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ABSTRACT. We study thermodynamic formalism for topologically transitive partially hy-
perbolic systems in which the center-stable bundle satisfies a bounded expansion property,
and show that every potential function satisfying the Bowen property has a unique equi-
librium measure. Our method is to use tools from geometric measure theory to construct a
suitable family of reference measures on unstable leaves as a dynamical analogue of Haus-
dorff measure, and then show that the averaged pushforwards of these measures converge
to a measure that has the Gibbs property and is the unique equilibrium measure.
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Part 1. Results and applications
1. INTRODUCTION

Consider a dynamical system f: X — X, where X is a compact metric space and f is
continuous. Given a continuous potential function ¢: X — R, the topological pressure of ¢
is the supremum of h,(f)+ [ ¢ du taken over all f-invariant Borel probability measures on
X, where h,, denotes the measure-theoretic entropy. A measure achieving this supremum is
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called an equilibrium measure, and one of the central questions of thermodynamic formalism
is to determine when (X, f, ¢) has a unique equilibrium measure.

When f: M — M is a diffeomorphism and X C M is a topologically transitive locally
maximal hyperbolic set, so that the tangent bundle splits as E* & E*, with E* uniformly
expanded and E* uniformly contracted by Df, it is well-known that every Holder continuous
potential function has a unique equilibrium measure [§]. In the specific case when X is a
hyperbolic attractor and ¢ = —log | det(D f|E")| is the geometric potential, this equilibrium
measure is the unique Sinai-Ruelle-Bowen (SRB) measure, which is also characterized by
the fact that its conditional measures along unstable leaves are absolutely continuous with
respect to leaf volume.

In this paper we study the case when uniform hyperbolicity is replaced by partial hy-
perbolicity. Here the analogue of SRB measures are the u-measuresﬂ constructed by the
second author and Sinai in [40] using a geometric construction based on pushing forward
leaf volume and averaging. We follow this approach, replacing leaf volume with a family
of reference measures defined using a Carathéodory dimension structure. We give con-
ditions on f and ¢ under which the averaged pushforwards of these reference measures
converge to the unique equilibrium measure, and describe various examples that satisfy
these conditions. Roughly speaking, our conditions are

e the map f is topologically transitive and partially hyperbolic with an integrable
center-stable bundle along which expansion under f™ is uniformly bounded inde-
pendently of n (“Lyapunov stability”), and

e the potential ¢ satisfies a leafwise Bowen property that uniformly bounds the dif-
ference between Birkhoff sums along nearby trajectories, independently of the tra-
jectory length.

See §2|and for precise statements of the conditions. The reference measures are defined
in and our main results appear in We highlight some examples to which our results
apply (see §5| for more):
e time-1 maps of Anosov flows, with Holder potentials given by integrating some
function along the flow through time 1;
o frame flows with similar ‘averaged’ potentials that are constant on fibers SO(n—1).

We also refer to the survey paper [17] for a general overview of how our techniques work in
the uniformly hyperbolic setting.

Before giving precise definitions we stop to recall some known results from the literature.
In uniform hyperbolicity, the general existence and uniqueness result can be established
by various methods; most relevant for our purposes are the approaches that proceed by
building reference measures on stable and/or unstable leaves, which take the place of leaf
volume when the potential is not geometric. Such measures were first constructed by
Sinai (in discrete time) [52] and Margulis (in continuous time) [37] when ¢ = 0. In the
setting of uniform hyperbolicity, closest to our approach is the work of Hamenstéadt [29] for
geodesic flows; see Hasselblatt [31] for the Anosov flow case, and [30] for an extension to
nonzero potential functions. In these papers the leaf measures are constructed as Hausdorff
measure for an appropriate metric, which is similar to our construction in below. A

'In [40] these are called “u-Gibbs measures”; here we use the terminology from [41].



EQUILIBRIUM MEASURES FOR SOME PARTIALLY HYPERBOLIC SYSTEMS 3

different construction based on Markov partitions can be found in work of Haydn [32] and
Leplaideur [36].

Now we briefly survey some known results on thermodynamic formalism in partial hy-
perbolicity. The first remark is that whenever f is C°°, the entropy map p — h,(f) is
upper semi-continuous [38] and thus existence of an equilibrium measure is guaranteed
by weak*-compactness of the space of f-invariant Borel probability measures; however,
this nonconstructive approach does not address uniqueness or describe how to produce an
equilibrium measure.

Even without the C'°>° assumption, the expansivity property would be enough to guar-
antee that the entropy map is upper semi-continuous, and thus gives existence; moreover,
for expansive systems the construction in the proof of the variational principle [56, Theo-
rem 9.10] actually produces an equilibrium measure. Partially hyperbolic systems are not
expansive in general, but when the center direction is one-dimensional, they are entropy-
expansive [18] §5.3]; this property, introduced by Bowen in [6], also suffices to guarantee
that the standard construction produces an equilibrium measure, and continues to hold
when the center direction admits a dominated splitting into one-dimensional sub-bundles
[22]. On the other hand, when the center direction is multi-dimensional and admits no
such splitting, there are (many) examples with positive tail entropy, for which the system
is not even asymptotically entropy-expansive; such examples were constructed in [21] [14]
following ideas from [25].

For results on SRB measures in partial hyperbolicity, we refer to [4} [, 10, 11} 18]. For
the broader class of equilibrium measures, existence and uniqueness questions have been
studied for certain classes of partially hyperbolic systems. In general one should not expect
uniqueness to hold without further conditions; see [48] for an open set of topologically mix-
ing partially hyperbolic diffeomorphisms in three dimensions with more than one measure
of mazimal entropy (MME) — that is, multiple equilibrium measures for the potential ¢ = 0.
Some results on existence and uniqueness of an MME are available when the partially hy-
perbolic system is semi-conjugated to the uniformly hyperbolic one; see [13] [54]. For some
partially hyperbolic systems obtained by starting with an Anosov system and making a
perturbation that is C''-small except in a small neighborhood where it may be larger and
is given by a certain bifurcation, uniqueness results can be extended to a class of nonzero
potential functions [I5] [16].

The largest set of results is available for the examples known as “partially hyperbolic
horseshoes”: existence of equilibrium measures was proved by Leplaideur, Oliveira, and Rios
[35]; examples of rich phase transitions were given by Diaz, Gelfert, and Rams [19, 23] 20];
and uniqueness for certain classes of Holder continuous potentials was proved by Arbieto
and Prudente [2] and Ramos and Siqueira [46]. A related class of partially hyperbolic skew-
products with non-uniformly expanding base and uniformly contracting fiber was studied
by Ramos and Viana [47]. We point out that our results study a class of systems, rather
than specific examples, and that we establish uniqueness results, rather than the phase
transition results that have been the focus of much prior work.

Another class of partially hyperbolic examples is obtained by considering the time-1 map
of an Anosov flow; see where we describe two arguments, one based on our main result,
and one using a general argument communicated to us by F. Rodriguez Hertz for deducing
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uniqueness for the map from uniqueness for the flow. We also study the time-1 map for
frame flows in negative curvature, which are partially hyperbolic. In this latter setting,
equilibrium measures for the flow were recently studied by Spatzier and Visscher [53], but
the general argument for deducing uniqueness for the map from uniqueness for the flow (see
may not apply. In both settings, the class of potential functions to which our results
apply includes all scalar multiples of the geometric potential, whose equilibrium measures
are precisely the u-measures from [40].

In §2| we give background definitions and describe the classes of systems we will study. In
we recall the general notion of a Carathéodory dimension structure and use it to define
a family of reference measures on unstable leaves. In §4] we describe the class of potential
functions that we will consider, and formulate our main results. In §5.1] we apply our results
to two particular potentials: ¢ = 0, which gives existence and uniqueness of the MME, and
the geometric potential ¢ = —log|det(D f|E")|, which gives existence and uniqueness of
the SRB measure (assuming the case of a partially hyperbolic attractor). In fact, our results
apply to the one-parameter family of geometric g-potentials p, = —qlog |det(D f|E")| for
all ¢ € R. In §5.2] we apply our results to some particular dynamical systems: the time-
1 map of an Anosov flow, the time-1 map of the frame flow, and partially hyperbolic
diffeomorphisms whose central foliation is absolutely continuous and has compact leaves
The proofs are given in §§6H8l In Appendix [A] we gather some proofs of background results
that we do not claim are new, but which seemed worth proving here for completeness.

Acknowledgement. This work had its genesis in workshops at ICERM (Brown Univer-
sity) and ESI (Vienna) in March and April 2016, respectively. We are grateful to both
institutions for their hospitality and for creating a productive scientific environment. We
are also grateful to the anonymous referee for a careful reading and for multiple comments
that improved the exposition.

2. PRELIMINARIES

2.1. Partially hyperbolic sets. Let M be a compact smooth connected Riemannian
manifold, U C M an open set and f: U — M a diffeomorphism onto its image. Let A C U
be a compact f-invariant subset on which f is partially hyperbolic in the broad sense: that
is

e the tangent bundle over A splits into two invariant and continuous subbundles
TAM = E“ & E",

e there is a Riemannian metric || - || on M and numbers 0 < v < x with x > 1 such
that for every z € A

|D fov|| < v|v| for v € E%(z),

2.1
21) IDfov]) = x| for v € B¥(2).

Remark 2.1. One could replace the requirement that x > 1 with the condition that v < 1
(and make the corresponding edit to below); to apply our results in this setting it
suffices to replace f with f~', and so we limit our discussion to the case when E% is
uniformly expanding.
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The above splitting of the tangent bundle is only defined over A and may not extend to
U as a continuous and invariant splitting. However, there are continuous cone families K¢
and K" defined on all of U such that K% is D f-invariant and K is D f~!-invariant. A
curve v in U will be called a cs-curve if all its tangent vectors lie in K; define a u-curve
similarly. Our main results in §4] will require the following two conditions (among others):

(C1) for every 6 > 0 there is § > 0 such that if v is a curve in U with length < 4, and
n > 0 is such that f™y is a c¢s-curve in U, then the length of f™vy is < 6,
(C2) f|A is topologically transitive.

Remark 2.2. Condition is called Lyapunov stability in [49] and is related to the
condition of topologically neutral center in [5]. It is automatically satisfied if v < 1, where
v s the number in . More generally, holds if there is L > 0 such that for every
x €N, ve E¥x), and n € N, we have ||Dflv| < L|jv||. However, can be true even
if this condition fails; see [5, Proposition 2.3| for an example, using ideas from [3]. See
Example for an illustration of how our results can fail if Conditions [(C2)| and [[C3)|
(below) are satisfied but[(C1)| does not hold.

Since the distributions F° and E" are continuous on A, there is k > 0 such that
L(E*(z), E®(x)) > k for all z € A; we also have p > 1 such that dim E%(z) = p and
dim E¢(z) = dim M — p for all z € A.

2.2. Local product structure and rectangles. The following well known result de-
scribes existence and some properties of local unstable manifolds; for a proof, see [43], §4]
or [34, Theorem 6.2.8 and §6.4].

Proposition 2.3. There are numbers 7 > 0, A € (x~1,1), C1 > 0, Co > 0, and for every
z € A a C1* local manifold Vi*.(x) C M such that

(1) T,V (x) = E*(y) for every y € Vi&.(x) NA;
(2) Vi (x) = exp{v + ¢}(v) : v € B0,7)}, where BY(0,7) is the ball in E*(x)
centered at zero of radius T > 0 and ¥*: BY(0,7) — E(x) is a C1T% function;

(3) For everyn >0 andy € Vi¥.(z) NA, d(f~(x), f"(y)) < C1\"d(x,y);

(4) [DYgla < Co.

The number 7 is the size of the local manifolds and will be fixed at a sufficiently small
value to guarantee various estimates. Using|(C1)| the arguments in [34, Theorem 6.2.8 and
§6.4] also give the following result for the center-stable direction.

Theorem 2.4. Let f: U — M be a diffeomorphism onto its image and A C U a compact
f-invariant subset admitting a splitting E°° @ E" satisfying condition|(C1)| as above. Then
E° can be uniquely integrated to a continuous lamination with C' leaves, which can be
described as follows: There is 7 > 0 such that for every x € A there is a local manifold
Vi (x) C M satisfying

(1) T, VS (x) = E“(y) for every y € V& (z) NA;

(2) V& (x) = exp {v+ ¥ (v) : v € B$F(0,7)}, where BS(0,7) is the ball in E%(x)

centered at zero of radius T > 0 and V5 : BS(0,7) — E%(z) is a C* function.

Moreover, there is rg > 0 such that for every y € B(x,r9) N A we have that V}* () and

loc
Visi(y) intersect at exactly one point which we denote by [x,y].
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Remark 2.5. The argument in [34] constructs the local leaves by first writing a sequence
of maps fm on Euclidean space that (in a neighborhood of the origin) correspond to local
coordinates around the orbit of x, and then producing the corresponding manifolds for this
sequence. As remarked in the paragraphs following [34, Theorem 6.2.8], in order to go from
the local result to the manifold itself, one needs to know that there is some neighborhood D,
of the origin such that the leaf is “determined by the action of f,, on D, only”; see also the

‘note of caution” following [34, Corollary 6.2.22]. In [34, Theorem 6.4.9] this condition is
guaranteed by assuming that E° is uniformly contracting, so that points on the local leaf
in Fuclidean coordinates have orbits staying inside D,., and thus represent true dynamical
behavior on M. In our setting, this same fact is guaranteed by .

Finally, we require the set A to have the following product structure, so that the point
[x,y] lies in A:

(03) A= (UxeA Vigc(l’)) N (Ux’EA lgi(x/))'
Remark 2.6. If the number v from (2.1)) satisfies v < 1, so that the set A is uniformly hy-
perbolic and E is uniformly contracted under f, then conditions|(C1)H(C3)| hold whenever

A is locally mazimal for f; in particular, our results apply to every topologically transitive
locally mazimal hyperbolic set.

Given z € A and r € (0,7), we write Ba(x,r) = B(x,r) N A for convenience. We also
write

B“(z,r) = B(z,r) N Vig.(x), Bj(z,r) = B*(x,r) N A,

and similarly with u replaced by cs.

Definition 2.7. A closed set R C A is called a rectangle if [x,y] = V*.(z) N
and is contained in R for every x,y € R.

5(y) exists

loc

One can easily produce rectangles by fixing € A, § > 0 sufficiently small, and putting

(22) r=rwo=( U wo)n( U uze).

yEBY (x B$S (x,0) z€EB} (x By (x,0)

Note that the intersection of two rectangles is either empty or is itself a rectangle. The
following result is standard: for completeness, we give a proof in Appendix [A]

Lemma 2.8. For every € > 0 and every Borel measure 1 on A (whether invariant or not),
there is a finite set of rectangles Ry, ..., Ry C A satisfying the following properties:

(1) each R; is the closure of its (relative) interior;

(2) A= UZ 1 Ri, and the (relative) interiors of the R; are disjoint;

(3) u(OR;) =0 for all i;
)

(4) diam R; < € for all i.

