of continuous potentials and any f-
invariant measure i we have

1 1
Fu(wop) =t [ ndi=sup [ d

Similarly to the definition of the sub-additive topological pressure one can define the
notion of super-additive topological pressure P(f, V) using (n,e)-separated sets.
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REMARK 2.1. It is natural to ask whether the variational principle for P(f, ¥) holds,
ie.,

P(f, W) = sup { hu(f) + Fo(¥, )+ i€ M(X, )}

Given a continuous function ¢, set ¢, = E:-L;Olcp o f. The above definitions of
sub/super-additive topological pressures recover the standard notion of topological
pressure of a single continuous potential (see [Wal82] for details), which we denote
by P(f,¢). The following result establishes some useful relations between the three
notions of the pressure.

PROPOSITION 2.1. Let ¥ = {9, }n>1 be a super-additive sequence of continuous
potentials on X. Then

Un

Py (f,¥) = lim P <f, o

o1
) = Jim P ),
n—oo n—oo N,
REMARK 2.2. The same results hold for sub-additive topological pressure if the
entropy map is upper semi-continuous, see [BCH10]. However, we do not need this
condition in the case of super-additive topological pressure defined by variational
relation.

3 Main Results: Bounds on Dimensions and Continuity
of Pressure

Unless otherwise stated, throughout this section we assume that f : M — M is a
C' expanding map of a mg-dimensional compact smooth Riemannian manifold
M, and A is a repeller of f such that f|A is topologically transitive. In this section we
establish a lower bound for the Hausdorfl dimension as well as an upper bound for
the upper box dimension of A by using super-additive and sub-additive topological
pressures respectively. We also prove the continuity of the sub-additive topological
pressure of sub-additive singular valued potentials.

3.1 Singular valued potentials. Let S and S’ be two real linear spaces of the
same dimension, each endowed with an inner product, and let L : S — S’ be a linear
map. The singular values of L are the square roots of the eigenvalues of L*L.
Given z € A and n > 1, consider the differentiable operator D, f" : T, M —
Tn(z)M and denote the singular values of D, f™ in the decreasing order by

ar(@, [*) = aoa, f1) = - = am (2, 7). (3.1)
For s € [0, mg], set

5]
G, 1) = logag(w, f) + (s — [s]) log g1 (z, ) (3.2)
=1
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and
th(xvfn) = Z IOgai(:Bafn) + (t - [t])IOgamo—[t](xvfn) (33)

for t € [0,mg]. Since f is smooth, the functions =z — «;(x, f), x — ¥*(z, f*) and
x — !(z, f) are continuous. It is easy to see that for all n,¢ € N

S (, fT) <, 1) + (" (), £,
o (@, [ > o, f7) + O (" (@), ).

It follows that the sequences of functions

Up(s) o= {0 (5 f")}nz1 and @p(t) = {—¢" (-, /") bnz1 (3-4)

are respectively, super-additive and sub-additive. We call them respectively super-
additive and sub-additive singular valued potentials.

We consider the super-additive and respectively sub-additive pressure functions
given by

Paup(s) := Poar(fla, ¥5(s)) and Psyn(t) := P(f|a, Pf(1)), (3.5)

where Puar(f, Wr(s)) is the super-additive topological pressure of the potential W (s)
and P(f, ®¢(t)) is the sub-additive topological pressure of the potential ®(t). It
is obvious from the definition of super-and sub-additive topological pressures that
Pyup(s) and Py, (t) are continuous and strictly decreasing in s, respectively, in t.

3.2 Lower bound for the Hausdorff dimension of repellers.  For repellers
of C! expanding maps the following result from [BCH10] provides an upper bound
for the Hausdorff dimension of the repeller.

PROPOSITION 3.1. Let A be a repeller for a C' expanding map f. Then the zero of
the sub-additive pressure function Pg,}(t) gives an upper bound for the Hausdorff
dimension of A.

In view of this result it is natural to ask whether

Given a C! expanding map f of an mg-dimensional compact smooth Riemannian
manifold M with a repeller A, is it true that dimgyg A > s*, where s* is the unique
root of the equation Pyp(s) =07

We give here an affirmative answer to this question assuming that f is C'*7 for
some v > (0. The reason we need higher regularity of the map is that we will utilize
some results from non-uniform hyperbolicity theory.

Theorem 3.1. Let A be a repeller for a C'*7 expanding map f : M — M. Then
dimH A > S*,

where s* is the unique root of the equation Py,p(s) = 0.
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As an immediate corollary of this theorem we obtain the following result that
gives lower bound for the Hausdorff dimension of the repeller as the zero of the
topological pressure of the potential —%(-, f), given by (3.2).

COROLLARY 3.1. Let A be a repeller for a C'*7 expanding map f : M — M. Then
dimpy A > s1 where s is the unique root of the equation P(f, —*°(-, f)) = 0.

3.3 Upper bound for the box dimension of repellers. Let A be a repeller
for a C'*7 expanding map. We assume that f admits a a dominated splitting T, M =
E1® Ey®--- @ By with By = Ey = -+ = Ej, (see Section 5 for the definition). We
introduce a sub-additive potential ®(¢) := {—@'(-, f")}n>1 associated with the
splitting as follows.

For each i € {1,2,...,k} let dim E; = m; and let also {43 = my + -+ + mp_g1
ford=1,2,...,k and ¢y = 0. For ¢t € [0, mg] and n > 1, define

k
oMz, f1) = Z mjlogm(D, f"|g,) + (t — £q) logm(D, f"|E,_,)
j=k—d+1
if bqg <t < gy for some d € {0,1,...,k — 1}, where m(-) denotes the minimum

norm of an operator. It is easy to see that the potential &)f(t) = {=@'(, f") > s

sub-additive and that the corresponding pressure function Ps,p(t) := P(f]a, d £(t))
is continuous and strictly decreasing in t.

Theorem 3.2. Let A be a repeller for a C't7 expanding map admitting a dominated
splitting TAM = E1 & Fo @ --- @ Ey, with By = Fo = --- = Ey. Then

dimpgA < t*,
where t* is the unique root of the equation ﬁsub(t) =0.

3.4 Continuity of sub-additive topological pressure. Let f: M — M be
a C map of an mg-dimensional compact smooth Riemannian manifold M with
metric d, which admits a repeller A¢. Let || - | be the norm on the tangent space
TM that is induced by the Riemannian metric on M.

Let h be a C' map that is sufficiently C' close to f. It is well known that A
admits a repeller Ay, such that (A, f) and (A, h) are topologically conjugate that
is there is a homeomorphism 7 : Ay — A; which is close to the identity map and
which commutes f and h, i.e., mo f = hom. Recall that ®(t) is the sub-additive
singular valued potential for h for each 0 <t < my (see (3.4)).

Our first result establishes upper semi-continuity of sub-additive topological pres-
sure of singular valued potential with respect to small C' perturbations. We stress
that our result only requires f to be of class C!.

Theorem 3.3. Let f : M — M be a C' expanding map of an mg-dimensional
compact smooth Riemannian manifold M, and Ay a repeller for f. Then for each
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0 <t < mg the map f — P(f|a,,®y(t)) is upper semi-continuous, i.e., for every
€ > 0 there is a 6 > 0 such that

P(hla,, ®n(t)) < P(fla, f(t) +e€
for every C! map h : M — M with ||f — h|jc: < 6.

We now establish lower semi-continuity of sub-additive topological pressure of singu-
lar valued potential. Note that for this result we require f and its small perturbations
to be of class C'*7 for some vy > 0.

Theorem 3.4. Let f: M — M be a C'™7 expanding map of an mg-dimensional
compact smooth Riemannian manifold M, and Ay a repeller for f. Then for each
0 <t < mg the map f +— P(f|a,,®s(t)) is lower semi-continuous, i.e., for every
€ > 0 there is a § > 0 such that

P(h|a,, @n(t)) = P(f|a,, (1)) — €
for every C'*Y map h : M — M with ||f — h|lc: < 6.
Combining Theorems 3.3 and 3.4, we have the following result.

Theorem 3.5. Let f: M — M be a C'*7 expanding map of a mg-dimensional
compact smooth Riemannian manifold M, and Ay a repeller for f. Then for each
0 <t <mg the map f — P(f|a,,®y(t)) is continuous, i.e., for every ¢ > 0 there is
a 0 > 0 such that

P(fla;, @5(t) —e < P(h|a,, ®n(t)) < P(fla,, @r(t) + ¢
for every CY™ map h : M — M with || f — hljc: < 6.

4 Carathéodory Singular Dimension.

In this section we discuss an approach to the notion of sub-additive topological
pressure which is more general than the one presented in Section 2.4 and which
is based on the Carathéodory construction described in [Pes97]. This more general
approach allows one to introduce sub-additive topological pressure for arbitrary
subsets of the repeller (not necessarily compact or invariant).

Let A be a repeller for an expanding map f and let ® = {p,},>1 be a sub-
additive sequence of continuous functions on A. Given a subset Z C A and s € R,
let

m(Z,®,s,r) = lim inf {Zexp (—S?’LZ’ + sup  ¢p, (y)) } , (4.1)

N—oo YEB,, (x:,r)

where the infimum is taken over all collections {B,,(z;,r)} of Bowen’s balls with
x; € A, n; > N that cover Z. It is easy to show that there is a jump-up value

Py(f,®,r) =inf{s : m(Z,p,s,r) =0} = sup{s: m(Z, ®,s,r) = +oo}.
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The quantity
PZ(fv(I)):}E%PZ(f)¢>T) (42)

is called the topological pressure of ® on the subset Z, see [FH16] for the weighted
version of this quantity.

Since the map f is expanding, the entropy map p — h,(f) is upper semi-
continuous and the topological entropy is finite. This implies that Pp(f,®) =
P(f|a, @) i.e., the topological pressure on the whole repeller given by (4.2) is the
same as the topological pressure defined by (2.3) (see [CFHO08, Proposition 4.4] or
[FH16, Theorem 6.4]).

We consider the case when @ is the sub-additive singular valued potential, i.e.,
O = {—o*(, f")}n>1. Let P(a) = P(f|a,®P) and let o be the zero of Bowen’s
equation P(«) = 0. For each sufficiently small r» > 0, it follows from (4.1) that

m(Z,®, P(ag),r) = lim inf {Z exp ( sup )_gpao(% fn)) } ’

N—oo i yEB,, (zi,r

where the infimum is taken over all collections {B,, (z;,7)} of Bowen’s balls with
x; € A, n; > N that cover Z. This motivates us to introduce the following notion:
for every Z C A let

m(Z,a,r) = lim inf {Zexp ( sup  —¢*(y, fn")> } ;

N—oo YEB,, (zi,r)

where the infimum is taken over all collections {B,, (z;,7)} of Bowen’s balls with
x; € A, n; > N that cover Z. It is easy to see that there is a jump-up value

dime,(Z) :=inf{a : m(Z,a) = 0} = sup{a : m(Z, o) = +o0}, (4.3)

which we call the Carathéodory singular dimension of Z.
We shall show that for Z = A the Carathéodory singular dimension of Z is
exactly the zero of Bowen’s equation P(«) = 0 and that it varies continuously with

f.

Theorem 4.1. Let f : M — M be a C'™7 expanding map with repeller Ay.
Assume that f|Ay is topologically transitive. Then

(1) dimg,, Ay = ag for all sufficiently small r > 0, where o is the unique root of
Bowen'’s equation P(a) = 0;

(2) if h is a C'™ map that is C' close to f, then dim¢(Ay) varies continuously
with h.

REMARK 4.1. The first statement of Theorem 4.1 shows that the Carathéodory
singular dimension of the repeller Ay is independent of the parameter r for small
values of > 0. This allows us to use the notation dim¢c(Ay,) for the Carathéodory
singular dimension of the repeller Ay in the second statement.
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5 Approximating Lyapunov Exponents of Expanding Maps

In this section we show that given an ergodic measure u on a repeller A for a C'+7
expanding map f, its Lyapunov exponents can be well approximated by Lyapunov
exponents on a compact invariant subset which carries sufficiently large topological
entropy. This statement will serve as a main technical tool in proving our main
theorems. We stress that the requirement that the map is of class of smoothness C17
is crucial as it allows us to utilize some powerful results of non-uniform hyperbolicity
theory.

In what follows M is a mo-dimensional compact smooth Riemannian manifold.
We recall the definition of a dominated splitting. Consider a C'*7 diffeomorphism
of a compact smooth manifold M of dimension mgy and let A C M be a compact
invariant set. We say that A admits a dominated splitting if there is continuous
invariant splitting TAM = E @ F and constants C > 0, A € (0, 1) such that for each
reANneN 0#ue E(x),and 0# v € F(x)

IDof" @ oy IDS @I

] o]l

We write £ < F'if F dominates E. Further, given 0 < ¢ < myg, we call a continuous
invariant splitting TaM = E1 & --- @& Ey dominated if there are numbers A; < Ao <

- < Mg, constants C' > 0 and 0 < & < min;(Aj+1 — A\;)/100 such that for every
z €A, neNand1<j </ and each unit vector u € Ej(x)

C texp(n(Aj —€)) < || Dpf™(u)|| < Cexp(n()j +¢)). (5.1)

In particular, £y < --- < Ey. We shall also use the term {/\j}—dominated when we
want to stress dependence of the numbers {\;}.

Theorem 5.1. Let f be a C'*7 expanding map of M which admits a repeller A,
and let u be an ergodic measure on A with h,(f) > 0. Then for any ¢ > 0 there
exists an f-invariant compact subset Q. C A such that the following statements
hold:

( ) htOp( ) hu(f)

(2) there is a{ (u)} do mmated splitting T, M = E1 © Ex®- - - @ E; over Q. where
A(p) < Ae(p) are distinet Lyapunov exponents of f with respect to the
measure .

Consider a C'*Y map h : M — M that is sufficiently C! close to f. Then h is ex-
panding, has a repeller Ay, and the maps f|A¢ and h|Ap are topologically conjugate.

We shall show that there is a compact invariant subset Q.(h) of A of large
topological entropy such that the Lyapunov exponents of p and of any h-invariant
ergodic measure v with support in Q.(h) are close.

Theorem 5.2. Let (f,u) be the same as in Theorem 5.1. Given a sufficiently
small € > 0, there is § > 0 such that for any C'*Y map h : M — M that is 6-C*
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close to f there exists a compact invariant subset Q.(h) C Ay with the following
properties:
(1) htop(hlo.(ny) = hu(f) —
(2) there is a {\;(p )} domlnated splitting T,M = E1 @ Ey @ --- & E; over Q.(h)
where \1(p) < -+ < \(u) are distinct Lyapunov exponents of f with respect
to the measure y;
(3) for any h-invariant ergodic measure v with support in Q.(h) and for each
1 < j < 'my, there is k = k(j) such that |A\p(p) — \j(v)| < e.

We begin with the proof of Theorem 5.1 and we split it into few steps.
5.1 Preliminaries on Lyapunov exponents.  Let
f:(M,n) — (M, ) denote the inverse limit of f : (M, u) — (M, u) where
M = {z:={xp}tnez : ©n € M and x,, = f(xp41) for all n € Z}.

We also let o M — M be the projection defined by 70({@n tnez) = xo for any
{n}nez € M. For each 7 = {zn} € M we have that F(@) = {f(2n)}nez, and the
inverse of f is given by f~ Y{zn}) = {yn}, where y,, = z,,_1. We refer the reader to
[PU10] for more details on inverse limits of non-invertible maps.
Let A = {Z = {z,} € M:z, €Aforallne Z}. 1t is easy to see that f( ) =

K and there exists an f invariant ergodic measure [ supported on A such that
(7?0) p = . It is standard to check that with respect to the cocycle { Dy, f"}n>1, for
p-almost every = = {z,} € A, the Lyapunov exponents are the same as those for the
system f : (M, u) — (M, ). The followmg result ( expresses Oseledets’ Multiplicative

Ergodic Theorem for the system f : ( i) — (M ).

PROPOSITION 5.1. There exists a full i-measure Borel set A C A such that for every
z = {x,} € A there is an invariant splitting of the tangent space Ty, M

TpeyM = E1(7) © E3(7) © - @ Ep) (2) (5.2)
and numbers 0 < A\ (Z) <A2(Z) <- -+ < Ay (T) <+oo and m;(7) (i = 1,2,...,p(7))
such that dim E;(z) = m;(Z) with Zp(l m;(Z) = mgo and

1 " .
lim - log | T¢'(Z)vl| = Ai(z)

n—+oo

for each i and for all 0 # v € EZ(.T}), where
D, f", ifn>0,
0 (7) = Id, if n =0,
(Dy, ™71 if n<0.