We refer to R = {R1,..., Ry} as a partition by rectangles. Note that even though the
rectangles may overlap, the fact that the boundaries are p-null implies that there is a full u-
measure subset of A on which R is a genuine partition. In particular, when p is f-invariant,
we can use a partition by rectangles for the computation of measure-theoretic entropy.

We end this section with one more definition.
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Definition 2.9. Given a rectangle R and points y, z € R, the holonomy map m,.: Vg (y) —
Vi (2) is defined by
(2.3) Ty=(2) = Vig(2) N Vige(x) = [z, z].

loc

The holonomy map is a homeomorphism between V§(y) and Vg (z). One can define a

holonomy map between V§*(y) and V§°(2) in the analogous way, sliding along unstable
leaves; if need be, we will denote this map by m,, and the holonomy map from Definition
by m,%. The notation 7, without a superscript will always refer to mZ.
2.3. Measures with local product structure. We recall some facts about measurable
partitions and conditional measures; see [50] or [26, §5.3] for proofs and further details.
Given a measure space (X, i), a partition £ of X, and x € X, write £(x) for the partition
element containing x. The partition is said to be measurable if it can be written as the limit
of a refining sequence of finite partitions. In this case there exists a system of conditional
measures {14 }zex such that:

(1) each & is a probability measure on &(z);

(2) if £(x) = £(y), then pf = 5
(3) for every ¢ € L1(X, i), we have

(2.4) A¢w=éémw@wm.

Moreover, the system of conditional measures is unique mod zero: if ﬂg is any other system
of measures satisfying the conditions above, then ui = 15 for u-a.e. .

We will be most interested in the following example: Given a rectangle R C A and a
point « € R, we consider the measurable partition ¢ of R by unstable sets of the form

Vi(2) = Vige(z) N R.

Let {u¥}rer denote the corresponding system of conditional measures; given a partition
element V' = Vg(x), we may also write uy = pl. Let /i denote the factor-measure on R/
defined by f(E) = p(Uyeg V). Then for every ¢ € LY(R, 1), we have

(2.5) Aww-é@ﬁwwww@mwy

Note that the factor space R/{ can be identified with the set Vi§°(z) = V& (x) N R for any
x € R, so that the measure ji can be viewed as a measure on this set, in which case ([2.5))

becomes

(2.6 éw“:/;m/wa”wﬂ”@@”

Note that the conditional measures p depend on the choice of rectangle R, although this is
not reflected in the notation. In fact the ambiguity only consists of a normalizing constant,
as the following lemma shows.
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Lemma 2.10. Let p be a Borel measure on A, and let R1,Ro C A be rectangles. Let
{ullocr, and {u2}zcr, be the corresponding systems of conditional measures on the unsta-
ble sets Vﬁj(a:). Then for pu-a.e. x € Ry N Ry, the measures u’ and 2 are scalar multiples

of each other when restricted to Vg (z) N Vg, (z).
See Appendix [A] for a proof of Lemma and the next lemma, which relies on it.

Lemma 2.11. If p is an f-invariant Borel measure on A, then for u-a.e. x € A and
any choice of two rectangles containing x and f(x), the corresponding systems of condi-
tional measures are such that f.ul is a scalar multiple of u?(m) on the intersection of the
corresponding unstable sets.

For the next definition, we recall that two measures v, i are said to be equivalent if v <
and p < v; in this case we write v ~ pu. Also, given a rectangle R, a point p € R, and
measures v, v,° on Vi(p), V5*(p) respectively, we can define a measure v = v ® vy® on
R by v([A4, B]) = vy (A)v,*(B) for A C Vg(p) and B C Vg(p). The following lemma is
proved in Appendix [A]

Lemma 2.12. Let R be a rectangle and p a measure with u(R) > 0. Then the following
are equivalent.

(1) (m; ),uy<<,u7;f0ruae Y,z € R.

(2) (m53) sty ~ py for p-a.e. y,z € R.
(3) (7y.)wpt <<,u,§5f07",uae Y,z € R.
(4) (mys )« ¢ for p-ae. y,z € R.
(5) there exzst D 6 R and measures fiy, ji,’ on VE(p), VE(p) such that p|g ~ fiy ® fis®.

(6) plr ~ py @ pg® for p-a.e. y € R.

Definition 2.13. A measure p on A has local product structure if there is ¢ > 0 such
that for any rectangle R C A with p(R) > 0 and diam(R) < o, one (and hence all) of the
conditions in Lemma[2.12 holds.

2.4. Equilibrium measures. Let ¢: A — R be a continuous function, which we call a
potential function. Given an integer n > 0, the dynamical metric of order n is

(2.7) dp(z,y) = max{d(f*z, ffy) : 0 <k <n}
and for each r > 0, the associated Bowen balls are given by
(2.8) Bn(z,r) ={y: dn(z,y) <r}.

A set E C A is said to be (n,r)-separated if d,,(z,y) > r for all x #y € E. Given X C M,
aset E C X is said to be (n r)-spanning for X if X C | cp Bu(z,7).

Let Spo(x) = Y1, Lo(fkx) denote the nth Birkhoff sum along the orbit of . The
partition sums of ¢ on a set X C M are the following quantities:

ZPM(X o, ) = inf{ Z 5@ L B X is (n,r)-spanning for X},
zeE

ZyP (X, p,r) 1= Sup{ Z eS¢ LB c X is (n,r)—separated}.
zel

(2.9)
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The topological pressure of ¢ on X = A is given by

1 Tin 1 span S 1o 1 sep .
(2.10) P(p) = lim lim —log Z;P*(A, ¢, r) = lim lim —log Z3™ (A, ¢.7);
see [56, Theorem 9.4] for a proof that the limits are equal, and that one gets the same value
if lim is replaced by lim.
Denote by M(f) the set of f-invariant Borel probability measures on A. The variational
principle [56L Theorem 9.10] establishes that

(2.11) Ple)= s {nin+ [oan.

pEM(

We call a measure p € M(f) an equilibrium measure for ¢ if it achieves the supremum in
(2.11]). (Such a measure is also often referred to as an equilibrium state.)

We say that a measure p € M(f) is a Gibbs measure (or that p has the Gibbs property)
with respect to ¢ if for every small r > 0 there is Q = Q(r) > 0 such that for every z € A
and n € N, we have

(212) Qfl < /,L(Bn(l',T)) < Q

~ exp(—P(p)n + Spe(x))

A straightforward computation with partition sums shows that every Gibbs measure for ¢
is an equilibrium measure for ¢; however, the converse is not true in general, and there
are examples of systems and potentials with equilibrium measures that do not satisfy the
Gibbs property.

3. CARATHEODORY DIMENSION STRUCTURE

We recall the Carathéodory dimension construction described in [42, §10], which gener-
alizes the definition of Hausdorff dimension and measure.

3.1. Carathéodory dimension and measure. A Carathéodory dimension structure, or
C-structure, on a set X is given by the following data.

(1) An indexed collection of subsets of X, denoted F = {Us: s € S}.
(2) Functions &,m,%: S — [0, 00) satisfying the following conditions:
(H1) if Us = 0, then n(s) = 1(s) = 0; if Us # (), then n(s) > 0 and (s) > OE|
(H2) for any ¢ > 0 one can find € > 0 such that n(s) < § for any s € S with ¥(s) < ¢;
(H3) for any e > 0 there exists a finite or countable subcollection G C S that covers
X (meaning that (J,c; Us O X) and has 9(G) := sup{¢)(s): € S} <e.

Note that no conditions are placed on &.
The C-structure (S, F,§,n,1) determines a one-parameter family of outer measures on
X as follows. Fix a nonempty set Z C X and consider some G C S that covers Z as in

2In [42], Condition includes the requirement that there is so € S such that Us, = 0, but this can
safely be omitted as long as we define mc (0, @) = 0, since we can always formally enlarge our collection by
adding the empty set, without changing any of the definitions below.
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(H3)l Interpreting ¢(G) as the largest size of sets in the cover, we can define for each o € R
an outer measure on X by

- o
(3.1) me(Z,0) = limint S €(5)n(s)",

seg
where the infimum is taken over all finite or countable G C S covering Z with (G) < e.
Defining mc (0, ) := 0, this gives an outer measure by [42, Proposition 1.1]. The measure
induced by m¢(+, ) on the o-algebra of measurable sets is the a-Carathéodory measure; it
need not be o-finite or non-trivial.

Proposition 3.1 ([42, Proposition 1.2]). For any set Z C X there exists a critical value
ac € R such that me(Z, ) = oo for a < ac and me(Z,a) =0 for a > ac.

We call dimg Z = a¢ the Carathéodory dimension of the set Z associated to the C-
structure (S, F,§,n,v¢). By Proposition a = dimg X is the only value of o for which
(3.1) can possibly produce a non-zero finite measure on X, though it is still possible that
me (X, dime X) is equal to 0 or oo.

3.2. A C-structure on local unstable leaves. Given a potential ¢, a number r > 0,
and a point x € A, we define a C-structure on X = V¥ () N A in the following way. For
our index set we put S = X x N, and to each s = (z,n) € X x N, we associate the u-Bowen
ball

(3-2) Us = Bﬁf(% T) = Bn(% 7") N Vigc(x)’
then F is the collection of all such balls. Set
(3.3) E(z,n) =50 p(an) =e ", lz,n) =1L,

It is easy to see that (S, F,&,n, ) satisfies (H1)H(H3)| and defines a C-structure, whose
associated outer measure is given by

— 1 . Sne(z) ,—na
(3.4) mc(Z, a) A}gnoo 12f Z e e ",
(z,n)EG
where the infimum is taken over all G C 8 such that (J, ,)eg By (#,7) O Z and n > N for
all (x,n) € G.
Given € A and the corresponding X = V| () N A, we are interested in computing

(1) the Carathéodory dimension of X, as determined by this C-structure;
(2) the (outer) measure on X defined by (3.4) at a = dimg X.

We settle the first problem in Theorem below in which we prove (among other things)
h-

that for small r, under the assumptions [(C1) on the map f and some regularity
assumptions on the potential function ¢ (see Section , the C-structure defined on X =
Vid (z) N A as above satisfies dimg X = P(yp) for every € A. This allows us to consider
the outer measure on X given by

Clyy .— — lim i —ni P() o Sn; (i)
(3.5) m.(Z) :=mc(Z, P(p)) A}gnoomfzi:e e ,

x

where the infimum is taken over all collections {B} (z;,7)} of u-Bowen balls with z; €

Vid.(x) N A, n; > N, which cover Z; for convenience we write C = (¢,7) to keep track
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of the data on which the reference measure depends. We use the same notation m¢ for
the corresponding Carathéodory measure on X obtained by restricting to the o-algebra of
m¢-measurable sets.

One must do some work to show that this outer measure is finite and nonzero; we do
this in §§6.1H6.5] We also show that this measure is Borel; that is, that every Borel set is
m¢-measurable.

4. MAIN RESULTS

4.1. Assumptions on the map and the potential. As in let f: U — M be a
diffeomorphism onto its image, where M is a compact smooth Riemannian manifold and
U C M is open, and suppose that A C U is a compact f-invariant set on which f is partially
hyperbolic in the broad sense, with Ty M = E“°@ E". Suppose moreover that and
are satisfied, so that F° is Lyapunov stable and f|A is topologically transitive. Finally,
suppose that the local product structure condition is satisfied.

Let 7 > 0 be the size of the local manifolds in Proposition and Theorem A
potential function ¢: A — R is said to have the u-Bowen property if there exists @, > 0
such that for every z € A, n > 0, and y € B (z,7) N A, we have |Spo(x) — Spp(y)] < Qu.
Similarly, we say that ¢ has the cs-Bowen property if there exist Qqs > 0 and 7, > 0
such that for every x € A, n > 0, and y € B§(x, (), we have |Spp(x) — Spo(y)| < Qes-
Let Cs(A) be the set of all functions ¢: A — R that satisfy both the u- and cs-Bowen
properties.

Remark 4.1. As mentioned in Remark all of the conditions in the first paragraph
above are satisfied if A is a transitive locally maximal hyperbolic set for f. Moreover, in
this case it follows from [17, Lemma 6.6] that Cg(A) contains every Hélder continuous
potential function.

4.2. Statements of main results. From now on we fix A, f, and ¢ € Cg(A) as described
above. Our first result, which we prove in shows that the measure m¢ defined in ([3.5)
is finite and nonzero.

Theorem 4.2. Fiz 0 < r < 7/3. There is K > 0 such that for every x € A, the following
are true.

(1) For the C-structure defined on X = V2 .(x)NA by u-Bowen balls By (x,r) and (3.3),
we have dimec X = P(p) for every x € A.
(2) m€ is a Borel measure on X := V¥ (z) N A.

(3) mE(Vig(x) N A) € [K1 K],
(4) If Vi (x) N V% (y) N A # O, then mS and mg agree on the intersection.

loc

Definition 4.3. Consider a family of measures {p, : x € A} such that p, is supported
on Vit (). We say that this family has the u-Gibbs propertyﬂ with respect to the potential
function p: A — R if there is Qo = Qo(r) > 0 such that for all x € A and n € N, we have

-1 Mm(B'}LL(‘rar))
(4-1) Qo < W < Qo-

3Note that this is a different notion than the idea of u-Gibbs state from [40].
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The following two results are proved in the first establishes the scaling properties of
the measures m< under iteration by f, which then leads to the u-Gibbs property.

Theorem 4.4. For every x € A, we have f*mﬁ(m) = m?(m)of < m€, with Radon—Nikodym
derivative eF'(#)=,
In the uniformly hyperbolic setting a similar result was obtained by Leplaideur in [36].

Corollary 4.5. The family of measures {mg}me/\ has the u-Gibbs property. In particular,
for every relatively open U C Vi*.(x) N A, we have m&(U) > 0.

Given a rectangle R and points y, z € R, let m,.: V§(y) — V§(2) be the holonomy map
from Definition We say that m,. is absolutely continuous with respect to the system

of measures mg if the pullback measure 7, mC is equivalent to the measure mg for every

yz!'vz
Y, zﬁ In this case the Jacobian of m, is the function Jacm,,: Vg (y) — (0,00) defined by
the following Radon—Nikodym derivative:

* C
dmy, m;

dm§
Theorem 4.6. The holonomy map is absolutely continuous with respect to the system of

Measures mg. Moreover, there are C,o > 0 such that for every rectangle R with diam(R) <

o, and every y,z € R, the Jacobian of 7., satisfies C—! < Jac oy (x) < C for mg-a.e. T.