Moreover, for any i # j € {1,2,...,p(Z)} the angle between E;(f(Z)) and E; (]?( )
satisfies that

lim_— log Z(E(F"(2)), B;(F"@))) = 0

n—too N
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The splitting (5.2) is called the Oseledets’ splitting. Since [ is ergodic, the numbers

p(Z), \i(Z) and m;(Z) for all i are in fact constants for fi-almost every point Z. Hence,

in the rest of Section 5 we will denote them simply by p, A\; and m; respectively.
For each 7 € A there exists a sequence of norms {|| - ||z, },/°° . such that the

following statements hold (see [BP13, BP07] for details): for any sufficiently small
e >0,

(1) foreach 1 <i<p,alln,l € Zand all v € EZ(J?”(&:\))
NN ollz < T3 @)0llante < X ollz

where TL(Z) := Té(f"(/:z:\)) is as in Proposition 5.1;
(2) for all v € T, M

1 ~ Inl
o]l < l[vllzn < A@,e)e® 2 o],

Vo B
where A(Z,¢) satisfies

[n]

A(fM(@),e) < €5 A(Ee)
foralln € Z and T € A.
In particular, for all v € E;(Z) we have
e %|vl|z,0 < 1Dy f(0) |31 < M ollz0;
e M ollzo < [1Daof M O)llz—1 < e M0l o
Given k > 1, consider the regular set
Ap={ZeA: AF, ) <)

The standard results of non-uniform hyperbolicity theory (see [BP13]) show that
regular sets are nested

AlCAQC"'CAkCAk+1C"'

and for every k > 1 one has f¥1(Ay) C Ajiq and Ji(Ay) — 1 as k — oo. Hence, for
every 0 > 0, there exists K € N such that i(Ag) > 1 — 0 for every k > K. We would
like to point out that f is uniformly hyperbolic on each regular set Ay, and hence,
the angle between different E;(7) is uniformly bounded away from zero.

For € > 0, let R(e) denote the ball in R™° centered at the origin of radius e. We
now recall some properties of Lyapunov charts {¢5 : Z € A} for f, see [BP13] for
the proofs.

PROPOSITION 5.2. There exists an ]?—invariant Borel set /A\Q\ C A of full [I-measure
such that for any € > 0 there exist: 1) a Borel function ¢ : Ay — [1,400) satisfying
é(fi(ﬁf)) < el(x) forallx € Ao; and 2) a collection of embeddings ¢z : R(((Z)~!) —
M such that



1340 Y. CAO ET AL. GAFA

(1) ¢z(0) = 9 and R™(Z) := (Dopz) *(Ei(Z)) (i = 1,...,r) are mutually orthog-
onal in R™;

(2) For each n € Z, let HY = gp];nl@) o f” o @z be the connecting map between

~

the chart at & and the chart at f™(z). Then for each n € Z, 1 < i < p, and
v € R™(Z) we have

"N o] < |DoHE (v)] < @),

where | - | is the usual Euclidean norm on R™°;
(3) let Lip(g) denote the Lipschitz constant of the function g, then

Lip(Hz — DoHz) < e, Lip(H;' — DoH;') < ¢
and
Lip(DoHz) < (@), Lip(DoH; ') < 4(2);
(4) For every v,v' € R(I(z)~!), one has
Ky td(p3(v), 02(0") < v —2'| < L@)d(pz(0), p3(0"))
for some universal constant Ky > 0.

5.2 Extending Oseledets’ splitting. Given 7 € Ay, we can extend the invari-
ant splitting (5.2) and the Lyapunov metric in the tangent space to a neighborhood

B (wof1(2), (re 2% =03
of 770]/“\*7;(&:\) for i > 0, where the number r is chosen to satisfy

1 eM(ef —1)
0 < mi 5.3
<r_m1n{KmO, K i } (5.3)

and K is the Hoélder constant of the differentiable operator Df. To see this for
every z € B(T('o]?_i(/.f), (re_%e_e(k“))%) and v € T, M we translate the vector v to a
corresponding vector v € T fﬂ-@)M along the geodesic connecting z with WOJ?*"(ZE)
and we set [|v||, = ||v]|z,—;- We thus obtain a splitting of the tangent space at z

T.M =FEi(2)® - ® Ep(2),
by translating the splitting

T, ¢ oM =Er(mof (@) & - ® Ey(mof ()

at the point Wof_i(/.’f) along the geodesic connecting z with this point.

Let f, ! denote the corresponding inverse branch of the map f| B(xz,5) Where 4 is
chosen such that the map f| B(x,s) 18 invertible for each z € A. Then we have the
following results.
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LEMMA 5.1. Let T € Ay. Assume that for some i > 1 and some r > 0 satisfying
(5.3), the following conditions hold:

(1) y € B(mof (@), (re~27e <0,
(2) f(y) € B(mof "H1(@), (re~%e=(kFi-D)7).
Then for every v € Ej(y) (j =1,...,p) we have
M olly < 1Dy f(0)ll 4y < Mo,
e ol < \|Dyf;0},i,1@)(v)”y* < e N,

where y* = 71 (y).

of 7 1(@)

Proof of the lemma. Choose small € > 0 such that (k —&)~! < e~%/7 and
d(f(2), f(y)) > (k = e)d(z,y)

for every x,y € A with d(z,y) < 7'/7. Thus, if y € B(ng_i(’z\), (re_%e_a(k”))%)
then

d(f @ mof TN @) = A W) (e (@)

e~ d(y, mof (7))
< (7,6725675(16+i+1))%7

i.e. flle

1D, £ )56 = 1Dy f @)z —i1
<UD, ;- FOlls—i1 + Dy f (@) = D, 1o F Ol i
<UD, ;o F@lla i1 + e* Dy f(0) = D, ;) F0)]
S¢“M%q+ﬂﬁKHmfﬁmwMW (5.4)
< Nl + e Korem e g o],
= (M 4 Kre™* g ol

< ol

5 € B(mof~=1(7), (re~¥e~sk+i+1)7) For every v € E;(y),

where we use (5.3) in the last inequality. Similarly, one can show that || Dy f(v)]| ¢y =
%72 |v|,. The second estimate can be proven in a similar fashion. 0

Let & € Aj. Assume that Conditions (1), (2) in Lemma 5.1 hold for some i > 1.
We define two cones as follows:

Vi(x,&) = {(U17U2) M EEI @ BDE;, e Ei 1@ E), v < fl!m\l*}
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and
Uj(*,f) = {(w1,w2) rw €L B @Ej, wy € Ej+1 D--- @Ep, HUJ1H* < fHUJQH*},

where the point * = { f ,f(y)} and £ > 0 is a small number. These

of *l(x)( vy
cones have the followmg properties.

LEMMA 5.2. Let T € Ay and assume that Conditions (1) and (2) in Lemma 5.1 hold
for some i > 1 and a number r > 0 satisfying (5.3) and the following condition
e>\j+1—€ _ 6>\j+€

_—_— 5.5
r< % (5.5)

Then the cones defined above are invariant in the following sense: there exist £ > 0
and 0 < A < 1 (both depending on r) such that with y* = f;}ﬂ-fl@) (y),

Dyf~" Vi(y,§) € Vj(y", AE) and Dy fU;(y, €) € U;j(f(y), AS).

of 1@ Y
Moreover, for every v € Uj(y,§),
1Dy (@)l 5y > €73 o],

and for every v € Vj(y,§),

1Dy 7%y @l 2 A4 ol

Proof of the lemma. Fix a small number £ > 0 and let

C 0 D11 D
Do f= 11 and D, f = D)
mof (@) 0 Ca Dy Doy

Using the same arguments as in the proof of Lemma 5.1, we obtain that f G )(y)

€ B(mof " L(3), (re_%e_e(kﬂﬂ))?). Then using an argument similar to the one in
(5.4), we have that

||Dyf - Dﬂof—i(gg)fo(y) = HDyf - Dwof—i(a})fuft\—i-‘rl
< * | Dyf D, ¢ o]
< eF e Kd(mof (@), y)]
< eekesiKref eefe(kJrz)
< Kre 2.
This yields that

|C11 — D11l gy < Kr and  [|[Co2 — Daal| () < K,
D12l ¢y < K7 and D21 £y < K.
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Therefore, for every v = (v1,v2) € Uj(y,§), setting Dy f(v) = (v],v5), we obtain
that
)\‘
1011l 7¢) = 1D11(v1) + D12(v2)ll 5y < (€M7° + Kr)l|oally + Krllvlly
< (M (14 KT |vay
and
Aj1—
[03ll £y = I1D21(v1) + Daz(v2)|| ¢y > (€37 = Kr)l[valy — K7llos ]l
> (M7 — (14 O K7)||valy-
Thus,
erite 4 (14—1) Kr erite 4 <1—|—l> Kr
bl ) < el
e — (1 +&)Kr 20/ eNiv1i—€ — K 20/ )

vl p ) <
Denote C := e*+17¢ — ¢N+¢ and choose N > 0 such that % < % Let £ = Nr and

e)\J+€+ (1+%) K'r B 6)\j+E+KT+%

)\ = =
edivi—e — Kr eliti—e — Kr

Since by (5.5), 2Kr + & < C, we have that 0 < A < 1. It follows that

o1l ) < Aéllvall £y
and hence, D, fU;(y,§) C Uj(f(y), A§). Moreover,

1Dy @)y = 105, 08 50y = el s 1950} = o5l )
> (M7 — (L+ &) Kr)|vally > e+ 75 o],

This proves the first inequality and the second one can be proven in a similar
fashion. O

Given z € A and m € N let f, ™ denote the corresponding inverse branch of
the map f[p(fm-1(2),8) © " © fB(x,5), Where § is chosen such that the map f|py,s) is
invertible for each x € A. The following results can be proved using similar arguments
as in the proof of Lemmas 5.1 and 5.2.