The measure m$ can be extended to a measure on A by taking m¢(A4) := mS(ANVY, (z))

for any Borel set A C A. We consider the evolution of (the normalization of) this measure
by the dynamics; that is the sequence of measures

Jacm,, =

n—1
1 kmC
(4.2) fin = — Y —Fa———
w2 (Ve (@)

Our main result is the following, which we prove in

Theorem 4.7. Under the conditions in the following are true.

(1) For every x € A, the sequence of measures from is weak™ convergent asn — 0o
to a limiting probability measure p,, which is independent of x.

(2) The measure i, is ergodic, gives positive weight to every open set in A, has the
Gibbs property , and is the unique equilibrium measure for (A, f, ).

(3) For every rectangle R C A with pu,(R) > 0, the conditional measures ty, generated by
ey on unstable sets Vg (y) are equivalent for pi -almost every y € R to the reference
measures m§|Vﬁ(y). Moreover, there exists Cy > 0, independent of R and y, such
that for p,-almost every y € R we have

dud

4.3 oyt < %

( ) 0 = dm(yj
(4) The measure p, has local product structure as in Definition .

In the uniformly hyperbolic setting Statement was proved by Leplaideur in [36].

(z)m(yj(R) < Cy for py-a.e. z € Vg(y).

4This looks similar to the notion of local product structure in Lemma but the difference here is that

the system of measures mg are not assumed to arise as conditional measures for some Borel measure on A.
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5. APPLICATIONS

5.1. Particular potentials. In this section we use our main results to establish existence
and uniqueness of equilibrium measures for some particular potentials.

5.1.1. Measures of mazimal entropy (MME). As in let f: U — M be a diffeomorphism
onto its image, where M is a compact smooth Riemannian manifold and U C M is open,
and suppose that A C U is a compact f-invariant set on which f is partially hyperbolic in
the broad sense with ThM = E° & E". Suppose moreover that Conditions and
are satisfied, so that F° is Lyapunov stable and f|A is topologically transitive. Finally,
suppose that the local product structure condition is satisfied.

We observe that a constant potential function always satisfies the u- and cs-Bowen prop-
erties, and thus our construction produces a unique MME which we denote by pg. To
describe this measure given x € A, define an outer measure on X = V| () N A by
(5.1) m(Z) := lim inf) e Milwr,

N—o00 p
where hiop, denotes the topological entropy of f on A and the infimum is taken over all
collections { B} (x,7)} of u-Bowen balls with 2; € Vi (x) N A, n; > N, which cover Z. We
use the same notation m” for the corresponding Carathéodory measure on X. Then the
following is an immediate consequence of Theorem [4.7]

Theorem 5.1. The following statements hold:
(1) For every x € A, the sequence of measures fi, = %zz;é fEml/mh(Ve (2)) con-
verges in the weak® topology as n — oo to ug (independently of x).
(2) po is ergodic and is fully supported on A.
(3) wo has the Gibbs property: for every small v > 0 there is Q = Q(r) > 0 such that
for every x € A andn € N,

(5.2) -1 MBuT)
= exp(—nhiop(f))

(4) For every rectangle R C A with po(R) > 0, the conditional measures ty, generated by
po on unstable sets Vi (y) are equivalent for po-almost every y € R to the reference
Measures mZ\V}%(y); moreover, there exists Cy > 0, independent of R and y, such
that for pp-almost every y € R we have

(5.3) C‘1<%( "R) < C u %5
. < dm: z)my (R) < Co for py-a.e. z € Vg (y).

(5) wo has local product structure as in Definition .

5.1.2. The geometric g-potential. We consider the family of geometric g-potentials,
wq(x) = —qlogdet Df|E"(z), q€R.

In order to apply our results to this family, we need to verify the u- and cs-Bowen properties.
In general, they may not be satisfied in our setting and therefore we shall impose the
following additional requirements:
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(A1) The partially hyperbolic set A C U is an attractor for f; that is, f(U) C U and
A:=,50 [M(U).

(A2) There is o > 0 such that for every rectangle R C A with diam(R) < o, the
holonomy maps between local unstable leaves are uniformly absolutely continuous
with respect to leaf volume vol,; that is, there exists C' > 0 such that for every
Y,z € R, the Jacobian of 7, with respect to leaf volumes vol, and vol, satisfies
C~1 < Jacm,y(z) < C for voly-a.e. z.

For z € A and ¢ € R define an outer measure on X = V¥ _(z) N A by
q = = 1 1 —niP(pq) ,5n; Pq(@i)
(5.4) mi(Z) :=mc(Z, P(pq)) J\;gnoo inf Z; e e ,

where the infimum is taken over all collections {B,, (z;,7)} of u-Bowen balls with x; €
Vié.(z) MA, n; > N, which cover Z. We use the same notation m for the corresponding

Carathéodory measure on X.

Theorem 5.2. If A is a partially hyperbolic attractor for a diffeomorphism f satisfying
Conditions [(C1)H(C3)| and [(A1)H(A2)| then for every q € R the following statements hold:

(1) For every x € A, the sequence of measures i, := %ZZ;& fEmd /md (Vi (x)) con-

verges in the weak™ topology as n — oo to a probability measure p,, (independently
of x).

(2) The measure p,, is ergodic, gives positive weight to every open set in A, has the
Gibbs property (2.12)), and is the unique equilibrium measure for (A, f,¢q).

(3) For every rectangle R C A with py,,(R) > 0, the conditional measures p,, generated
by py, on unstable sets Vi (y) are equivalent for i,,-almost every y € R to the
reference measures mZ|Vg(y). Moreover, there exists Cy > 0, independent of R and
Yy, such that for p,, -almost every y € R we have

1 dyy

— dmj

(4) The measure ji,, has local product structure as in Definition .

Proof. We need to verify that ¢, € Cp(A); it suffices to show that ¢; € Cp(A) since
g = qp1. First observe that ¢ is Holder continuous. By the argument presented in [17,
Lemma 6.6], this implies that ¢; has the u-Bowen property with some constant @, > 0.
Then observing that

(5.5) Cy (2)ml(R) < Cy for w,-a.e. z € Vg (y).

Y

n—1
(5.6) Snip1(x) = —log | [ det Df|E*(f*z) = —logdet D f"|E"(x),
k=0
we see that for every x € A, n € N, and z € BY(z,7) N A, we have
|log det Df"|E%(z) —logdet Df"|e"(x)| = |Shp1(z) — Sne1(z)| < Qu,
and exponentiating gives
(5.7) det Df"|E%(z) = e det Df"|E"(x).

Here and below we use the following notation: given A, B,C,a > 0, we write A = C**B
as shorthand to mean C7*B < A < (C°B.
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To show that ¢; has the cs-Bowen property we start by choosing ¢/ € (0,0/4) suf-
ficiently small (here o is as in |(A2)) that if d(z,y) < ¢’ and a € Bj(z,0/4), then
may(a) € BY(y,0/2). Then we let 7, be the value of § given by with 6 = o’.

For every z € A, y € B§*(x,7(), and n € N, Condition [(CL)| gives f"(y) € B (f™(x), o).
Writing A := Bj}(z,0/4) and B := m,y(A), we see that B C By(y,0/2) by our choice of
o'. For any a € A and b € B we have d(a,b) < d(a,z) + d(z,y) + d(y,b) < o and similarly
d(f™(a), f*(b)) < o, so Condition guarantees that

voly(A) = C*'voly(B) and  volpn(y (f"(A)) = CF volyu(y) (f*(B)),
and thus

volyn) (F"(B)) _ o VOlymia) (S (4))
voly,(B) volp(A4)

On the other hand, (5.7) gives

(5.8)

vol () (f"(A)) = /A det Df"|E%(2) dvol,(z) = =@ (det D f"|E"(z)) vol,(A),
and similarly,
volpn(y) (f"(B)) = e (det Df"| E*(y)) voly(B),

which yield
volny) (/" (B)) _ 1aq, det D" E"(y) Vol (/" (4))

voly (B) det Df|E¥(z)  voly(4)
Combining this with and using (|5.6)) gives
VO]f” (fn( ))VOL”(A) — o12Qu Sne1 ()= Sne1(y)
voly (B )Volfn (@) (f"(A4)) ’

and upon taking logs we conclude that S,pi(z) — Spe1(y) = £2logC £+ 2Q,, and thus
p1 € Cp(A). With this complete, the theorem follows immediately from Theorem

(5.9)

CiZ —

5.2. Particular classes of dynamical systems.
5.2.1. Time-1 map of an Anosov flow.

Definition 5.3. A C! flow f': M — M on a smooth compact manifold M is called an
Anosov flow if there exists a Riemannian metric and a number 0 < A < 1 such that the
tangent bundle splits into three subbundles TM = E* @ E° @ E%, each invariant under the
flow such that

(1) %ft(:):)]t:o € E%x) \ {0} and dim E°(z) =

(2) IDfYES| <A and | Df7YHE"|| < X for all t > 0.

It is well known that if an Anosov flow f? is of class C”, r > 1, then for each € M there
are a pair of embedded C"-discs W*(x) and W*"(x) called local strong stable and unstable
manifolds, and a number C > 0 such that

(1) T,W*(z) = E*(z) and T, W¥(x) = E*(x);
(2) if y € W¥(x), then d(f~(z), ft(y)) < CAld(z,y) for all t > 0;
(3) if y € W#(x), then d(f(z), fi(y)) < CAld(x,y) for all t > 0.
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We define weak-unstable and weak-stable manifolds through x by

wo =) W), W= | W)

te(—r,r) te(—r,r)

Given an Anosov flow ft: M — M one can define a diffeomorphism f: M — M to be
the time-1 map of the flow. That is, f(x) := f'(z). Observe that such an f is partially
hyperbolic in the broad sense with A = M and E® = E @ E® and satisfies Assumptions
and from

We stress that even when the flow is known to have a unique equilibrium measure for a
certain potential function, this does not automatically imply uniqueness for the time-1 map;
the simplest example is a constant-time suspension flow over an Anosov diffeomorphism.
In this case the flow is topologically transitive but the time-1 map need not beﬂ In fact
for Anosov flows this is the only obstruction to transitivity: if the flow is not topologically
conjugate to a constant-time suspension, then it is topologically mixing and in particular
the time-1 map is transitive [44], 2§]. Even in this case, there may be measures that are
invariant for the map but not for the flow [45, Corollary 4], so uniqueness for the map is in
general a more subtle question.

Given a Holder continuous function ¢: M — R (thought of as a potential for the flow),
consider p(z) := fol ¥(f%(x))dg (thought of as a potential for the map). When the time-1
map is transitive, we obtain the following result.

Theorem 5.4. Let ft: M — M be an Anosov flow on a smooth compact manifold M. Let
f = f! be the time-1 map of f*, and let mS be the reference measures on Vi (x) associated
to the potential function p = fol o fldq. If f is topologically transitive, then the following
statements hold:

(1) For every x € M, the sequence of measures [, = %ZZ;& FEmS/mE (Ve (z)) is
weak™ convergent as n — 0o to a measure fi,, which is independent of x.

(2) The measure pu, is ergodic, gives positive weight to every open set in M, has the
Gibbs property , and is the unique equilibrium measure for (M, f, ).

(3) For every rectangle R C M with ji,(R) > 0, the conditional measures p,; generated
by py on unstable sets V§(y) are equivalent for p,-a.e. y € R to the reference
measures mg|vﬁ(y). Moreover, there exists Cy > 0, independent of R and y, such
that for pe-a.e. y € R we have

(5.10) Cyt < dﬂ(z)mc(R) < Cy for p-a.e. z € Vi(y).
~ dm§ Y - Y R

(4) The measure p, has local product structure.

Proof. Tt is enough to check that ¢ € Cg(M) and then apply Theorem Since the
function v is Holder continuous, so is . In particular, ¢ satisfies Bowen’s property along
strong stable and unstable leaves. Moreover, ¢ satisfies Bowen’s property along the flow

5The time-1 map is transitive if and only if the constant value of the roof function is irrational.
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direction: indeed, consider two points x = z(0) € M and y = z(e) for some € > 0. We have

Supte) = Supl = | [ wir@Nda— [ (1)

SR e

=| [ etsrenda— [ vt do] < 2l

Using the local product structure of the flow, this shows that ¢ € Cg(M), and thus com-
pletes the proof of the theorem. O

Remark 5.5. Theorem applies to the geometric potential p(x) = —logdet D f|E"(x)
and all its scalar multiples qp for q € R; indeed, taking ¥ (x) = limy_,q —% log det D ft|E%(z),

we have p = fol Yo fldg, and ¢ is Hélder continuous because the distribution EY is Holder
continuous. When q = 0 the measure produced in Theorem 1s the unique MME; when
q = 1 it is the unique u-measure, which is the unique SRB measure for the flow.

We mention two alternate approaches to existence and/or uniqueness of equilibrium
measures in the setting of Theorem First, the time-1 map of an Anosov flow has the
entropy expansivity property [22], which implies existence of an equilibrium measure for f
with respect to any continuous potential function ¢. However, this approach does not say
anything about uniqueness, the Gibbs property, or local product structure.

Substantially more information, including uniqueness, can be obtained by appealing to
the corresponding result for the flow itself. We are grateful to F. Rodriguez Hertz for
the following argument, which uses a simple construction that goes back to Walters [55]
Corollary 4.12(iii)] and Dinaburg [24].

Proposition 5.6. Let X be a compact metric space and {f': X — X}ier a continuous
flow. Suppose that ¢: X — R is continuous and that there is a unique equilibrium measure
i for v with respect to the flow f'. Suppose moreover that p is weak mixing. Then p
is the unique equilibrium measure for the time-1 map f = f! and the potential function

p(z) = [ ¥(flx)dt.

Proof. First observe that the pressure of the flow (w.r.t. ¢) agrees with the pressure of the
map (w.r.t. ¢) by [55, Corollary 4.12(iii)], so p is automatically an equilibrium measure for
the map. It remains only to prove uniqueness.

First note that since ({f'},u) is weak mixing, then (f,u) is ergodic [28, Proposition
3.4.40]. Now let v be any equilibrium measure for (f = f!, ); we claim that fol flydtis an
equilibrium measure for ({f'},), and thus is equal to u; then ergodicity will imply that
flv = p for a.e. t, and thus v = p.

Since fol flv dt is flow-invariant (by f-invariance of v), to show that it is an equilibrium
measure for the flow it suffices to prove that hy:,(f) = h,(f) and [ d(flv) = [¢dv for
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all ¢t. The first of these is standard. For the second we observe that

[eaum=[ [T owmai= [ ([ ot [T o i) i

:Axlwm@@ﬁ[mmwngLlﬂmwwwz/w%

where the third equality uses f-invariance of v. Then as argued above fol flvdt is an
equilibrium measure for the flow, so it is equal to u, and ergodicity implies that v = pu.
This proves that the unique equilibrium measure for the flow is also the unique equilibrium
measure for the map. O

In the specific case when f? is a topologically mixing Anosov flow and 1 is Hélder
continuous, uniqueness of the equilibrium measure for the flow, together with the mixing
property, was shown in [9], and thus this argument establishes uniqueness for the time-1
map; moreover, the equilibrium measure is known to have the Gibbs property and local
product structure [32], providing another proof of some of the statements in Theorem

5.2.2. Time-1 map of the frame flow. Let M be a closed oriented n-dimensional manifold
of negative sectional curvature. Consider the unit tangent bundle

SM = {(z,v):x e M, veT,M, |v|=1}
and the frame bundle

FM = {(ZEaUOa'Ula ce annfl) cx €M, v; € T, M, and
{vo,...,vp—1} is a positively oriented orthonormal frame at z}.

We write v = (z, v, v1, .. ., v,_1) for an element of FM. The geodesic flow g': SM — SM
is defined by

gt(xv U) = (’Y(:r,'u) (t)7 ;Y(m,'u) (t))>
where 7(;.)(t) is the unique geodesic determined by the vector (z,v), and the frame flow
fte FM — FM is given by

iz, v, v1,. .., 1) = (gt(:c,vo),Ff/(vl), cey Ftv(vn,l)),

where 1"3 is the parallel transport along the geodesic v(x,vp). The flow f! is partially
hyperbolic with splitting TFM = E* @ E° @ SO(n — 1) @ E¥, where f! acts isometrically
on fibers of the center bundle SO(n — 1)ﬁ Thus the time-1 map f is partially hyperbolic
with B = EY® SO(n — 1) @ E°.

Given x € M and vy € T, M with ||vg|| = 1, denote by Ny ,, the compact set of positively
oriented orthonormal (n—1)-frames in T, M, which are orthogonal to vy. We will consider a
class of Holder potentials that are constant on each N ,,; this class contains the geometric
potentials.

We need to restrict our attention to the case when the time-1 map f is topologically
transitive; to this end, note that the frame flow f! preserves a smooth measure that is
locally the product of the Liouville measure with normalized Haar measure on SO(n — 1).

6Note that for a partially hyperbolic flow, the center bundle does not contain the flow direction.
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There are several cases in which the time-1 map f is known to be ergodic with respect to
this measure, and hence topologically transitive by [34, Proposition 4.1.18].

Proposition 5.7 ([I2, Theorem 0.2]). Let f! be the frame flow on an n-dimensional com-
pact smooth Riemannian manifold with sectional curvature between —A% and —\? for some
A, N> 0. Then in each of the following cases the flow and its time-1 map are ergodic:

if the curvature is constant,

for a set of metrics of negative curvature which is open and dense in the C° topology,
ifn is odd andn # 7,

if n is even, n # 8, and \/A > 0.93,

ifn=17or8 and A\/A > 0.99023.. ..

We therefore have the following result.

Theorem 5.8. Let (FM, f) be the time-1 map of a frame flow from one of the cases
in Proposition . Suppose that ¢: FM — R is constant on fibers Ny, and given by

p(v) == fol Y(f1(v))dq, where : FM — R is Holder continuous. Then the following are
true.

(1) For every v € FDM, the sequence of measures fi, = %ZZ;& FEmS /mS (Ve (v))
from (4.2)) is weak® convergent as n — oo to a measure ji,, which is independent of
V.

(2) The measure , is ergodic, gives positive weight to every open set in F'M, has the
Gibbs property , and is the unique equilibrium measure for (FM, f, ).

(3) For every rectangle R C FM with p,(R) > 0, the conditional measures py generated
by pe on unstable sets Vi (v) are equivalent for p,-a.e. v € R to the reference
Measures m$|vﬁ(v). Moreover, there exists Cy > 0, independent of R and v, such
that for ps-a.e. v.€ R we have

_ dul
1 \4
(5.11) Cy < =

(4) The measure p, has local product structure.

(w)mS(R) < Cy for pl-a.e. w € VE(V).

Proof. The same computation as in the proof of Theorem [5.4] shows that ¢ satisfies Bowen’s
property along strong stable and unstable leaves and along the flow direction; since ¢ is
constant along fibers this establishes the u- and cs-Bowen properties, and thus Theorem

applies. O

We point out that because the action of SO(n—1) is transitive on each fiber and commutes
with the flow, the geometric potential is constant on fibers, and thus Theorem applies
to the geometric ¢g-potential for every ¢ € R.

Remark 5.9. FEquilibrium measures for frame flows were recently studied by Spatzier and
Visscher [53]; we briefly compare Theorem to their results.

(1) When the manifold M has an odd dimension other than 7, it is shown in [53] that
for any Holder continuous potential which is constant on fibers Ny ., the frame
flow possesses a unique equilibrium measure. The authors show that this measure
1s ergodic, fully supported, and has local product structure. However, whether this
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measure is weak miring remains unknown, and without this the argument in the
previous section cannot be used to deduce uniqueness for the time-1 map.

(2) For the equilibrium measures constructed in [53] it is shown that the conditional
measures generated by the equilibrium measure on central leaves are invariant under
the action of SO(n—1). This is a corollary of the fact that the equilibrium measure
has the local product property. Hence, a similar argument will work to establish the
same property for any equilibrium measure in Theorem E|

If p is the unique equilibrium measure for the time-1 map of the flow (w.r.t. ), then
each flu is also an equilibrium measure for (f, ) by similar arguments to those in the
proof of Proposition [5.6] and by uniqueness we see that p is flow-invariant; thus p is an
equilibrium measure for the flow (w.r.t. ¢). Conversely, any equilibrium measure for the
flow is an equilibrium measure for the map, so w is also the unique equilibrium measure for
the flow. Thus Theorem has the following consequence, which extends [53] to a broader
class of manifolds.

Corollary 5.10. For manifold M satisfying one of the conditions listed in Proposition
and for any Holder continuous potential which is constant on fibers Ny ,,, the frame
flow possesses a unique equilibrium measure which is ergodic, fully supported, has the Gibbs
property and local product structure and satisfies (5.11)).

5.2.3. Partially hyperbolic diffeomorphisms with compact center leaves. Let M be a compact
smooth Riemannian manifold and U C M an open set. Let f: U — M be a diffeomorphism
onto its image and A C U a compact invariant set on which f is topologically transitive
and which has a partially hyperbolic invariant splitting TaM = E* & E° & E°, where E“
and F* are uniformly expanding and contracting, respectively. Suppose moreover that the
center distribution F° is integrable to a continuous foliation with smooth leaves which are
compact and that sup,, || D f"|E¢|| < co. Then Theorem [4.7| gives the following result.

Theorem 5.11. Let f, A be as above and let o: A — R be a Holder continuous function
that is constant on each center leaf. Then there is QQ > 0 such that for every x € A, the
measures mS = mS(-, P(p)) on X = Vi (x) N A satisfy

loc
(1) Q71 < mE(Vit(a) N A) < Q;
(2) Q71 < Jacmyy(2) < Q for all rectangles R and z,y € R, z € V¥(z);
(8) the sequence converges to a unique equilibrium measure 1 = p, for @;
(4) for p-almost every y € M we have that the conditional measure Hy @S equivalent to
mg, with uniform bounds as in ;
(5) p has a local product structure.

In particular, Theorem [5.11] applies when f is a topologically transitive skew product
over a uniformly hyperbolic set that acts along the fibers by isometries, and when ¢ is a
Holder continuous potential function that is constant along fibers.

Remark 5.12. In this skew product case one can also give a proof of existence and unique-
ness of equilibrium measures by considering the dynamics of the factor map g on the original
uniformly hyperbolic set with respect to the Holder continuous potential ®(x) = p(x,-). This

"We would like to thank Ralf Spatzier for this comment.
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has a unique equilibrium measure v by classical results, and using topological transitivity
one can argue that there is exactly one invariant measure on A that projects to 1/E| which
must be the unique equilibrium measure for . We note, though, that the other properties
of the equilibrium measure i, stated in Theorem are mew.

We describe a specific example of a partially hyperbolic diffeomorphism f for which

e central distribution E° integrates to a continuous foliation with smooth compac

1) th tral distribution E° integrates t ti foliati ith th t
leaves;

(2) IDfIES <1;

(3) f is not topologically conjugate via a Holder continuous homeomorphism to a skew
product.

For a fixed o € (0,1) \ Q consider a transformation B: T3 — T3 of the 3-torus given by
B(x,y,2) == 2x+y,x+y,z+ ).

One can easily see that B commutes with a(z,y,2) = (—z,—y, z + %) and hence induces
a map on M = T3/a. This map is topologically transitive and partially hyperbolic with
center foliation being the Seifert fibration of M (for definition and constructions of Seifert
fibrations see for example [39]). Consequently, B: M — M is an example of a partially
hyperbolic diffeomorphism to which Theorem [5.11] applies and which is not topologically
conjugate to a skew productﬂ

Finally, we give an example Where fails and there are multiple equilibrium measures,
even though the growth along E° is subexponential.

Example 5.13. Consider the linear flow on the 2-torus T? generated by the system of
differential equations:

T=a and y=p
for some positive numbers «, B whose ratio is irrational. Choose a small number tg > 0.
One can find a function k: [0,1] — [0, 1] which is C* except at the origin and satisfies

(1) k(0) =0 and K(t) > 0 fort # 0;
(2) k(t) =1 fort>ty;
(3) fy mmdt < .

Define a function 1y: T2 — [0,1] by
K’(\/x2+y2) Zf(l‘,y) EB(OvtO)v

1 otherwise

Yo(z,y) = {

and then choose a point p = (0, yo) € T? and introduce a transformation x: T? — T? given
by x = x2 © X1 where
x1(z,y) = (z — z0,y — %), and xa2(z,y) = (v — ya/B,y/B).
Roughly speaking, x transforms the flow lines near p into vertical lines near the origin.
8As described to us by Federico Rodriguez Hertz, the idea is to show that the conditional measures on

fibers must be given by Haar measure of a compact group acting transitively on fibers.
9We would like to thank Andrey Gogolyev for this example.
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Finally, consider a function ¢ = g o x and the vector field
T =va and y=Yp.
The corresponding flow g; has a fixed point at p and therefore taking a vector v € TpT2 m
the direction of the flow, we obtain for g = g1 that |[Dgyv|| is unbounded. On the other
hand, one can show that lim,_,+ * log |Dgyll = 0. In addition, since Yo(z,y) = to(z, —y),
one can show that for any x # p there exists L(x) > 0 such that || Dglul| < L(z)||ul| for
any u € T,T?.

Property (3) of function k guarantees that the map g preserves a probability measure m,
which is absolutely continuous with respect to area. Another invariant measure for g is the
delta measure at p, 0,.

Let now A: T? — T2 be a hyperbolic toral automorphism and let f: T* — T* be given by
f(x,y) = (Az, gy), where x,y € T2. Then f is partially hyperbolic on T* with E* coming
from the unstable eigenspace of A and E° = E* ® T? where E® is the stable eigenspace of
A. C’ondition is clearly satisfied and|(C2)| holds because A is topologically mixing and
g 1s topologically transitive. However, |(C1)| fails and so does the conclusion of Theorem
for ¢ = 0: writing m for Lebesgue measure on T?, the measures m x m, and m x op are
both measures of mazximal entropy for f.

Note that the above direct product construction of the map f together with Theorem
allow us to obtain a new proof of the well known result that if g: M — M is a
topologically transitive isometry, then g is uniquely ergodic.

Part 2. Proofs
6. BASIC PROPERTIES OF REFERENCE MEASURES

Now we begin to prove the results from §4] starting with Theorem in this section,
and the remaining results in §§7-3]

Statement of Theorem is immediate from the definitions. Statement is proved
in Most of the rest of the section is devoted to the following result, which is proved

in §50.216.4

For convenience, given z € A and § € (0,7) we will write
Ba(z,6) = B(xz,0)NA and Bj(z,6) := B“(z,0) NA = B(z,0) N Vii.(x) NA.

Proposition 6.1. For every 1 € (0,7) and ro € (0,7/3] there is Q1 > 1 such that for
every x € A and n € N we have

(6.1) Q') < ZXP(BY (x,1), 0, 72) < Qe

In the course of the proof of Proposition we establish Statement of Theorem
see Then in we prove Statemen

Throughout, we recall that A is a compact f-invariant set that is partially hyperbolic in
the broad sense, on which and are satisfied (so F“ is Lyapunov stable and f|A
is topologically transitive) and the local product structure condition holds. We also
assume that p: A — R is a potential function satisfying the u- and cs-Bowen properties with
constants (Q, and Q.s, as in §4.1 Recall that occasionally we use the following notation:
given A, B,C,a > 0, we write A = C**B as shorthand to mean C~*B < A < C°B.
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Many of the techniques used in the proof of Proposition [6.1]are adapted from Bowen’s pa-
per [7]; the underlying principle is that if Z,, is a ‘nearly multiplicative’ sequence of numbers
satisfying Z,.x = Q*'Z,Z;, for some Q independent of n,k, then P = lim, .o % log Z,
exists and Z,, = QF'e"’ (see [I7, Lemmas 6.2-6.4] for a proof of this elementary fact). The
proofs here are more involved than those in [7] because the partition sums in actually
depend on x,ry,r2, so we must control how they vary when these parameters are changed.

6.1. Reference measures are Borel. An outer measure m on a metric space (X,d) is
said to be a metric outer measure if m(E U F) = m(E) + m(F) whenever d(E, F) :=
inf{d(z,y) : x € E,y € F} > 0. By [27, §2.3.2(9)], every metric outer measure is Borel, so
to prove Statement it suffices to show that mg is metric. To this end, note that given
z e Nand y e X = V! ()N A, we have diam B (y,r) <rA" — 0 as n — oo, and thus for
any E, F C X with d(E, F) > 0, there is N € N such that By, (y,r) N Bg(z,r) = 0 whenever
y € E, z € F, and k,n > N. In particular, for this (and larger) N, every G used in (3.4))
splits into two disjoint subsets, one that covers E and one that covers F, which implies
that m$(E U F) = mS(E) +mS(F), so m¢ is a metric outer measure.

6.2. Uniform transitivity of local unstable leaves. We will need the following conse-
quence of topological transitivity.

Lemma 6.2. For every d > 0 there isn € N such that for every x,y € A, thereis0 <k <n
such that f*(B%(z,68)) N B%(y,8) # 0.