COROLLARY 5.1. Assume that f™(%) € Ay, for some m € Nt and m(Z) = x. Then

for a sufficiently small number r, y € B(f™(x), (re‘zge_gk)%) and v € Ej(y), v’ €
E;(f;™(y)) we have that

< ey,

< em()\j +2¢) ’

e o]y < Dy £ (0)ly
=)Wy < ([ Dy fW)y

where y* = f.™(y) € B(x, (refzsefs(’”m))%).

[0'lly-
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COROLLARY 5.2. Assume that f™(Z) € Ay, for some m € Nt and 770( ) = x. Then

for a sufficiently small number r and any y € B(f™(x), (re”*%¢ Ek) 7 ) there are some
&€ >0and0< \ <1 (both depending on r) such that

Dy f,;"Vi(y,§) C Vi(y™, A™E) < IntV;(y*, §),
Dy f"U;(y*, &) C Uj(y, ™€) € IntUj(y, €),

and for each v € Vj(y, &), w € U;(f;™(y),€) we have
1Dy f ™ ()lly = e N olly,  [[Dye f (w)]ly = €O ]y

where y* = f™(y) € B(x, (re_%e_g(“m))%) and Int(-) denotes the interior of a
set.

REMARK 5.1. In Corollary 5.2, since fm(ﬂ/f) € Ag, we have that for every w €

Uj(fz ™ (), €),
|| Dy f™ (w)[| = 1Dy ™ (W)l 3y 0 = 1Dy £ (w)lly

1
> 6m(>\j+1735 w N > em()\j+173€) w .
> [lly- > | ”7\/7770
This yields that ||Dy- f™(w)|| > e™Xi+1749)|jw]| for all sufficiently large m. Hence,
in Corollary 5.2, for each v € V;(y,&), w € U;(f; " (y), ) one has for all sufficiently
large m that

1Dy f " (0)]| = e N H o], |IDye S (w)]| = €™ .

Similarly, in Corollary 5.1, for every v € Ej(y), v" € E;(f;™(y)) one can further
have that for all sufficiently large m

e AT o] < |[Dy £y (0)] < e,
"N | < | Dy f)|| < P ).

5.3 Constructing a compact invariant set with dominated splitting.
The aim of this section is to construct a compact invariant subset of A on which
the topological entropy of f is close to h,(f) and the tangent space over this sub-
set admits a dominated splitting with rates given by Lyapunov exponents of u. To
achieve this we will produce a sufficiently large number of points that have distinct
orbits of certain length.

By the Brin-Katok entropy formula (see [Kat80]), if 4 is an f-invariant ergodic
measure, for each ¢ € (0,1) we have

1
hu(f) = lim lim inf — log N (1, n, €,6) = lim lim sup — logN(u,n £,0),

E—0 n—oo N E—=0 pnooco N

where N(p,n,&,0) denotes the minimal number of Bowen’s balls {B,,(z,£)} that
are needed to cover a set of measure at least 1 — J. Fix a number § € (0,1) and
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a small € > 0. Then there exists & > 0 such that for every & < & one can find a
number N; satisfying: given a set A of measure > 1 — 2§ and a number n > Ny, any
(n,&)-separated set E C A of maximal cardinality satisfies

Card E > exp(n(hu(f) —€)). (5.6)

Let us start by choosing some ¢ € (0, A\1/3). There is a regular set Ag, C Kf such
that fi(Ag,) > 1 — ¢ and for every z = {z,} € Ak,, y € B(m(Z), (7‘6_256_51(1)%),
and 7 > 1 we have

1Dy £,

Y o (z) 19" < eii()\ligah (57)

where y* = f;@ (y). Set

p= (re_%e_EKl)%. (5.8)

Consider a cover of mo(Ag,) by balls B(z1,p/4),...,B(zj,p/4) with centers z; €
mo(Ak,),i=1,...,7.

Let P = {Py,..., P}, £ > j, be a finite measurable partition of M such that
P(x;) C B(x;,p/4) for i =1,2,..., 5. Here P(x) denote the element of the partition
P that contains x. Such a partition does exist, for example, we can take the first j
elements of P as follows:

k—1
Py = B(x1,p/4), ..., Py = B(ay, p/H\ | Pi for 2 <k <.
=1

We have the following result.

LEMMA 5.3. Given numbers € > 0 and § > 0 and a positive measure set Ag, as
above, there exist a positive integer No = Na(e,d) and a compact subset Ay C A,
(possibly depending on e and §) such that [i(AL) > 1 — 26 and for every z € A, and
n > Ny we have

ﬂofk(f) € P(mo(x)) and fk(fﬁ) € Ak, for some number k € [n,n + en).

Proof of the lemma. The partition P = {Pi,..., P;} of M induces a partition P =
{Py,..., P} of M given by P, = {Z : mo(Z) € P;}. Let

7= min {e, filAx, 0 F)/4}. (5.9)

Since p is ergodic, Birkhoff’s ergodic theorem implies that for each ¢ = 1,...,¢ and
p-almost every T we have

1 ~ ~
lim —Card{k: € {0,....,n—1}: F*@) € Ag, mPi} — fi(Ax, N D).

n—oo N
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Using Egorov’s theorem and the regularity of the measure u, we conclude that there
exists a compact set A}, of fi-measure at least 1 — 24 such that the above convergence

is uniform on A, for each i =1,...,¢.
Hence, for the number 7 > 0 given by (5.9), there is a number Ny > 0 such that
for every T € A}, every n > Ny, and all i = 1,...,¢ we have

‘Card{k €{0,...,n—1}: fk(ﬁf) € Ag, ﬂlgl} — Ak, N ]31)71’ < 7n.

Assume that Nj is chosen large enough that lrg'igg(ﬁ(AKl N P;) — 37)Nae > 1. Thus
<i<

for every T € Al every i = 1,...,¢, and every n > Ny we have

Card{k: e {n,....n(1+e)—1}: F¥@) € Ag, mé}
:Card{ke (0,...,n(1+e)—1}: f*@) € Ag, nﬁi}
—Card{k €{0,...,n—1}: fk(iﬁ\) € Ak, 0131}
> li(Ag, N P)n(l +¢) —n(l + )72 — fi(Ak, N P)n — nr?
= ne(fi(Ag, N P) — 72) — 2n72
> ne(fi(Ag, N P;) —37) > 1.

Clearly, f*((%)) € P; if f*(%) € P;. In particular, this is true for the index i with
P; = P(mo()). This concludes the proof of the lemma. 0

Choose n > max{Ny, Na} such that

1
e M), < 3 (5.10)

(recall that mo = dim M) and a maximal (n, p)-separated subset E C my(AL). It is
easy to see that (J,cp Bn(w, p) has p-measure at least 1 — 25. We partition the set
E into sets Fi, n < k < n(l+¢)), defined by

B, = {x € E:min{l € [n,(1+e)n)NN: f(z) € P(z)} = k:}

that is, having the same return time k to their partition element. Let m be the index
satisfying

Card F;, = max Card F},.
n<k<n+en

Since

Card F = Z Card Iy,

n<k<n+ten
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we obtain that (en)Card F},, > Card E. Observing that en < ¢, we find using (5.6)
that

Card F,,, > Card B n(h,(f)-2¢)
o EN -

Choose a point z; such that the corresponding element P(x;) has the property that
Card(F,, NP (x;)) is maximal. We then have

Card(Fy, 1 P(2i)) > ~Card Fyy, > Lenhu(=22).
J J

Recall that exactly after m iterations each point z € F,, NP (x;) returns to P(z;),
and hence to B(x;,p/4). Recall also that for each such z there is ¥ € Ak, with
mo(Z) = x so that f™(Z) € Ak,. Given z € F,,, N P(z;), let

Up = f; " (B(xi, p/2))-

Notice that f™(z) € B(x;,p/4) C B(f™(z),p/2) and by (5.8),
B(f™(x),p/2) C B(f™(x), (re*e=K1)7).
Consequently, by (5.7), for every z € B(x;, p/4) we have
D2 f5 | oz < €™M,
Note that || - || y-m(z) = || - [[z,—m, and by the definition of regular set Ay, we have
1D-f7 ™| < e N3 mg

Hence, by (5.10),

1
diam U, = diam f;™(B(z,p/2)) < e ™M 3 map < FIG

Thus U, C Bz, 3p) and U, C B(w;, p/2). For every two distinct points z,y €
Fm NP(x;), there exists Uy = f, " (B(wi, p/2)) and Uy = f,""(B(xi, p/2)) so that
U, C B(w,p/2), Uy C B(wi, p/2) and U, N U, = 0.