Proof. Let Ac = {(z,y) € A x A : d(z,y) < €}, where ¢ > 0 is small enough so that the
Smale bracket [z,y] = V% (z) N V% (y) defines a continuous map A, — A. The function
G(z,y) = max{d([z,y],x),d([x,y],y)} is continuous on A, and vanishes on the diagonal
Ag. Thus there is §; € (0,6/2) such that d(z,y) < é; implies G(z,y) < §/2, and similarly
there is d2 € (0,01/2) such that d(x,y) < d2 implies G(z,y) < 01/2.

Now fix # € A and let U = By (z,d2). Given n € N, let

n
Y 1= Sup {'y > 0 : there exists y € A such that B(y,~) N U Huy = (Z)}.
k=0

If v, # 0, then there are y, € A and v > 0 such that By (y,,7) C A\ Uj,_ fE(U) for all n,
and thus any limit point y = lim;_, yn; has B(y, YNfFU) = 0 for all k € N, contradicting
topological transitivity of f|A. Thus v, — 0, and in particular, B(y, d2) N Up_o f*(U) # 0.
Now given z,y € A, this argument gives k € [0,n] and p € f*(U) N B(y, 82); see Figure
Let ¢ = [y, p], so ¢ € B(y,01/2) N B*(p,d1/2) by our choice of d3. It follows that
(@) € BY(f7"(p),61/2) C B(w,81/2+ 62) C B(w,01).
Now by our choice of d1, we have z := [f~%(q),z] € B*(f*(q),5/2) N B%(x,6/2), so
f¥(2) € B*(q,6/2) C B*(y,4), which proves the lemma. O
6.3. Preliminary partition sum estimates. Now we need to compare the partition

sums Z; " (BY(z,71),¢,7m2) and ZpP(BY(x,71),¢,r2) from (2.9) for various z € A and
0 < ri,re < 7. It will be useful to note that given = € A and y € By(z,12), we have

da(ay) = max d(f*(2), () = d(I" (). £ ()
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FIGURE 6.1. Proving Lemma [6.2]

so that in particular, B (z,r2) = f~"(B"(f"x,r2)).

6.3.1. Comparing spanning and separated sets.

Lemma 6.3. For every x € A, n € N, and 1,72 € (0,7] we have
Z3P(BR(x,11),0,m2) < ZiP(BR(,11), p,m2) < €9 Z3P(BR (2, 71), 0, 72/2).

Proof. If E C B%(x,r1) is a maximal (n,rs)-separated set, then it must be an (n,rs)-
spanning set as well, otherwise we could add another point to it while remaining (n,r2)-
separated. Thus

Z (B (1), 0,m2) < ) e < ZEP(BY (w,m1), ,7),
zelR

which proves the first inequality. Now let F' C BY(z,71) be any (n,r2/2)-spanning set.
Given any (n,rp)-separated set E C Bj(x,r1), every z € E has a point y(z) € F N
B} (z,712/2), and the map z — y(z) is injective, so

Z5P(BY(z,11), @, 72) Z Snep(2) < Z Sne(y(2)+Qu < oQu Z Snep(y
z€FE z€E yelr
Taking an infimum over all such F' gives the second inequality. O

6.3.2. Changing leaves. Let € > 0 be such that [y, z] exists whenever d(y, z) < e. Without
loss of generality we assume that € < 7/3. The following two statements allow us to compare
partition sums along different leaves.

Lemma 6.4. Given any r1 € (0,¢) and ro € (0,7/3], there are ny = ni(r1) € N and
Q2 = Q2(r1,72) > 0 such that given any z,y € A and n > n; we have

(62) ZTSLI:?rrLll (BX(:U, rl)v @, 3’/“2) < QQZ;pan(BX(x7 Tl)’ P, T2)‘

Proof. Choose € > 0 small enough that if z € A, y € B}(x,r2), and z € B§(z,¢), then
Vi% (y)NB"(z,2r2) # 0; then let § = d(e) > 0 be given by[(C1)} By Lemmal[6.2] there is ny €
N such that for every z,y € A thereis k = k(z,y) € [0,n1] with f*(BY%(z,r1))NB(y, ) # 0.
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Now given z,y € A, n > ny, and any (n,rz)-spanning set £ C B} (x,71), we will produce
an (n — ni, 3ry)-spanning set E' C B} (y,r1). To this end, let U = UZGBX(%THTQ) Vi&(2),
and let m: U — B} (y,r1 + r2) be projection along center-stable leaves. We first claim that

ni

By = U (f*(E)nU) c Bi(y,r1 +12)

k=0
has the property that
(6.3) U By, (w,2r2) > Bi(y,r).
we k),

Indeed, given z € BY(y,r1), by the choice of ny there are k € [0,n1] and p € BY(z,r1) such
that f*(p) € B®(z,), and since E is an (n,ry)-spanning set in BY(x,71), we can choose a
point ¢ € EN BY(p,r2). Then

*(a) € By_y(f*(p),r2) C Byi_y,, (F*(p),2),

so for all 0 < j < n —ny we have d(f/(f*q), f7(f¥p)) < 2. By we also have
d(f7(f*q), f7(mf*q)) < ¢, and thus our choice of € gives d( Fi(rfFq), 7 (nffp)) < 2ry for all
(

J
such j. Since w(f*p) = z, we conclude that 7(f*(q)) € z,2r3), which proves (6.3]).
To produce E' C B} (y,r1), consider the sets

Ey:= EyNBy(y,r1), Esz:={:z€E1\Ey: B, , (2,72) N Bj(y,r1) # 0}.
Define a map T': E3 — Bj(y,71) by choosing for each z € E3 some T'(z) € By;_,, (z,72)NA.
Then E' = E; UT(E3) is an (n — ny, 3rg)-spanning set in B (y,71).
Given k € [0,n1] and j € {2,3}, let Ejk ={pe E:n(f*(p)) € E;}, so

—ni

ni

(6.4) E'= | nfMES) U T (nf* (E5))
k=0
By the cs-Bowen property, for each p € E we have
(6.5) ’Sn—m%o(ﬂ'(fk(p))) - Sn—nl‘P(fk(p))‘ < Qes-
Since T'(z) € By;_,,(2,72), the u-Bowen property gives
(6.6) |Sn—ny P(T'(2)) = Sn—np(2)] < Qu.

Using the (n — nq,3r2)-spanning property of E’ together with 7, we obtain
Z (Bi(y,m1),0,3r2) < Y eSnmm#l)

z€EE'
ni
< Z( 37 eSnmelmte) % eSnnlew(fk(p))))
k=0 "peEy pEEk
ni
S Z < Z eSn—n1W(fkp)+ch 4 Z esn_n1¢(fk(p0)+ch+Qu>
k=0 "pek} pEEk

< (ni+1) Z eSn#(P)+Qes+Qutna ol
peE
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Putting Qo := (ny + 1)eQesTQutnll#ll and taking an infimum over all E proves (6.2). O
6.3.3. Changing scales.

Lemma 6.5. For every ro,r3 € (0,7], there is ng € N such that for every x € A and
r1 € (0,7], we have

ZZeP<BX(x7 Tl)v 1) T3) < enOHv”ZSTnO (BX(%‘, T1)7 ©s TQ)'

Proof. Choose ng € N such that 79 A" < r3, where A < 1 is as in Proposition Then if
x € A and y,z € V! (x) are such that d,(y, z) > 73, we must have dp1n,(y,2) > re. This
shows that any (n,r3)-separated subset E C B} (x,r1) is (n + ng, r2)-separated. Moreover,

we have
Z SnSD < 6”0”90” Z Sn+n0§0(y)
yeE yeE
and taking a supremum over all such F completes the proof. ]

6.3.4. Correct growth rate. At this point we have enough machinery developed to prove
that the leafwise partition sums have the same growth rate as the overall partition sums so
that we can use the former to compute the topological pressure in . This is not yet
quite enough to conclude Proposition but is an important step along the way.*

Lemma 6.6. For every x € A, 1 € (0,¢), and ro € (0,7/3], we have
1 1
(6.7)  P(p) = lim —log Z;P*"(Bj(x,7m1),¢,72) = lim —log Zy™(BR(x,71), ¢, 72).
n—oo n n—oo n
Proof. Given Y C M, write

1
Py (rg) = Jim —log ZIP(Y VA, 7);

define Py’ (r2), P™ (1), and P3P (rg) similarly. (Since ¢ is fixed throughout we omit it
from the notation.)

Using Lemma and the fact that any (n,r)-separated subset of BY(z,r1) is also an
(n,r9)-separated subset of A, we get

Bg}??x,m)(TQ) < PB“(:I: ,,,1)(7’2) < Fsgg(a:r )(TZ) < F?\ep(rz) < P(tp)

Thus to prove Lemma it suffices to show that PP:" )(T2> > P(y). Indeed, it will

=B} (z,r1
suffice to show that PSBU(:C ry(r2) > P (r3) for all 73 > 0.
To this end, fix 73 > 0. By Lemma [6.5] there is ng € N such that for every z € A, we
have
ZyP(Bi(a, 1), . rs/4) < "W ZIE, (B (2,11), 0, 2r2).
Using this together with Lemma gives

BSBP;?:IJ,H)( ) 2 P?;E( )(2T2) > PSBCE (T3/4) > PsBpf?xr )(7“3/4),

*The published version of this paper contains an error in the proof of Lemma (an incorrect deduction
involving lim sup and lim inf using Lemma . We are grateful to Xue Liu for bringing this issue to
our attention. The lemma remains correct as stated in the published paper, and the proof presented here
corrects the problem.
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and so we can complete the proof of Lemma by showing that Eg’;?xm) (r3/4) > PY™ (r3)
for all r3 > 0.

For this, we need to use the Lyapunov stability of E° from Condition (see also
Remark . Let 6 > 0 be given by with € = r3/4, and consider for each y € A the
(relatively) open set U, := UzeB}((y,rl) B$(2,9). Since A is compact, we have A ¢ UY, U,
for some {y1,...,yn}. Now for any 2 € A, Lemma 6.4 gives (n — n1, 3¢)-spanning sets E;
for B} (yi, 1) such that

Z S92 < Qo Z5P™ (BY(m,71), @, €).
2€E;

We claim that E; is an (n — ng,4e€)-spanning set for U,,. Indeed, for every z € U,, we
have [z,y;] € B} (y;,r1) and hence there is p € E; such that d,(p, [2,v:]) < 3e. Moreover,
dn(z, [2,yi]) < € using Condition and the fact that z € B®([z, v, d); then the triangle
inequality proves the claim. Now writing E/ = UZ]L E;, we see that E’ is an (n — ny, 4¢)-
spanning set for A, and hence,

ZP5 (A, @, 4€) < QaNZ:P*™ (By (x,11), @, €).

n—mni
Taking logs, dividing by n, and sending n — oo gives BSBP;?LTI)(E) > Bipan (4¢), which proves
Lemma 0

6.4. Uniform control of partition sums. Now we are nearly ready to use the estimates
from the preceding sections to prove Proposition We need two more lemmas.
Given n € N and 71,72 € (0, 7], consider the quantity

(6.8) Zy(pyr1,12) = sup ZyP(By(w,11), 0, 72).
Te

We have the following submultiplicativity result.
Lemma 6.7. For every x € A, r1,r2 € (0,7], and k,¢ € N, we have
(69) ZZ?&(BX(JJ, Tl)v ©, TQ) < eQuZ?P(BX(x’ T1)7 @, TQ)ZEL((Pa 1, T2)‘

Proof. Given z € A and k,f € N, let E C B}(z,71) be a (k + £,rp)-separated set. Let
E' C E be a maximal (k,ry)-separated set, and given y € E' let E, = EN B}(y,r1). Then
fR(Ey) is an (¢,r3)-separated subset of f*(Bi(y,m1) NA) = BY(f*(y),r1), and we conclude

that
Zesk-s-eso(y) — Z Z eSkter(z) — Z Z Sk (2) o Sep(FF(2))
yer yeL zEEy yeL' zeEy
< Z SkP(Y)+Qu Z eSee(f*(2))
yekr' z€Ey

< BQ“ZZGP(BX(JJ, T1),%,72) 2&%’5 ZZGP(BX(f’“(y), 1), T2),

where the first inequality uses the u-Bowen property. Taking a supremum over all choices
of ' completes the proof. O
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Now we can assemble Lemmas and [6.7] into the following result that lets us

change parameters x and r in partition sums more or less at willm

Lemma 6.8. For every r1 € (0,€) and ro,75 € (0,7/3] there is Q3 such that for every
z,y € A andn € N, we have

ZyP(Bi(x,1m1), ¢, m2) < QaZyP(BR(y,71), ¢,75)-

Proof. Let nq be as in Lemma (note that it only depends on r1, not on r2) and let ng
be as in Lemma with 73 =} /6. Then for all z,y € A, we have

ZyP(Bi(y, 1), o, 15) < €9 ZP (B (w,71), 0, 75/2)
< Qe ZiE (B (w,11), 0,75/6)
< Qe Zy Ty, (BR(x,m1), ,75/6)
< Qo eQ“+"°”"°”ZZ?no+nl(B}{(:L‘,rl), ©,T2).
By Lemma this gives
ZEP (B (y,11), ¢, 7%) < Qoe®@utnollel Z8er (B (2 01), 0, 10) Z2 1, (0,71, 72).
Putting Q3 = Q262Q“+”0H50”Z,“10+m(<p, r1,72) completes the proof. O
Proof of Proposition|6.1. For the lower bound, we apply Lemma iteratively to get
Zsep(BA(:C 1), @, rg) < ePMTHRuZU (o 1y ro)
Taking logs, dividing by nk, and sending n — oo gives

Lemma
Lemma
Lemma

(
(
(
(Lemma

1 u
7 log Zi(p,r1,m2) > —% + P(p)

by Lemma Thus for every z € A and k € N, Lemma [6.§] gives
2y (B (@,m). p.r2) 2 Q5 2 (p,r1,m2) = Q5 e et ),

which proves the lower bound in by taking Q > Q3e%x.

For the upper bound in , start by letting ny € N be such that roA™"2 > ro + 21,
where once again A < 1 is as in Proposition [2.3(3)] Now fix z € A and n € N, and let
Ey C Bj{(zx,r1) be any (n,ry)-separated set. By Lemma for every z € A there is a
(n,rg)-separated set G(z) C B} (z,r1) with

(6.10) D7 eSel) > @pt N eSnel),
peG(2) yEEo
Given k =1,2,..., construct Ey C By (x,r) iteratively by
(6.11) By= |J (@) (y)).
yEEL_1

We prove by induction that Ej is a ((k + 1)n + kna, r2)-separated set. The case k = 0 is
true by our assumption on Ey. For k > 1, suppose that the set Ej_1 is (kn+ (k—1)ng), r2)-
separated. Then given any p1, p2 € Ej we have one of the following two cases.