Otherwise, suppose that there exists z € U, N Uy. Then
A, 2) < p/2 and dun(y, =) < p/2.

which contradicts to dp,(z,y) > d,(x,y) > p, since z,y € F,, are (n, p)-separated.
For every x,y € Fy, NP(x;), note that f, " (U,) C U,. Therefore, we can consider
the following maps
f”'L f7n
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For every z € U,, i =1,...,p we have
D.f"Ui(2,€) C Us(f™(2),A™E),  D:f,"Vi(2,€) C Vi(f, " (2), A™).
Given a point * € Fy,, N P(z;), consider the map
J M Ue) = £ (Us).
By Corollary 5.2, we have for every z € f,"(U;) and every i = 1,...,p,

szmUZ(ng) C Ul(fm(z)v )\mg)’ sz*—mv;(z’g) C V:L(f*_m(z)a )\mg)
Let R.o = B(x;,p/2) and for all [ > 0,
Rs,lJrl = U f:;m(Rs,l)‘
$€Fmﬂ'P(x,-)
They form a family of nested non-empty compact sets and hence, setting
R. = () Ry,
>0

we obtain a non-empty compact set which is f™-invariant and also f, ™-invariant

for all x € F,,, NP (x;) in the sense that R. = U " (Re). We also have for
z€F,,NP(z;)
every | > 0, every z € R.;, i =1,...,p, and every point x € Fy,, N P(x;),

D.f"Ui(z,§) C IntUs(f™(2),€), Dof."Vi(2,€) C IntVi(f, ™ (2),€)
and
ID-f™ ()] = e =4 o), || Dofr ™ (w)]| = e ™A |

for every v € Uj(z,§), w € Vi(2,£). Therefore, f™|g. is uniformly expanding and it
is topologically conjugate to the one-sided full shift over an alphabet with Card F},,N
P(z;) symbols. This implies hiop(f™|r.) = log(Card Fy,, N P(z;)). Let Q. = R U
f(R)U---Ufm Y(R,.). We wish to show that Q. is the desired compact set. Clearly,
Q. is f-invariant, and we have that

htop (f

Using the fact that (1 +¢e)n > m > n, we obtain

1
0.) = . log(CardF,,, N P(x;)).

htop (f

1 1
0.) 2 108+ (hu(f) = 2) 2 () = 3e.

We now show existence of a {\;}-dominated splitting over Q. satisfying (5.1). Let
¢ = Card F;,, N'P(z;). For every z € R, there is a unique sequence (y1y2...Yn...) €
2, (here X is the one sided full shift over ¢ symbols) such that

e= (o frmo w0 £, (Blai, p/2))-

n>0
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Hence, for every v € T, M,
D2 £, ) gz < €7 .
Also, by Corollary 5.2 and Remark 5.1 we have that
D.f"Ui(2,€) C IntU;(f™(2),€), D:fy,"Vi(z,€) C IntVi(f,,"(2),€). (5.11)
and for every v € U;(z,£), w € Vi(z,§),
1D-f™ ()| = e = o], |[D. f, " (2) (w)]| = e ™M ]| (5.12)

We shall show that (5.11) and (5.12) imply existence of a continuous splitting on
R,

T.M = Er(2) © Ea(2) - @ Ep(2),
and for every v € E;(z),
em(Ai—Sa)”vH < HDmeU” < em(>\i+35)||’UH.

To see this note that for every z € R, there is a unique sequence (0103...0,...) €
Ez such that

2= (NUo o o 00 £, (Blai p/2).

n>0

Note that f, "o f; " o---0 f;™(z) € R, for every n > 1. Since the set R. is compact
and by construction, the cones U;(z, &) and Vj(z, &) depend continuously on the point
z € R., existence of invariant subspaces F;(z) follows from (5.11) and (5.12). Indeed,
using the standard techniques in hyperbolicity theory (see for example, [KH95]), one
can show that

Ei(z) = ﬂDfémUifl(f;gm0"'0f;;m(z)vf) N

£>0

o0

(VD500 f3"WVilF(2),€) | »

>0
where o} is defined so that wof*im(g) € Uy = f,"(B(x,p/2)) and Z is chosen such
that 7 € R. C A with mo(%) = z.
5.4 Constructing compact invariant sets with dominated splitting for

small perturbations. =~ We present a proof of Theorem 5.2. Recall that h is a C'+7
map which is sufficiently close to f in the C' topology. Following the construction
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of R., we may find a subset R.(h) of Aj that we will briefly recall. Start with
the same F,,, N P(x;) as in the previous section. For every = € F,, N P(x;), let
diamU" = diamh;™(B(z;, p/2)). One has that

1
diam U < 3
Moreover, one has that U C B(z, £p) and Ul C B(x;,p/2). For every two distinct
points x,y € Fy, NP(x;) we have that Ut N U} = ) and h,™(U,) C U,. Consider
the following maps

hyUE) S TR S B @), ).
For z € Ul i=1,...,p the cones have the following properties:

DUy (2,€) € Uy(W™(2), ™€), Dahy™Vi(2,€) C Vi(hy™(2), A€).

Let REO = B(z;,p/2) and for all [ > 0,

Rl = U hy™(RL)).

zGFmﬂP(l‘i)

These sets form a family of nested non-empty compact sets, yielding a non-empty
compact set

_ h
- ﬂ Re,l
>0

which is A™-invariant and also h;"™-invariant for all x € F,, N P(x;). Note that

hm|R5(h) and f™
conjugate to the full shift over ¢ symbols with ¢ = Card F,,, N P(x;). We also have
for every z € R.(h), there is a unique sequence (0103 ...0y,...) € X, such that

z= () ho"ohg o 0h,™(B(xi,p/2))
n>0

and for every ¢ = 1,2,...,p one has
D.h"Ui(z,§) C IntU;(h™(2),&), D h;"Vi(2,§) C IntV;(h,;"(2),§) (5.13)
and

IDR™ ()| = e =3 o]l ([ Dok (w)] = e ™A )| (5.14)

for every v € Uj(z,§), w € Vi(2,§). Hence, h™|g_(1) is uniformly expanding, and the
set

Q:(h) = Re(h) Uh(Re(h)) U -+~ U R} (Re(h))
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is h-invariant. In addition, we have that

o.(m) = hwop(fla.(p)) = hu(f) — 3¢

and the first statement of the theorem follows. To prove the second statement,
observe that by (5.13) and (5.14), using the standard cone technique in [KH95], one
can show that there exists a continuous splitting on R.(h)

hiop (R

T.M = E(2) ® Ea(z2)--- @ Ep(2)
so that for every v € E;(z),
Aol < | DAl ) < €N o (5.15)

This implies the second statement. The last statement of the theorem follows im-
mediately from (5.15).

6 Proofs of Main Results

6.1 Proof of Proposition 2.1. Fix a positive integer m. Since F,(V,u) =
sup % J m dp, for every p € M(X, f) we have

hu(f) +;/1/)de < hu(f) + Fu(V, 1) < Poar(f, ¥),

The variational principle for the topological pressure of a single continuous potential

(see (2.4)) yields that
P(5) < Putrm).

It follows that

limsupP( ¢n> < Poar(f, ).

n—oo

On the other hand, for each u € M(X, f) we have that
hyu(f) + Fou(W, p) = lim. (h“ /% du < hmmfp(f %)
This yields that
Prar(f, ¥) = sup {hu(f) + Fu(W,p) 0 p € M(X, f)} < lim inf P < d;:)

and completes the proof of the first equality.
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To prove the second equality choose p € M(X, f) and note that u € M(X, f¥)
for every k € N. By the variational principle for the topological pressure (see (2.4)),
for every p € M(X, f),

P00 = 1 () [ondn) =)+ [
It follows that
timinf 3 P(FY, ) > hy() + lim 3 [ di = () + Fu(2, )
Since p is any measure in M(X, f), we have that

likrgioréf %P(fk,@bk) > sup {hu(f) + F(U, ) pe M(X, f)} = P (f, ¥).

=0 J*

For any k € N and p € M(X, f*) the measure v := %Zk_l ‘11 is f-invariant and
ho(f) = £hu(fF). Since {,k(2)}n>1 is super-additive with respect to f¥, we have

For each 0 <i < k — 1, the super-additivity of {¢,(x)},>1 with respect to f implies
that

/ k(@) dfip > / i) dfip+ / B () dfip + / Gy dfp
> 2m+ [ v yel o) du=2m+ [ v o) dn

where m = —maxg<j<i—1 ||¢il|co. Summing over ¢ from 0 to k — 1, we obtain that
b [ bunta)dv = 2k [ o ige(o) di
Dividing both sides by nk and letting n — oo, we find that
EF (U, v) > /1/% dj.
This implies that
Pasl,9) 2 h(f) + Fu(W0) 2 L0+ [ )
Since p € M(X, f¥) can be chosen arbitrary, this yields that

Pvar(fv\p) > %P(fkad)k)

and since k can be chosen arbitrarily, we obtain that

Prae([, ) > limsup £ P(7¥, )

k—o0

and the second equality follows.
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6.2 Proof of Theorem 3.1. We split the proof of the theorem into two steps.

6.2.1 Dimension estimates under the dominated splitting assumption. Let A be
a repeller for a C'*7 expanding map f : M — M. In this subsection we obtain a
lower bound of the Hausdorff dimension of the repeller assuming that f|A possesses
a dominated splitting.

Assume that the map f|A possesses a {\;}-dominated splitting TAM = E; &
Es® - E, with By = FEy > --- = Epand A\y > Ay > --- > A\, Let m; :dimEj,
rj =mj+---+m; for j € {1,2,...,k} and ro = 0. For each s € [0,mp], n > 1 and
x € A, define

d

(@, f*) =Y mylog | Daf" |5, || + (s = ra) log | Daf" ||
j=1

if rg < s < gy for some d € {0,1,...,k—1}. It is clear W(s) := {=0° (@, /™) 1
is super-additive. Let Pyup(s) := Pyar(f[a, ¥¢(s)). One can easily see that Pyp(s) is
continuous and strictly decreasing in s.

LEMMA 6.1. Assume that the map f|A possesses a {\;}-dominated splitting Ta M =
EitoE, & - L, with By = Ey = -+ = Ep and \y > Ay > --- > \,. Then
dimyg A > s1, where sy is the unique root of Bowen’s equation
P(fla,=v*(, f)) =0.

Proof of the lemma. Let {P1, P> ..., Py} be a Markov partition of A. It follows that
there is § > 0 such that for each i = 1,2,... k the closed d-neighborhood P; of P;
is such that P; C U (here U is an open neighborhood of A in the definition of the
repeller) and ﬁz N E = () whenever P; N P; = (. Given an admissible sequence i =
(1071 . . .in—1) and the cylinder P ;, . _,, we denote by ]Sioil...in_l the corresponding
cylinder. Note that the {\;}-dominated splitting can be extended to U, since the
splitting is continuous on A. Furthermore, note that = — FE;(z) is Holder continuous
on A since the splitting TaM = Ey @& Es @ - -+ @ Ej is dominated, and the Holder
continuity of the map = — Ej;(z) can be extended to U, so is the map = — || D, f
for every i =1,2,..., k. _

Since P(f|a,—%® (-, f)) = 0 and ¢* (-, f) is a Holder continuous function on A,
there exists a Gibbs measure p such that

n—1 n—1
K~ 'exp (— > Ut (fi(x), f)> < (Pigiywin ) < Kexp (— > Ut (fi(x), f))

i=0 i=0
for some constant K > 0 and every z € P, ;,. 4, ,. Since I\M = E1 ® FEy®---® Ej
is a dominated splitting, the angles between different subspaces E; are uniformly
bounded away from zero. Therefore, P; contains a rectangle of sides

E;

0%1-+-tn—1

mq mp
-

a|| D, f*| 7" - al De, 7 m 17 - all D fo I - all D £ B 17
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where a > 0 is a constant and &; € 132‘01'1...@‘”_1 for each ¢ = 1,2,... k. Since f is
expanding and the map @ — || D, f|g,|| =" is Holder continuous, there exists Cp > 0
so that

-1

1 11520 1Dy £ 2,

< — = — < (o
Co ™ T15Z0 IDps fle I~

. . - -1
This together W1~th the fact that ||De, f™ > IT5 |
Dyienflell™ (i =1,2,... k) imply that P, ., _, contains a rectangle of sides

for every z,y € P, E;

071 p—1"

ma ma my
A

a1Ai(z,n),...,a1A1(z,n),a1Az(x,n),...,a1As(x,n),...,a1Ax(x,n), ..., a1 Ax(z,n)

for some constant a; > 0 and = € P, ;, i, ,, where A;(x,n) := H?;& 1D ts ) fle || 7!
foreachi=1,2,...,k.

Without loss of generality, assume that r; < s < r; 41 for some i € {1,2,...,k}
and let

Q= {i = (g1 -+ in—1) : a1 Aijp1(z,n) <rforall z € P, ..i,_,;
but a; Aiy1(y,n — 1) > r for some y € Pioi1~~~in71}'

Therefore, for every i = (igi1 - -ip—1) € Q we have
br < ajAiyi(xz,n) <rforallz e P,

001 tn—1)

where b = C; * mingep || Do f| 74 Recall that A;(x,n) < As(z,n) <--- < Ag(z,n).
Let B be a ball of radius r and B a ball of radius 2r. Put

Q) ={ie QRN B #0}.

Hence, for i € Q1 we have ]31 N B contains a rectangle of sides

mq m;

a1Ai(z,n),...,a1A1(z,n),...,a1Ai(z,n),...,a1A;(z,n),

mMo—"T;
7\

a1Aiv1(z,n), ... a1 A1 (xz,n)

It follows that

a0 Ay 1 (z,n)™0 77 Ay (2, n)™ - Ay (2,0)™ < voly,, (PN B).
Since

Aipa(z, )™ = A (z,n)” " A (2, )™

b mo—S1
> Aipa(z,n)> " <a> o
1
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we have

agr™ T Ay (2, n) T Ay (e, )™ Ar (2, n)™ < volyy,, (PN B)
for some constant as > 0. Therefore,
Z agr™ 7 Ay (@, n)* T Ag(@, )™ - Ay (2,1n)™ < Vol (B) < 2M0qgr™o
i€,
for some constants ag > 0. Hence,
Z Aip1(z,n)? 7 Ay (z,n)™ - Ay (,n)™ < agr®
icQ,
for some constant a4 > 0. On the other hand, one has

w(B) < Z 1(Pigiy i 1)

(ioil---in—l)egl

n—1
<K Y ew (—ZJ&(#(W))

(i0%1..0n—1)EQ1 =0

=K Z Aiv1(xz,n) 7" Ay (x,n)™ - Ay (x,n)™
(i0%1.-0n—1)EQ1

< agr®

for some constant as > 0. This implies that dimyg ¢ > s; and hence, dimg A >
dimg p > s1. O

Observe that an ka—invarian:E measure g must be kaH—invariant. This together
with the super-additivity of {—*(-, f™)}n>1 yields that for any f2"-invariant mea-
sure [,

1

P =0 ) 2 i ) 42 [ =8 1) dw)

ok+
= () + / 5 (£ dp).

Hence,

k41 ~ k41 1 k ~ k
2k+1 P2 =0 f2 ) 2 e PO =07 (. 7). (6.1)

By Proposition 2.1, we have

Psup(s) - hm ok (f2k _{Z;s('afzk)) = PVar(f|A7 {_QZS(hfn)}) (62)

We shall show that under the same requirements as in the above lemma, one can
obtain sharper dimension estimates.
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LEMMA 6.2. Assume that the map f|A possesses a {\;}-dominated splitting TA M =
Fi®E,®---® E, with B4 = FEy » --- = E. and \y > A2~> -+ > M. Then
dimpy A > s*, where s* is the unique root of Bowen’s equation Pg;p(s) = 0.

Proof of the lemma. Note that for each n € N, the set A is also a repeller for f2".
Using Lemma 6.1, for every n € N, one has dimyg A > s, where s, is the unique
root of the equation

P(f¥ |a, —* (. £*)) =

By (6.1), we have that s, < s,41 and hence, there is a limit s* := lim;, o sp. We
have that dimy A > s*. It now follows from (6.2) that Py, (s*) = 0. 0

REMARK 6.1. In the proof of Lemmas 6.1 and 6.2, we only use the fact that the
splitting T = E1@®Ex@- - -@ E}, is dominated. We still put {\;} —dominated splitting
condition in the statement of the above two lemmas, since it is required that there is
a {\j}—dominated splitting over the constructed compact invariant set in the proof
of Theorem 3.1.

6.2.2 Proof of the theorem.  Let m < s* < m+1 be the unique root of Py,p(s) = 0.
We first observe that

Pvar(f|/\a{7ws*( fn)})
= sup ){h — lim /ws M) du

neEM(fla neen

= 5w {Ru()= () + -+ A+ (5" = m)Ania () },
HEE(fla)

where A\j(u) > -+ > A\, (1) are the Lyapunov exponents of u. It follows that for
every € > 0 there exists an ergodic measure p € E(f|a) such that

Poar(fla A=0" (. D) — € < hu(f)=(Aa(w) + -+ A1) + (8" = m) g1 ().