10With a little more work we could vary 71 as well, but we will not need this.
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(1) There is z € Ej_y with p1,ps € fF0m)(G(fF+n2)2)). By the definition of

G(fFn+n2)(2)), this gives

Aoy Vo (P1,02) = d (FFH2) (py), f20H72) (p)) > 1y,

(2) There are z; # 29 € Ej_; such that p; € f=E4m2)(G(fF0+12) () for i = 1,2.

Then f(pi) € B"(f(2:),m1) for all 0 < £ < k(n 4 ng), and there is 0 < j <
kn 4 (k — 1)ng such that f7(z2) € Vi“.(f?(21)) and d(f7(z1), f?(22)) > re. By our
choice of nq, we have

2

AP (), F72 () > 1o+ 20 = o+ 372 (z), [ (1)),
=1

and the triangle inequality gives d(f7T"2(p1), f77"2(p2)) > ro.

This completes the induction, and gives the following estimate:

(6.12)

se S n n
Z(kil)nJrknz(BX(x’Tl)’90’T2) = Z e (rink 290(31)_
yEE)

Write Zj, for the sum on the right-hand side of (6.12). The definition of Ej in (6.11) gives

(6.13)

Zk: — Z < Z es(k+1)n+kn2‘p(z)>
Zef_k(n+n2)

YEPE—1 (G(fEmn2)(y)))
> Z eSkn+(k71)n250(Z)*Que—"2H%OH Z eSnSD(p)
VEE-1 PEG(fHn2) (y))
> lee—Qu—M\\wlle_l Z eSneW)
yEEo

where the last inequality uses (6.10). Writing Q4 := Qze@=T"2l¢l and applying (6.13) %
times yields

7. > QZk( Z esncp(y))k‘

yEEo

Then (6.12) gives

k
Z(Sliil)n+kn2(BX($,T1)790,7“2) > QZ’“( Z @Snw(y)) _
y€Eo

Taking logs and dividing by k gives

(k+ 1)n+ kng

n+ % +n2 se u
k lOg Z(kl_)‘_l)n_;'_an (BA(xv rl)v © TQ) > - IOg Q4 + IOg Z ean(y)'

y€Eo

Sending n — oo and taking a supremum over all choices of Ey, Lemma yields

(n+n2) P(p) = —log Q4 +log ZyP (B (z,71), ¢, 72),

and so Zp P (BY(x,r1),¢,12) < Quetm2)P(©) - Choosing Q1 > Que™2F®) completes the
proof of Proposition [6.1 O
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6.5. Proof of Theorem Fix € A and set X := V% (x) N A. We showed in §3.2

that m¢ defines a metric outer measure on X, and hence gives a Borel measure. Note that
the final claim in Theorem [4.2] about agreement on intersections is immediate from the
definition. Thus it remains to prove that m$(X) € [K~1, K], where K is independent of x;
this will complete the proof of Theorem

We start with the following basic fact about local unstable leaves, which follows easily
from Proposition [2.3(4)]

Lemma 6.9. For allry,r9 € (0,7] there is Q5 > 0 such that for ally € A, there are k < Q5
and z1,. .., 2z, € B (y,r2) such that Ule B} (zi,r1) D B} (y,12).

Together with Proposition [6.1] this leads to the following.

Lemma 6.10. For every r € (0,7/3], there is a constant Qg > 0 such that for everyy € A,
n €N, and N > n, we have

Z3P(Bi(y,r) N A, p,7) < QeelN (@) eSnely),

Proof. Let £ € N be such that A < %, where A < 1 is as in Proposition Given any
(N, r)-separated set E C By (y,r) N A, we have d(f"(z1), f"(22)) < 2r for every z1,22 € E,
and thus d(f"*(z1), " “(22)) < r, so f""YE) is an (N — n + £,r)-separated subset of
FrABy(y, 1) NA) € BR(S (y), 7).
Applying Proposition with 71 = €/2 and r9 = 7, gives @1 = Q1(r) such that
ZNE (BRI (), €/2), 0,7) < QueV 0P,

and so, applying Lemma with 71 = €/2 and ry = 4, gives 5 = Q5(r) such that

Do D < R (BRI W), 07) < QaQuel N TOPE),

zefn=Y(E)
Thus we get
Z eSNSD(Z) — Z eSn—ZW(z)eSanHSO(f”*é(Z))
z€E zeE
< eQueSn—e0(y) Z eSN—n+e#(2)
zEfn~H(E)
< QuelllellSne W) p 9 e (N =P (#) P (2)
and so putting Qg = eQuelllPI+P©)QsQ, proves the result. O

Now we can complete the proof of Theorem Fixr; € (0,7), and note that Proposition
and Lemmas and apply with 7o = r. We will find Q7 > 0 such that

(6.14) Q7' < m(Bi(x,m)) = mg(B"(z,11)) < Qr

for every x € A; then Lemma will complete the proof of the theorem by taking K =
QR7Qs.
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For the upper bound in (6.14)), let Q1 be given by Propositionwith ro = r. By Lemma
and Proposition for every N € N there is an (IV,r)-spanning set Ex C B} (z,71)

with 3o, €¥°W < Q1eNPW). Then (B5) gives

(6.15) mS (B (z, 1)) < Jim Y e NPeSvel) < @,
yGEN

For the lower bound in (6.14)), let {(y;,n:)}i € (V%(2)NA) x N be any finite or countable set
such that By (x,r1) C |U; By, (yi, 7). By compactness, thereis & € N such that By (x,71/2) C
Ule B (yi,r). Fix N > max{ny,...,n;} and for each 1 <i < k, let E; C By (y;,7) N A
be a maximal (N, r)-separated set. Then |J%_, E; is an (N, r)-spanning set for BY (x,71/2),
and we conclude that

k
Sne(z) > pspan  pu
Zze — “N ( (x7T1/2)7§07T)
616 =%

> e*Q”Zive%me,n/z), p,2r) > Qrle PN,

where the second inequality uses Lemma and the third uses Proposition [6.1] with

Q1= Q1(r1/2,2r).
Now we can use Lemma, to get the bound

3" SN < Z3P(BE (yi,1) N A, ,1) < QpeN TP (@)eSniew)
ZGEZ'

for each 1 <i < k. Summing over ¢ and using (/6.16) gives

Ql Qu NP(p < Z Z esNS@ < ZQGG (N—n;)P Sn 50(%)

i=1 z€FE;
and dividing both sides by eVN*(®) yields
k
Ql_le_Qu < Qs Z e~ iP(P) oSn; e (vi)
i=1

Taking an infimum over all choices of {(y;,n;)}; and sending N — oo gives m$(BY(x,r1)) >
Q7 e~ Qu Qs ! Thus we can prove (6.14) and complete the proof of Theorem by putting
Q7 = max{Q1, Q19" Qs }.

7. BEHAVIOR OF REFERENCE MEASURES UNDER ITERATION AND HOLONOMY

7.1. Proof of Theorem We will prove that for every Borel A C Vi! (f(z)) NA,
(7.1) Moy A) = [ PO aml(y),
f(=) 1A @

which shows that f;'m ( y < m¢ and that the Radon-Nikodym derivative is g = ePle)-¢,
Given such an A, we approximate the integrand on the right-hand side of (|7.1)) by simple
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functions; for every T' € N there are real numbers

inf g(y)=af <a3 <---<ap= sup (g9(y)+1)
yef~1(A) yef~1(A)

and disjoint sets
El ={ye f 1A :al <gly)<al }for1<i<T
such that f=1(A4) = UiT:_l1 ET'; since the union is disjoint we have

T-1

7.2 / dm = lim a; ET = hm al, ymS(EL
(7.2) W) WZ Z mG (B,

To prove ([7.1)), start by using the first equality in (7.2)) and the definition of m¢ in (3.5) to

write

7.3 / gdmg = lim al hm inf) el ;¥ (J)
( ) F1(A) HooZ N—o00 Z

where the infimum is taken over all collections {By, (zj,r)} of u-Bowen balls with z; €
V’u

loc\%

() N A, n; > N that cover EI. Without loss of generality we can assume that
(7.4) By (z,7) N E] # 0 for all j.

Consider the quantity

(7.5) Ry :=sup{[p(y) —¢(2)| 1y € A,z € By(y,7/3)},

and note that Ry — 0 as N — oo using uniform continuity of ¢ together with the fact
that diam B%(y,7/3) < 7AY — 0. Now by (7.4) we have

al > g(z)e BN = e~ BN o P(9) o —0(2))

for all j, and thus (7.3) gives

T%oo N%oo

/ dmC > hm lim inf S e~ AN = (n=DP(@) Sn; 100 (1)).
f‘l(A)

where again the infimum is taken over all collections {By (zj,7)} of u-Bowen balls with
zj € Vi (x) N A, n; > N that cover ET. Observe that to each such collection there is

associated a cover of f(EI) by the u-Bowen balls f(By,(z,7)) = B,“Lrl(f(zj), r), and vice
versa, so we get

/f—l(A) g(y) dm€(y) > Tlgr;o Z mf @) (f = m?(x)(A).

The reverse inequality is proved similarly by replacing aiT with aiT_H in ([7.3)) and using the
second equality in (7.2]). This completes the proof of ([7.1)), and hence of Theorem
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7.2. Proof of Corollary Iterating ([7.1)), we obtain
(7.6) mfcn(w)(A) = / P (0)=Sne(y) dmC(y)
I="(4)

for all A C Vi (f™(x)). Fix 6 € (0,7). Putting A = B"(f"(z),0) and observing that
f(B*(f™"(x),d)) = By(x,0), we can use Theorem [4.2{ and the u-Bowen property to get

K > mS, ) (BY(f"(2),8)) = / e PO)=5200) gl ()
B}{(w,é)

> ¢~ QuenP(9)=Sne (@) C(BY (. 5)).

This gives mS(B%(z,6)) < e@u K@) +5¢(@) proving the upper bound in (&.1)). For the
lower bound, let k € N be such that 6A™F > 7; then B%(y,d) D f~*(V;%.(f*(y))) for all
y € A, and again Theorem [£.2] and the u-Bowen property give

K< m§n+k(x)(%gc(fn+k(x))) < /Bu( : MR PO)=Snik e W) gimC (4
< QuelPHgl) nPle)=Sue @) C(BU (. §)).
This proves Corollary

7.3. Proof of Theorem Let k € N be such that for every y € A there are zq,..., 2 €
B (y, 2r) for which B}(y,2r) C Ule B} (z;,r). We can choose 6 > 0 satisfying: if z,y € A
are such that d(z,y) < 6, and a,b € V! (x) N A, p,q € Vi¥.(y) N A are such that p € V& (a),
g € VES(b), then d(p,q) < d(a,b) + .

Now let § = §(6) > 0 be given by[(C1)| and let R C A be any rectangle with diam(R) < 4.
Given y,z € R and E C V}(y), we must compare m$(E) and m¢ (. (E)). In this case, for
any cover {B}! (z;,7)} of E with z; € V§(y) and n; € N, we have d(f"xz;, f™ (my.x;)) < €
by Condition and our choice of € gives

Tyz(By, (i, 1) N A) = my (f 7" (BR(f" (0), 7)) = 7" (T priey, pri (o) (BRO ™ (23), 7))
C fTUBR(f" (myz (i), 2r)).
By our choice of k, for each i there are points xil,...,;vf C BY(f™(my=(zs)),2r) with
B (f™ (mys(w:)), 2r) C Uj_y B (a],7). Thus {B,(f =™ («]),7)}s; is a cover of 7. (E), and
moreover for each i, j, the u- and cs-Bowen properties give
|Snep(@i) = Snop(a])|
< S p(x:) = Snyp(Tryz ()| + [Snip(myz(24)) — Snip(2])]| < Qu + Qs
Now we have ,
Ze_nip(‘;a)esni‘ﬁ(mg) < keQu'f'ch Z e_nip(ﬁp)esni@(wi)7
i i
and taking an infimum over all such covers { B}, (z;,7)} of E gives

m¢ (my=(E)) < keQ"Jchsmg(E).

z

By symmetry, we also get the reverse inequality, which completes the proof (we put o = ¢).
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8. PROOF OF THEOREM

To prove items|[(1)H(4)] from Theorem [4.7] first observe that each measure i, has i, (A) =
1, and thus by weak*-compactness, there is a subsequence p,, that converges to an f-
invariant limiting probability measure.

The first step in the proof is to show that every limit measure p has conditional measures
satisfying Statement which we do in By Theorem this implies that u has
local product structure, so it satisfies Statement as well.

The second step is to use to show that every limit measure p satisfies the Gibbs
property and gives positive weight to every open set; this is relatively straightforward and
is done in

The third step is to use the local product structure together with a variant of the Hopf
argument to show that every limit measure p is ergodic; see

For the fourth step, we recall that in the setting of an expansive homeomorphism, an
ergodic Gibbs measure was shown by Bowen to be the unique equilibrium measure; see [7,
Lemma 8]. In our setting, f may not be expansive, but we can adapt Bowen’s argument (as
presented in [34, Theorem 20.3.7]) so that it only requires expansivity along the unstable
direction, which still holds; see Once this is done, it follows that (A, f, ¢) has a unique
equilibrium measure p,, and that every limit measure of {u,} is equal to ji,. In particular,
1n converges to this measure as well, which establishes Statement and completes the
proof of Theorem [£.7]

8.1. Conditional measures of limit measures. To produce the equilibrium measure

i, using the reference measure m¢, we start by writing the measures fPm¢ in terms of

standard pairs (Vii'.(y), p), where y € f*(Vi2.(x)) and p: V2 (y) — [0,00) is a mg—integrable

u
loc

density functions that appear in the standard pairs representing fI'm

density function; each such pair determines a measure pdmg on (y). By controlling the

C
T
that every limit measure p of the sequence of measures u, = % ZZ;& #m¢ has conditional
measures that satisfy part of Theorem

Fix z € A and n € N; let W = V¥ (x) and W,, = f*(W N A). Then the iterate frm¢ is
supported on Wy, and W), can be covered by finitely many local leaves V% (y). Iterating
the formula for the Radon—Nikodym derivative in Theorem [4.4] we obtain for every y € W,

and z € W, NV} (y) that

we can guarantee

d( frmS .
(8.1) (dmc)(z) — P +Sne(f72) . gn(2).
Y

Write pi(2) := gn(2)/gn(y); then the u-Bowen property gives
(82) p%(z) = esn‘p(finz)_sn‘»g(finy) c [e_Qu’ eQu]

Now suppose y1,...,ys € Wy, are such that the local leaves V}?.(y;) are disjoint. Then for
every Borel set E C |J;_; Vj“.(v:), we have

u
loc

(8.3) () =3 /E onl2) i (2) = 3 anlo) [E o (2) dmC (2).
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In other words, one can write f*m$ on (JI_, Vi4.(y;) as a linear combination of the measures
o dmgi associated to the standard pairs (V% (v;), '), with coefficients given by g, (y;).
The crucial properties that we will use are the following.
(1) The uniform bounds given by on the density functions pj’ allow us to control
the limiting behavior of fP'm¢.
(2) When [J;_,; Vi%(yi) covers “enough” of W, the sum of the weights Y7, gn(y;) can
be bounded away from 0 and oo.
Given a rectangle R, the intersection W, N R is contained in a disjoint union of local
leaves, so that fm¢|g is given by . We will use this to prove the following result.

Lemma 8.1. If i is any limit point of the sequence p, from (4.2), then p satisfies Statement
of Theorem : given any rectangle R with u(R) > 0, the conditional measures of

are equivalent to the reference measures mS and satisfy the bound

(8.4) Cyt < (z2)mE(R) < Cy for py-a-e. z € VE(y).

Before starting the proof, we observe that although gives good control of the condi-
tional measures of p,, it is not in general true that the conditionals of a limit are the limits
of the conditionals; that is, one does not automatically have (,un)g — ,ug whenever u,, — u.
In order to establish the desired properties for the conditional measures of u, we will need
to use the fact that the conditionals of pu,, are represented by density functions for which
we have uniform bounds as in . We will also need the following characterization of the
conditional measures, which is an immediate consequence of [26, Corollary 5.21].

Proposition 8.2. Let u be a finite Borel measure on A and let R C A be a rectangle with
w(R) > 0. Let {&s}en be a refining sequence of finite partitions of R that converge to the
partition & into local unstable sets Vi(x) = Vi*.(x) N R. Then there is a set R C R with
w(R') = p(R) such that for every y € R’ and every continuous 1: R — R, we have

1
(.5) [ b@ i@ = Jim s [ wE) duce),
Vi (y) Vi) =00 1(&e(Y)) Jeo(y)
where £,(y) denotes the element of the partition & that contains y.

Proof of Lemma[8.1]. Note that it suffices to prove the lemma when diam(R) < o, where
o > 0 is as in Theorem because any rectangle R can be covered by a finite number of
such rectangles, and Lemma [2.10| gives the relationship between the conditional measures
associated to two different rectangles.

Given a rectangle R C A with pu(R) > 0 and diam(R) < o, let & be a refining sequence
of finite partitions of R such that for every y € R and ¢ € N, the set &(y) is a rectangle,
and ey &e(y) = Vi ().

Let R C R be the set given by Proposition We prove that holds for each
y € R'. Recall that W;, = f*(Vi% (z) N A), so that fFm¢ is supported on Wj. Given

loc T
y € R and £,k € N, the set Wy, N &(y) is contained in (J;_, Vﬁ(z,%) for some s € N and
z,(glg, e zl(j; € Wi N&(y). Without loss of generality we assume that the sets Vﬁ(z,(jz,)

are disjoint. Following (8.3)), we want to write f¥m¢ as a linear combination of measures
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supported on these sets; the only problem is that some of these sets may not be completely
contained in Wp.

To address this, let I(k) = {i € {1,...,s} : Vﬁ(z,(;;) C Wi}, and let v ¢ be the restriction
of m¢ to the set Uierw f_kVﬁ(z,(;}) C Vi¢.(z). Then we have
8.6)  (ffmf — froedleq = (FEmlz, for Zo= |J WenAn V().
iel(k)e

and since V3§ (2, 2 )) C B”(z,i)e, T), we obtain that

Z, C {2 € Wy, : Bi(z,27) ¢ Wi}
Taking the preimage gives

Y= f" 2, € {y € Vis(@) N A= Bi(y,27A") & Vi (@)},

s0 N2, Vi = 0; we conclude that fFmC(Z;) = mS(Yy) — 0 as k — oo, so gives

klggo I(FEmS — fEvo)le, o) = 0.

It follows that rle S 61 f*up converges to pl ¢(y) In the weak™ topology, and thus for
every continuous ¥: &(y) — R, (8.3) gives

200
(5.7 van=im L35 e D [ o PR ()

(i)
&(y) ey 4T ieI(k) ko)

Given p,q € R and a continuous function ¢: R — R, (§8.2)) and Theorem give
/ B(2) () dml(z) = e+ / (z) dm(z) = Q01 / (g} dimS ().
Vi (p) VE(p) Vi (@)

Now assume that 1) > 0; then when the leaves V§(p) and V§(q) are sufficiently close, we
have 9(mpq2) = 251 (2'), and thus for all sufﬁciently large ¢, (8.7) gives

(8.8) /&(y)wdu (2e%:C) il( lim — Z Z k(2 )/R(y)wdmg.

—00 M5
J T k=0 icI(k)

When ¢ = 1 this gives

nj—l

p(ew)) = (2e2 07 (T 3 37 g ) mE (VEW)).

—00 M4
J T k=0 iel(k)

and so (8.5)) yields
1

By, = (2094 0) 2 — / Y dmE.
/Vz%(y) VEW) mg(Ve W) Jvgw)
Since ¢ > 0 was arbitrary, this proves (8.4)) and completes the proof of Lemma O
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8.2. Local product structure, Gibbs property, and full support. The fact that u has
local product structure, is fully supported, and has the Gibbs property follows by the same
argument as in [17, §6.3.2]; here we outline the argument and prove two Lemmas that were
stated in [I7] without proof. We point out that although [I7] considers uniformly hyperbolic
systems, the proofs in [I7, §6.3.2] work in our setting of a partially hyperbolic set satisfying
(C1)H(C3), with one exception: that section also includes a proof of ergodicity using the
standard Hopf argument, which requires uniform contraction in the stable direction, a
strictly stronger condition than our Condition Since we only assume here, we
prove ergodicity using a modified Hopf argument in

Now we give the arguments. Local product structure follows from Theorem and
(4.3): given a rectangle R with u(R) > 0 and diam(R) < o, for p-a.e. y,z € R and every
A C VE(z), we have

(89)  py(mayA) = Clmg (may A) fmiy (R) = g CF2mE (A) /mE (R) = (CoC) 2 (A).

Thus the properties in Lemma hold, establishing local product structure. The proofs
of full support and the Gibbs property use the following rectangles:

R, (x,6) := [BY(x,0) N A, B (x,0)] = {[y, 2] 1y € BY(x,0) N A,z € BE(x,6)}.
Note that when n = 0 we get

Ro<:c 5) = R(z,6) = (B{(2,0), By (@ 0)] = {ly.2] : y € B{(2,0), € By (w, )}
as in . The rectangles R, (z, ) are related to the Bowen balls B, (x,d) as follows.

Lemma 8.3. For every sufficiently small 6 > 0, there are §1,92 > 0 such that

(8.10) R, (z,61) C By(z,0) NA C Ry(x,02)

for every x € A and n € N. Moreover, 61,09 — 0 as 6 — 0.

Proof. By Condition there is §; > 0 such that if v is a curve with length < ¢; and

n > 0 is such that f"v is a cs-curve, then f"~ has length < 6/3. Then given p € R, (x,d1),
we have p = [y, 2] for some y € BY(x,01)NA and z € Bf¥(x,61), and thus for every

0 < k < n, Condition gives
) = [ w), 1 (2)] € [BR(F*(x), 61), B (f*(x),8/3)] € R(f*(),8/3) € B(f*(x),0).

This proves the first inclusion in . For the second inclusion, observe that since V}*.(x)
and ViS5 (x) depend continuously on x, for every sufficiently small 6 > 0 there is d2 > 0 such
that Bp(z,9) C R(x,d2) for all x € A, and d3 — 0 as § — 0. Then given p € By, (z,9) N A,
for each 0 < k < n we have

F¥(p) € Ba(f*(x),6) € R(f*(x), 82),
so f¥(p) = [yk, 2] for some yx € BY(fkz,d2) and 2z € B§*(fFz,d2). We must have y; =
[fE(p), f¥(x)] = f¥([p, z]) = f*(yo) for each k, and thus yg € BY(x,ds), 50 p € Ry(x,8). O

Lemma 8.4 ([I7, Lemma 6.8]). Given 6 > 0, there is Qg > 0 such that for every x,0,n as
above, we have

(8.11) (R (x,0)) = Q5 e PO TS (R (x, 5)).
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Proof. Writing py for the conditional measures of u on unstable leaves in R(z,d), we have

mC(Rn(a:, 5))

B (B (x e y
M(Rn(x,é))—/R(m) ty (Rn (2, 0)) du(y) = Cy /R(m) mC(R(z,0))

du(y)

:u«mﬂl%amﬂmy By(2.9)) du(y) = (KCoO) ' mC(Bi(z, 6) u(R(x, ),

where the first equality uses the definition of conditional measures, the second uses (4.3)),
the third uses Theorem and the fourth uses Theorem Since Bl(x,0) C B¥(z,0) C
BY(x,26), the result follows from the u-Gibbs property of m. O

To prove full support and the Gibbs property, it is enough to show that inf,cp R(z,d) > 0
for every § > 0. For this we need the following.

Lemma 8.5. For every sufficiently small 6 > 0, there is &' > 0 such that for every z € A
and x € R(z,0"), we have R(z,¢") C R(x,?).

Proof. As in Lemma given 0 > 0 small, there is ' > 0 such that Ba(x,60") C R(z,J)
for all x € A. Then for all z € A and = € R(z,0"), we have = € B(z,3d’) and thus

R(z,8") € Ba(2,38") C Ba(x,68") C R(z,9). O

Lemma 8.6. Ify € A has a backwards orbit that is dense in A, then pu(R(y,0)) > 0 for all
6> 0.

Proof. Let 6 = §(6) > 0 be given by Condition and let 6’ = §’(0) > 0 as in Lemma
Since A is compact, there is a finite set £ C A such that |J,.p R(2,0') = A, and thus
there is z € E with u(R(z,0")) > 0. Since the backwards orbit of y is dense, there is n > 0
such that z := f~"(y) € R(z,¢'). By Lemma [8.5| and our choice of z, we have

u(R(x,0)) > p(R(2,8")) > 0.
By Lemma we conclude that p(Ry(x,d)) > 0. Moreover, we have
[ Rn(z,6) C f[Bi(x,6) N A, B (x,0)] C [B(y,0), B (y,0)] = R(y,0),

where the first inclusion uses Condition Since p is f-invariant, this gives u(R(y,0)) >
w(Ry(z,0)) > 0, and since ¢ > 0 was arbitrary, this completes the proof. O

Lemma [8.6] proves that u has full support. The Gibbs property follows from Lemmas
and

8.3. Ergodicity via a modified Hopf argument. In this section, we prove that if f|A
is topologically transitive and if p is an f-invariant probability measure on A with local
product structure, then p is ergodic.

Definition 8.7. A point z € A is Birkhoff regular if the Birkhoff avemges

— + _ - k
v ﬁ&nzw #) and 47 ﬁ&nzwf
are defined and equal to each other for every continuous function ¢ on A. In this case we
write ¥ (z) = ¢~ (2) = Y1 (2) for their common value. The set of Birkhoff reqular points is
denoted B.
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Lemma 8.8. Let ¢: A = R be continuous. Then

(1) for every x,y € B with y € ;¥ (z), we have ¢(z) = ¢(y); and
(2) for every ¢ > 0, there is € > 0 such that for every x,y € B with y € B®(x,¢€), we

have () — 9 (y)] < ¢.

Proof. Both statements rely on the following consequence of uniform continuity: for every
continuous ¥ : A — R and every ¢ > 0, there is 8 > 0 such that if x, yr € A are sequences
with lim SUPE—o00 d('rlwyk) < 0, then lim SUPp— 00 ‘% ZZ:I f(xk) - %ZZ:I f(yk)’ < (. For
the first claim in the lemma, put z = f~%(z) and y, = f*(y) so that d(zy,y;) — 0 and
0 > 0 can be taken arbitrarily small. For the second claim in the lemma, use Condition
to get € > 0 such that y € B®(x,¢) implies d(f*z, f¥y) < 6 for all k > 0, so that in
particular limsupy,_, . d(f*(x), f*(y)) < 6. O

Now let p have local product structure, and consider the set
(8.12) A=Az e B:pz(Vige(z) \ B) = 0}
of all points = for which p¥-a.e. point in V% (x) is Birkhoff regular for p. By the Birkhoff

loc
ergodic theorem, we have p(B) = 1, so u(M \ B) = 0, and thus the disintegration into
conditional measures in (2.5 gives uy(M \ B) = 0 for p-a.e. x; in other words, u(A4,) = 1.
Thus to prove that y is ergodic, it suffices to prove that ¢ is constant on A, which we do

in the next lemma.

B*(w,€)

————)
w

fk

Ficure 8.1. Birkhoff averages are essentially constant.

Lemma 8.9. Given any x,w € A, we have (w) = ().

Proof. Fix € > 0 small enough that B(z,e) N A is contained in a rectangle R on which p
has local product structure. By Lemma there exists k£ € N such that

¥ < €/2 and f¥(B%(w, €/2)) N B (z,€) # 0.
Let p denote a point in the intersection; then p € B*(x,¢) and f~*(p) € B%(w,€), so by
our choice of k we have f~*(V¥(p)) C B“(f*p,e/2) C B%w,e); see Figure Since
pe(Bi(w,e) \ B) = 0, we conclude that (Vg (p) \ B) = 0 by Lemma Similarly,
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g (Vi (2)\B) = 0; since p has local product structure, this implies that p, (7., (V5 (2)\B)) =
0, and thus p,(VE(p) \ (BN 7epB)) = 0. In particular, there exists z € Vg (p) N BN 7,8,
so that y = mp,(2) € Vi (x) N B. Then we have

b(x) = 9(y) and P(w) = P(fF2) = P(2)
where the first two equalities use the first part of Lemma This gives |(w) — ¥ (x)| =
|1(2)—(y)|. Moreover, given any ¢ > 0, we can use the second part of Lemma(8.8[to choose
€ > 0 so small that [1)(z) — ¥(y)| < ¢. Letting ¢ — 0 we conclude that ¥(w) = (). O

8.4. Uniqueness via Bowen’s argument. In this section we prove the following result.

Proposition 8.10. Let A, f, ¢ be as in §4.1], and let  be an ergodic f-invariant probability
measure on A such that the conditional measures pY are equivalent to the Carathéodory
measures mg for u-a.e. x. Then u is the unique equilibrium measure for .

We start by recalling some definitions and facts from [33] regarding entropy along the
unstable foliation.

For a partition a of A, let a(x) denote the element of o containing z. If o and § are
two partitions such that a(z) C f(x) for all x € A, we then write a > /. For a measurable
partition 3, we denote 8]}, = /I, f7'B. Take ¢y > 0 small. Let @ = Q, denote the set
of finite measurable partitions of A whose elements have diameters not exceeding eg. For
each 8 € Q we define a finer partition n = Q*(3) such that n(x) = S(x) N V4 (x) for each
z € A. Let Q% = Qé‘o denote the set of all partitions obtained this way.