Applying now Theorem 5.1 to measure p we find a compact f-invariant set A, C A
such that

(1) A; admits a {)\;}-dominated splitting Ty M = E; @ Es @ - - - & Ej;

(2) hiop(fla.) = hu(f) —£/2;
(3) el <Dz f ()|l p) < MWt ||y||, for every v € Ej, j=1,...,k.

The third property implies that for each j = 1,...,k and each ergodic measure v
supported on A,

)\](M) — € S )\](V) < )\](/'L) +€7 .7 = 1727" -5 Mo
By Lemma 6.2, we have

dimg Az > s, (6.3)
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where s¢ is the unique root of the equation Py, (f
we have

Aa{_{/\;s('vfn)}) =0.If s > 5%,

dlmHA > dlmH AE > 8 > s*

and the desired result follows. Otherwise, assume that rgy < s* < rgy; for some
d € {0,1,...,k — 1}. By the variational principle for the entropy, there exists an
ergodic measure v on A, such that hiop(f|a.) < hu(f|a.) +¢/2 and hence,

1 . 1 .
:ijnh_}ngo—/logHDxf g, || dv + (5" —rg) hrn —/logHDxf |E. |l dv

j=1

< Z —Aj(v) +ree + Z —Ni(@) + (m —rg)e — (8" = m)Apy1(v) + (s* —m)e
J=1 Jj=raq+1

<3N ) = (5" — MPAmar () + moe
j=1

where the second inequality follows from (3). Similarly, one has that
! o = .
nh_)ngo - / —° (x, f")dv > Z —Aj(v) = (8" = m)Apg1(v) — mee.

j=1
It follows that

V&I"(f’A?{ T/JS ( fn)})
) 4+ ) + (5 — ) ()

< a)-(n <> T An() + (5 — M)A () + (57 + D
ho(f 5>+hm/ ¥ (£ dv + 2o + 1)e
< Prae(flas =% (- f)}) + 2(mo + 1)e.

Since

Flac =05 ¢, ™))

A A= (5 f™)}) = Peae(f

< |s* — se|log L,

var (

|s* — sc|logk <

where L = maxgep || Dy f||, we obtain that

|5 = sl log & < Puar(fla s {0 f")}) = Paar(fla., {=0° (- f)}) < 2(mo + 2)e.

Hence,

Se > 8" —[2(mo + 2)/ log Ke.
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This together with (6.3) yields that

dimyg A > dimpg Az > s* — [(mo + 2)/ log Ke.
Since € can be chosen arbitrary small, this implies that dimg A > s*.

6.3 Proof of Corollary 3.1. By Theorem 3.1, one has dimyg A > s* where s*is
the unique root of the equation Py (f|a, —{¥*(-, f*)}) = 0. For every s € [0, mg] it
follows from (6.1) and (6.2) that

Poar(fla, ={0°( f")}) = P(fla, =¢°C, 1))

Hence, s* > s; where s; is the unique root of the equation P(f|x,—¢*(:, f)) = 0.
The desired result immediately follows.

6.4 Proof of Theorem 3.2. As in the proof of Lemma 6.1, we may assume
that the map  — m(D;f|g,) is Holder continuous on U for each i =1,2,... k.

Choose a number s such that t* < s < mg and assume that £3 < s < {441 for
some d € {0,1,...,k—1} (see Section 3.3 for the definition of £4). Since Pyp(s) < 0,
we may find a positive integer ¢ for which

z e“ﬁs(yi:fq) <1
ies,

for all y; € P, where i = (igi1...ig—1) is an admissible sequence and P; is a
cylinder (see (2.2)). For any n > 1, let B;(x,nqg) := H;L:_& m(D psa(z) f4|E,) 7" for
i=1,2,...,k, it follows that for all y; € P;,

> Bi—a(¥i, ) Br—at1(yi, @)™ - Beo1 (%3, 9)™ " Brlyi, @)™ < 1.
ics,

Given 0 < r <1, set
Q= {i = (ioil o inq—l) : Bk_d(x,nq) <r for all z € f)ioil.--ianl

but 7 < Bi—a(y, (n = 1)q) for some y € Pyiy_.io 1, |-

Since = +— B;(x,q) is Holder continuous and f?¢ is expanding, there exists a Cp > 1
such that for each n > 1, all i € {1,2,...,k}, and any x,y € P, .i,,_,>

_1 _ Bi(z,nq)
ot <« 20 ) o
O = Bi(y,ng) ~

This implies that for all x € P;, ., .,

Cr < Bi_gq(z,nq) <,
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where C = CO_1 mingep Bi_qg(x, q). For every admissible sequence (igiy . .. ), there is
a unique integer n such that (ig,...,ing-1) € Q. In particular, A C (J;co P;- Note
that

m(Dyf™|p,) " <m(Duf™p,) " <o <D f )7
and for all i € {1,2,...,k} and any = € A,
m(Dy f"5,) " < Bi(x,nq).

Since the splitting ThAM = E1 @ Es @ - -- @ Ej is dominated, we conclude that the
number of balls of radius r required to cover A is at most the following number times
a constant

z m(Dyifnq|Ek)_mk L. m(Dyifnq’Ek,d+1)_1

M Mk —dt1
icQ " r +
< Z Bk y17 nq o Bi—q+1 (v, nq)mk—d+1
B yh nq kad(yi, nq)mk—d+1
i€eQ
=Y By, na)™ - Br—as1(yi,n9)"™ " B—alys, ng) "
ieQ
- Z Bie(yi,nq)™ - - - By_as1(yi, )™ By_a(ys, nq)* " By_a(ys, nq) ~*
ieQ
<C7°re.

This implies that dimpA < s. Since the number s can be chosen arbitrary, this
implies that dimpA < t*.

6.5 Proof of Theorem 3.3.  Denote by 7 : Ay — A}, the homeomorphism that
conjugates f and h, i.e., mo f = hom. Note that 7 is close to the identity.
Fix n > 1 and 0 <t < myp and let g(z) = —2¢' (2, h"). We have that

P(h‘Amg) = P(f|Af7gO7T)

and that P(f|y,,gon) is sufficiently close to P(f|s,, —1¢!(z, f*)). This means that
the map f — P(f|a,, —%@t(x, f™)) is continuous. On the other hand, we have that

Pl () = Jim P (flay, =5 ™)) = i P (flay, 2o )

where the first equality is proved in [BCH10, Proposition 2.1] and the second one
n [Zha97, Lemma 2|. This implies the desired upper semi-continuity of the map

f = P(fla;, @5(1)).
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6.6 Proof of Theorem 3.4. Fix 0 < t < myg. Since the map v — h,(f) +
F+(®f(t),v) is upper semi-continuous, by the variational principle there is an ergodic
equilibrium measure p = p; for ®¢(t), i.e., we have that

hu(f) + Fu(®p(t), 1) = P(fla,, Ps(2))-

Let h be a C'*7 map that is sufficiently close to f in the C! topology. Given € > 0,
consider the compact invariant sets Q.(h) and Q.(f) constructed in Theorem 5.2.
Note that Q.(h) = m(Q.(f)) where 7 is the conjugacy map between f and h. We
have that

htop(hlo.(n)) = htop(f

Q.) = hyu(f) —e.

Moreover, there is a continuous splitting on Q. (h)
T.M = Ey(z2) ® Ey(2) -+ @ Ey(z), forall z¢€ Q.(h)

such that for every v € E;(2),

m(Xi+e

"N o)l < || DR ol

hm (Z) S €

where \; = \;(u) are the Lyapunov exponents of p. Thus, for every h-invariant
measure v with supp v C Q.(h), its Lyapunov exponents on F;(z) are between
A —e and \; + e. It follows that

Fa(@n(t),v) = =(Mi(v) + Ao(v) + -+ A (v) = (£ = [tD A 41(v)
>—(M+ X+ + )\[t]) —(t— [t]))‘[tHl —te
— Fu(@p(0), ) e

Now we choose a h-invariant ergodic measure v on Q. (h) such that hiop(hlo_(n)) <
hy(h|g.(n)) + €. This yields that

P(h

A @r(t)) = P(hlg_ (n), Pr(t))
> hy(h Qs(h)) + Fu(@n(t),v)
> hiop(hlg,(n)) + Fu(@p(t), n) — (t+ 1)
> hy(f) + Fu(@p(t), 1) — (t+2)e
> P(fla;, ®5(t)) — (mo + 2)e.

This yields the desired result.

6.7 Proof of Theorem 4.1. By Theorem 3.5, the sub-additive topological pres-
sure Py, (t) = P(f[a,, ®s(t)) is continuous at f and so is the zero ag = ag(f) of
Bowen’s equation Py, (t) = 0. Hence, the second statement follows from the first
one.
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Since the function Py, (t) is strictly decreasing in ¢, for each t < ag we have that
Py (t) > 0. Fix such a number ¢, and take 6 > 0 so that Ps,p(t) — 6 > 0. Since
Pap(t) = lir% P(f|a;,®(t),r), there exists 79 > 0 such that for each 0 < r < rg one

T —

has
Psub(t) —0< P(f|Af7 (bf(t)7r) < Psub(t> +9.

Fix such a small r > 0. It follows from the definition of the topological pressure as
the Carathéodory singular dimension (see (4.3)) that

m(Af, ‘I)f(t), Psub(t) — 5,?") = +00.
Hence, for each K > 0, there exists L € N so that for any N > L we have that

e~ NPeun(t)=0) jp {Z exp ( sup  —¢'(y, fn)> }
i )

YEB,, (zi,r
> inf ZGXP( — (Pan(t) = &)ni+  sup  —o'(y, f™)) p = K.
i YEBy, (i)
This yields that
inf Zexp sup —spt(y7 ) > N (Poun()=0)
i YEBn, (wi,7)

where the infimum is taken over all collections {B,, (z;,7)} of Bowen’s balls with
x; € Ay, n; > N, which cover A;. Letting N — oo, we have that

m(Ays,t,r) = +o0 (6.4)

for any t < «p.

On the other hand, for each ¢t > a we have that Py, (t) < 0. Fix such a number
t, and take 5 > 0 so that Py (t) + 5 <0. Similarly, there exists 1 > 0 such that for
each 0 < r < r1 one has

P (t) =8 < P(f|n, @5 () 7) < Pans(t) + 0.
Fix such a small » > 0. We have that
m(Ag, 4 (t), Pag(t) +,7) = 0.
Hence, for each £ > 0, there exists L € N so that for any N > L we have that

e N (Pan (OF9) {Z exp ( sup  —@'(y, f’”)) }
i )

YEB,, (zi,r

< inf {z exp (—(Psub(t) +0)ni+  sup  —¢t(y, fnl)> } <¢

YEBy, (z:,7)
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This implies that
inf Zexp sup  —o'(y, f) < geN(Pﬁub(t)Jrg)
i YEBy, (xi,1)

where the infimum is taken over all collections {B,,(z;,r)} of Bowen’s balls with
x; € Ay, n; > N, which cover Ay. Letting N — oo, we have that

m(Ag, t,r) =0 (6.5)
for any t > ag. Combing (6.4) and (6.5), we obtain that
dime,(Af) = ag

for any 0 < r < min{rg, 1 }. This completes the proof of the theorem.

7 Application: A Comment on Feng and Shmerkin’s Result

Let (X, T) be a sub-shift of finite type. Here we assume that subshifts of finite type
are defined on a finite alphabet. Recall that a map A : X — R"*™0 induces a
matrix cocycle if for x € X and n € N we have that

A(z,n) = A(T" x)--- A(z).

We denote by X* the collection of finite allowable words in X, and let X} be the sub-
set of X™* of words of length n. A matrix cocycle A on X is said to be locally constant
if A(z) only depends on the first coordinate of x, that is if z = (2o, z1,...,Zn,...),
then A(z) = A(zo).

For x € X, s € [0, mg], and n € N, define a singular valued function ¢*(z,n) as
follows

¢*(x,n) = car(A(z,n)) - - o (A, n))am 1 (A2, 1)),

where m = [s] and a1(A(z,n)) > as(A(z,n)) > -+ > am,(A(z,n)) are the square
roots of the eigenvalues of A(x,n)*A(xz,n). It is well known that the singular valued
function is sub-multiplicative, i.e.,

©*(x,n+m) < ®(x,n) X @*(T"z,m).

For A : X — R™X™o_ define

1
P(A,5) = Tim ~log(S" sup ¢*(A(y,n)) € [~00,00).
n—oo N s
iex: el
The limit can be easily seen to exist, due to sub-multiplicativity of the expression
in the parenthesis.
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Theorem 7.1. Let A: X — GL(R,mg) be a Holder continuous cocycle. Then
the map P(A,s) — R is continuous map on A.

Denote by &r the family of T-invariant ergodic measures on X. To prove the above
theorem, we need the following version of Oseledets’ Multiplicative Ergodic Theorem,
due to Froyland, Lloyd and Quas [FLQ10] which need the map 7" to be invertible.
If T: X — X is a one-side subshift of finite type, we obtain the same result by
considering its inverse limit space and the induced map.

Theorem 7.2. Given a measurable map A : X — R™ X" and a measure pu € Ep
such that

[ 1o 4@ dn(z) < +x,

there exist \q(p) > -+ > Ap(p) > —oo, integers my, ..., my, with > 5, m; = mo,
and a measurable family of splittings

R™ = Fy(2) & Bs(w) & - & By(a),
such that for p-almost all x the following holds

(1) A(x)E;(z) C Ei(Tz) with equality if \j(1) > —o0;
(2) for all v € E;(x)\{0},

lim L log| Az, n)o| = Mi(w)

n—+too N

with uniform convergence on any compact subset of E;(z)\{0}.

By the variational principle for sub-additive topological pressure (see [CFHO08]), we
have that

P(A,s) =sup {hM(T) + nlingo % /log ©°(A(y,n)) du}.

Since that map p — hy,(T) + lim 1 [log¢®(A(y,n))du is upper semi-continuous,
n—oo
there exists p € Er such that

1
P(A,s) =h,(T) + nlggo - /log ©*(A(y,n)) dp
= (D)4 (M () + -+ Agg (1) + (5 = [sD Ay (1)
On the other hand, by the results in [BCH10], one has

P(A,s) = lim P (T, ;loggos(A(-,/{))) (7.1)

k—oo

= lirzlflp <T,lilog <p5(A(-,k))> . (7.2)
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Proof of Theorem 7.1. We can follow the proof of Theorem 3.4. Since
: 1 s
P(A,5) = jut P (T, s (A D))

and for every k € N, the map
1
P (7. e (40, 0)) R

is continuous at A, the map P(A,s) — R is upper semi-continuous at A.
Next we prove that the map is lower semi-continuous. First, there exists u € Ep
such that

P(A,s) = hu(T)+(M(p) + -+ A (1) + (5 = [s) A1 (1))

Then for every € > 0, following the proof of Theorem 5.1, we find a compact invariant
set K. such that

(1) htOp(T KE) > hu(T) — &
(2) there is m € N and for each x € K., 1 < ¢ < p a continuous family of invariant
cones U;(z) such that

Ei(z)®- - @ Ei(x) C IntU;, A(z)Ui(z) C IntU;(Tx),
and for all v € U;(z)\{0},
|A(z, m)v| > elmAiw=me)y|
Therefore if B : X — R is close to A, we will have the following properties:
(1) for each x € K., 1 <i < p,
B(x)U;(x) C IntU;(T'x);
(2) for all v € U;(x)\{0},
|B(z, m)v| > emAi=2me)|y|,
Hence, there exists v € £(K.,T) such that

(1) hu(T) = hiop(T'|k. ),
(2) for ¢ € [1,d1], Mi(B,v) > A\ — 2¢,
(3) for i € [LF_ dj + 1, dj], M(Bv) > A — 2e.

Thus for every s € [0, mp]. We have

P(B,s) > Pk.(B,s)
> hu(T) —e = [M(B,v) + - + A (B,v) + (5 = [s) Am1(B, )]
> P(A,s) — (mo+ 1)e.

This gives the lower semi-continuity of sub-additive topological pressure. O
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REMARK 7.1. If A(z) € GL(R, mg), then we can construct a compact invariant set
K. such that

(1) htop(T’KE) > hu(T) - &,
(2) there is m € N and for each = € K. a continuous invariant dominated splitting
such that

R™ = Ei(z) © - © Ei(x) @+ © Ey(z),
and for all v € E;(x)\{0},
MM |yl < | Az, m)v| < eMAiTmE) |y,
Therefore if B(x) € GL(R,mg) is near to A, we will have the following properties:

(1) for each x € K., 1 < i < p, there exists a continuous invariant dominated
splitting such that

R™ = Ey(B,z)@--- ® Ei(B,2) ® - ® Ey(B, ),
(2) for all v € E;(B,z)\{0},
e(m/\i—2ma)‘v’ < ]B(x,m)v\ < e(m)\i+2m£)’v|'

REMARK 7.2. If a matrix cocycle A on X is locally constant, then the above theorem
gives the result in [FS14].
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