Given a measure v and measurable partitions a and 7, let

(8.13) H,(aln) := —/Alogun(x)(a(x))dy(x)

denote the conditional entropy of a given n with respect to v, where {1y} is a family of
(normalized) conditional measures of v relative to 7.

The conditional entropy of f with respect to a measurable partition o given n € Q% is
defined as

1
(8.14) o (f; @) = lim sup — H, (™).
n—oo N
The following is a direct consequence of [33, Theorem A and Corollary A.1] stated in our
setting.

Proposition 8.11. Suppose v is an ergodic measure. Then for any o € Q and v € Q¥
one has that

(8‘15) hl/(f) = hu(f7 O‘|’Y)'
We recall the following technical result.

Lemma 8.12. Let o, 3, and vy be measurable partitions with H,(c|vy), H,(8]y) < co.
(1) Ify > B, then H,(aly) < H,(al8);
(2) Hy(ag ™ 1) = Holaly) + S5 Holalfiag ' V).
Statement (1) of Lemma [8.12]is well known and can be found for example in [51]. State-
ment (2) is proved in [33] as Lemma 2.6(i). We use these to prove the following lemma.
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Lemma 8.13. For any o € Q and v € Q" one has that
(8.16) hu(f, aly) < Hyu(a| Q"(fao)).

Proof. We start with an observation regarding the partition fi(aé_l V 7) from Lemma
8.12(2): because a € Q, every element of 046_1 has diameter less than ¢y in the dynamical
metric d;, and is thus contained in B;(z,€g) for some z. Since 7 € Q% we have v(z) C
Vit (z), and thus every element of o 'V v is contained in B;(z, ep) N Vi (v) = B¥(z, n)
for some z. Tt follows that every element of f*(aj 'V ~) is contained in f/(B¥(z,ep)) C

BY(f*~lz,€0) for some z. This gives

(f'(ag V() C (Fa)(y) N Vise(y) = (Q"(fa)(y),
and thus f'(af ™' V) > Q%(fa). We deduce that

n—1
Hu(ag_lh) = Hy(aly) + Z HM(a|fi(a6_1 V)
i=1

< Hy(aly) + (n— 1)H,(a]Q"(fa),

where the first line uses Statement (2) of Lemma and the second line uses Statement
(1) of that lemma. Dividing both sides by n and sending n — oo concludes the proof of
Lemma, 0

Now we prove Proposition[8.10] Since every ergodic component of an equilibrium measure
is itself an equilibrium measure, it suffices to prove that u is the only ergodic equilibrium
measure for . Moreover, if v < p is ergodic, then ergodicity of p implies that v = p;
thus it suffices to consider an ergodic measure v such that v 1 u, and prove that P, :=

hu () +fM<,0d1/ < P(yp).
e
%&
€r

()
1
FIGURE 8.2. The partitions R and R,,, and the choice of ep.

Vcs (173>

loc

Rn

i

With € as above, let R € O, be a finite partition by m rectangles as in Lemma
so that each rectangle has diameter < ¢, is the closure of its interior, and moreover has
(14 v)-null boundary, where we use the relative topology on A. Choose one point from the
interior of each rectangle and enumerate them as x1,...,x;, € A. Fix eg > 0 such that

(8.17) Bi(y,er) C R(z;) for all i =1,...,m and y € Vgi,, (@),

as in Figure As shown in that figure, for n € N let R,, be a partition by rectangles
obtained by dividing each rectangle in R further into rectangles in such a way that
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o for every R € Ry, and Ry € R with R C Ry, and every x € R, we have V§(z) =
Vi, (@);
e for every R € R, every z € R, and every k = 0,...,n, the diameter of f~*(VS¥(x))
does not exceed €p.
The first of these items guarantees that Q“(R) = Q%(R,) for every n, and the second
guarantees that the partition by rectangles «;, := f~"R,, is also contained in Q. Observe
that

nhy(f) = h(f") = ho (f", an| Q" ()
< Hy(an|Q"(Rn)) = Hu(an|Q*(R)),

where the first equality is a standard fact about entropy, the second equality uses Proposi-
tion [8.11] and the inequality uses Lemma [8.13

For every element n € Q“(R), let v, denote the conditional measure of v on 7 (relative
to the measurable partition Q“(R) of A); we also write this as v when 7 is the partition
element containing z. Let also mg denote the Carathéodory measure on 7.

As in Definition let B denote the set of Birkhoff regular points, and consider as in

the sets
Ay ={z e B:v;(V.(2)\ B) =0}, Ay ={z € B:pu;(Vis.(x) \ B) = 0}.

loc

(8.18)

The same argument as given there shows that v(A,) =1 and u(A4,) = 1. Let ¥: A — R be
a continuous function such that [t dv # [ du, and consider the following sets of generic
points:

Gy:{xegzw(x)z/wdu}, G}f:{xel’a’:w(:p):/wdu}.

By the Birkhoff ergodic theorem and the fact that v,y are ergodic, we have V(G}f)) =
p
mw(Gp) = 1.

C

Lemma 8.14. For every v € A, N Gf, writing n = 1(z), the measures v, = vy and my

are mutually singular, and in particular, satisfy vy(n\ B) =0 and m$(nNB) = 0.

Proof. Suppose to the contrary that v} and mg are not mutually singular; then since
v¥(n(z) \ B) = 0, we must have m&(n(x) N B) > 0. Fix 0 < ¢ < | [+du — [ dv| and
let € > 0 be given by Lemma [8.8] Since p gives positive measure to every open set in A,
there exist p € B(x,e) N A, N Gf. In particular, n(p) N B has full py-measure, and thus
also has full mg—measure by (4.3). As in the proof of Lemma (see also Figure ,

we conclude that mf,(p) (mzp(n(z) N B) N B) > 0, and thus there exists y € B N7 such that
z:=V%(y)Nn(p) € B, and Lemma 8.8 gives
P(a) = d(y) = ¥(2) £ =(p) £ (.

Since z € G¥ and pE G:f, we conclude that [¢dv = [ dp =+ ¢, contradicting our choice
of ¢, and we conclude that v* and m¢ are mutually singular, as claimed. O

We continue with the proof of uniqueness. By Lemma for every z € A, N G%}, we
have vy (n(z) N B) = 1 and mg(gc) (n(z) N B) = 0. Thus for every k € N there are sets
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Gr C U C n(z) such that G}, is compact, Uy is (relatively) open, v,,)(Gy) — 1, and
mg(x)(Uk) — 0. Since the diameter of every element in «, N n(z) goes to 0 uniformly as
n — oo, we can choose for each n a set C1I") ¢ n(x) and a value of k = k(n) such that

(1) €7 is a union of elements of oy, N n(x),

(2) Gy c CI) c U, and
(3) k — oo as n — oo.

In particular, the sequence of sets C}Z(:C) satisfies
(8.19) Tim V() (CH)) =1 and lim M (CH) = 0.

By our construction of «,, and the definition of eg in (8.17), for every A € «,, there is a
point z4 € A with the property that

(8.20) By (y,er) NA C Aforally € Vi (za).

Given z € A and A € o, such that the intersection V& (x 4)NVj% (x) is nonempty, denote the

loc
unique point in this intersection by aczl(m). Note that in particular, 331 is defined whenever

ANmn# (. With the convention that 0log0 = 0, (8.18) gives

nP, :n<h,,(f) +/90d1/>

< [ (= tog vt (auta) (@) + Supl@)) dvta)
= /A/Q“(R) Z ( —vy(Anmn)logv,(Ann) + /Amn Snp an> dv(n).

Aean

Whenever A N7 # (), the point 2"} exists, lies on V§*(z4), and the u-Bowen property gives
Sne(y) < Spp(zy) + Qy for all y € ANn. Thus we obtain

g2)  aR< [ oy 2o AN (Suelalh) —log (A 1)) do) + Qu

Aean

The next step is to separate the sum into two pieces, one corresponding to A C C,! and the
other to A ¢ Cy], and then bound each piece from above by the following general inequality
from [34}, (20.3.5)], which holds for all z1,...,2,, >0 and by,..., b, € R:

(8.22) imi(bi —log ;) < (ix) log (iebj> i é

i=1 j=1
Fix a choice of n and oy, = {4 € o, : ANy C Cl}. Applying (8.22) to the sum over as),

with v,(ANn) in place of the z; terms and Sy (x')) in place of the b; terms, we obtain

1
.

(8.23) Z vy(ANn) (Sngo(xZ‘) —logv,y(AN n)) < vy(C) log Z eSne(@h) 4

Aeall Aoy
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Since the measures m¢ satisfy the u-Gibbs property, there is a constant (o such that
en?(®) < Que"PPImC(BY(z,eR)) for all z € A and n € N, and thus (8.20) gives

Z eSne(@h) < Z Qoenp(“o)mg(Bﬁ(prER)) < Qoe”P(‘P)mg(C]{).

Aca; Aca))

Together with (8.23)), we obtain

/A/Q“(R) Z vy(ANn) <Sn30(azzl) —log vy (AN 77)) di(n)

Acay
1\ ..
< / (12 () (togmS(C) + nP(g) + 10 Qo) + - ) di(n).
A/Q%(R) €

A similar estimate holds if we replace a;) by a,, \ as, and thus (8.21]) gives
wp< [ v, ((CR0BTEC) + 0\ C o 0, 7)) )

2
+nP(p) +log Qo + o

Recalling (8.19]), we see that the second term inside the integral is uniformly bounded
independent of n, while the first term goes to —oco as n — oo for every 7; we conclude that
the integral goes to —oo as n — oo, and thus

lim <n(PV — P(p)) —log Qo — %) = —00.

n—oo

This implies that P, < P(y), and thus v is not an equilibrium measure for ¢. We conclude
that p is the unique equilibrium measure for ¢, as claimed.

APPENDIX A. LEMMAS ON RECTANGLES AND CONDITIONAL MEASURES

Proof of Lemmal[2.8 Let € > 0 be small enough that R(z,d) as in is defined for all
x € A and 0 € (0,€). Then given z € A, the function 6 — p(R(z,d)) is monotonic on
(0,€), and hence continuous at all but countably many values of §. Let §(z) be a point of
continuity; then p(9R(x,d)) = 0. Note that {int R(z,d(z)) : x € A} is an open cover for
the compact set A, so there are x1,...,x, € A such that writing §; = §(z;), the rectangles
{R(x;,6;)};; cover A. Given I C {1,...,n}, the set Ry = (;c; R(x;,d;) is either empty
or is itself a rectangle that is the closure of its interior and has p-null (relative) boundary.
Taking Z to be the collection of all subsets I of {1,...,n} for which R; is nonempty, the
set of rectangles { Ry : I € T} satisfies the properties required by the lemma. O

Proof of Lemma[2.10 First we prove the lemma when Ry C Rp. In this case every ¢ €
LY(R1, ) extends to a function in L(Rg, 1) by setting it to 0 on Ry \ Ry; then fixing z € Ry
and defining measures fi* on Vgi(x) by

ji'(A) = u( U Vﬁi(y)>,

yeA
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we see from ([2.6]) that

Ry

vin= [ wap=[ [ vaidapw)
Ry EORAYS

= / b dpy di?(y),
Vcs (JJ) R

1

(A.1)

where the last equality uses the fact that ¢ vanishes on Ry \ R;. Let N = {y € Ry :
,uz(Rl) = 0}; then N is a union of unstable sets in R; and thus

AL(N) = u(N) = / 12(Ry) dji%(y) = 0.
NAVES (2)

so the function c(y) = H?J(Rl) is positive p-a.e. on Ry, and fil-a.e. on Vg (z). Given
A C Vg (z), we have

—u( U Vz%(?/)) = Aui(Vﬁl<y))dﬁ2(y> = /AC(y) dfi* (y);

yeEA

we conclude that ! < i? with Radon-Nikodym derivative given by ¢. Since c is positive
fit-a.e., we conclude that i < i with derivative 1/c, so (A.1]) gives

@bduz/ / iduidﬂl(y),
Ry 2 (2) SV c(y)

By a.e.-uniqueness of the system of conditional measures, this shows that u; = @ M@Q;’V;g
for p-a.e. y € Ry.

Now consider two arbitrary rectangles R;, R2. The set R3 = R; N Rs is also a rectangle,
and by the argument given above, given x € Rg, the functions ¢;: Vg3 (z) — [0,1] defined

by ¢i(y) = ,uz(Rg) are positive ji‘-a.e., and ,ug ,uy|vu for p-a.e. y € R3, from which
we conclude that
1’ a ( ) ’
PylVig, () = ea(y) o PylVE (W)
completing the proof of Lemma [2.10 O
Proof of Lemma|2.11] From Lemma [2.10] it suffices to prove the result for a single choice

of rectangles. Thus we let R be any rectangle containing x, small enough that f(R) is also a
rectangle. Then since p is f-invariant, for every ¢ € L'(f(R), 1), we have vo f € L*(R, i),

and (2.4) gives

/f(R)¢dM=/¢OfdM=//u(x)wofdugdu(x)
//Vu oy ¥ AFtiz) il / / W d(fupt) dp(y).

By uniqueness of the system of conditional measures, this shows that for the rectangles R
and f(R), we have f,u¥ = /ﬁjﬁ(:p) for p-a.e. z € R, and by Lemma this completes the
proof of Lemma [2.11 ]
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Proof of Lemma[2.13. Since y, z play symmetric roles in (1)} we conclude that (1) and [(2)
are equivalent, and similarly for|(3)and We prove th is equivalent to|(5){and
the proof for|(4)|is similar. Clea implies We prove that implies [(5)| and then
that [(5)| implies both [(2)] and [(6)]

Flrst suppose that |(2)| holds, fix p € R such that (7
define h: R — (0,00) by

Tos)xtly ~ py for p-a.e. z € R, and

(A.2) M@zddfglw>

Define fi;, on Vi (p) by fip(E) = p(Uyep Vi (¥)), so that ( and give

(a3 [vdn= /“ /u 2) dp (=) djiy ()

5@wﬁm¢mmmmwmcw = [ vmt) i o )

This proves Now we suppose that holds, so that writing

(A4 hE) = g e ()

we have

A5 dp = 2)h(z)d(m) 1) (2) dps’ (y).
(A5) [ v /?@/%@w<><><w%x>ﬁ%@>

Recall that py is uniquely determined (up to a scalar) for p-a.e. y by the condition that
there is a measure v on Vj(p) with

[ vdu= Aww/y) ) dyiy (=) v (y)

for every integrable . Comparing this to we conclude that p, ~ mj f, for p-a.e.
y € R, which establishes both and @ ]
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