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Abstract. We demonstrate essential coexistence of hyperbolic and non-hyperbolic
behavior in the continuous-time case by constructing a smooth volume preserving flow on a
five-dimensional compact smooth manifold that has non-zero Lyapunov exponents almost
everywhere on an open and dense subset of positive but not full volume and is ergodic on
this subset while having zero Lyapunov exponents on its complement. The latter is a union
of three-dimensional invariant submanifolds, and on each of these submanifolds the flow
is linear with Diophantine frequency vector.

1. Introduction

The goal of this paper is to extend the main result in [10] to dynamical systems with
continuous time thus demonstrating coexistence of regular and chaotic dynamics in an
‘essential’ way.

THEOREM 1.1. (Main theorem) There exists a compact smooth Riemannian manifold M

of dimension five and a C*® flow h' : M — M such that the following hold.

(1) R preserves the Riemannian volume m on M.

(2) h' (t#0) has non-zero Lyapunov exponents (except for the exponent in the flow
direction) almost everywhere on an open, dense and connected subset U C M;
moreover;, h'|U is an ergodic flow.

(3) The complement U¢ has a positive volume and is a union of three-dimensional
invariant submanifolds; h' is a non-identity linear flow with Diophantine frequency
vector on each invariant submanifold, and h' has zero Lyapunov exponents
onU°.
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We stress that each of the three-dimensional invariant submanifolds is, in turn, a union
of two-dimensional invariant tori on which /' is a linear flow with Diophantine frequency
vector (see §3 for details). This fact makes our construction non-trivialf.

We emphasize the requirement that the open set U/ is everywhere dense®. Donnay [8]
constructed an example of a surface on which the geodesic flow exhibits the coexistence
phenomenon. It is obtained by inserting a light-bulb cap into a negatively curved surface.
In this example the set of geodesics, which are trapped in the cap, is invariant, and has a
positive volume, and almost every point in this set has zero Lyapunov exponents. Since it
has non-empty interior, the stochastic sea in this example, i.e., the analog of the set { in
our case, is not dense.

While this paper deals only with dynamical systems with continuous time, it is worth
mentioning that, in the discrete-time case, the essential coexistence of chaotic and regular
behavior has been demonstrated in various situations by Przytycki and Liverani for area
preserving diffeomorphisms and by Bunimovich for billiards; see the paper [5], which
surveys recent results on essential coexistence, and references therein.

We split the proof of Theorem 1.1 into several steps. In §2, we present some background
information and basic notations from the theory of partial hyperbolicity and, in particular,
introduce the notion of pointwise partial hyperbolicity on open sets for flows. In §3, we
construct the manifold M and the open set U/, and introduce the ‘start-up’ flow f’ that
satisfies statement (3) of the theorem. In §4, we construct a volume preserving flow g’,
which is a small perturbation of f and does not affect the action of f’ on the set €. The
flow g’ has non-zero Lyapunov exponents on a subset of positive volume in {. Finally, in
§5, we construct the desired flow A’ as a small perturbation of the flow g’. The proof of
the main theorem is given in §6.

In our construction of the flows g’ and h' we use the perturbation techniques developed
in [10] for the case of diffeomorphisms (these techniques originated in [6, 7, 15]).
Howeyver, there is a crucial difference between the discrete-time and continuous-time cases.
To effect our construction we ought to make perturbations of the vector fields that generate
the required flows, but we want these perturbations to produce similar effects on the time-1
maps of the flows, as in [10]. This is made possible due to the crucial fact that the ‘start-up’
flow f' has a global cross-section, and in our construction we ensure that both perturbation
flows g’ and h' preserve this cross-section. We achieve this by using specific formulae for
perturbations of the vector fields. At the core of our construction lies a new concept of
pointwise partially hyperbolic flows on open sets. In §2, we introduce such flows, and we
study their ergodicity.

 Indeed, consider the C°° volume preserving diffeomorphism P constructed in [10]. It has non-zero Lyapunov
exponents almost everywhere on an open, dense and connected subset I/ C M, and P|U is ergodic. Furthermore,
the complement /¢ has positive volume, and P|U/¢ is the identity map and has zero Lyapunov exponents.
A special flow P! over P has non-zero Lyapunov exponents (except for the exponent in the flow direction)
almost everywhere on an open, dense and connected subset &/ x [0, 1]/ ~ (where ~ means that the points (x, 1)
and (Px, 0) are identified) which is not of full volume. However, P’ is a periodic flow on its complement
Uuc x [0, 11/ ~.

1 To some extent this justifies the view of our example as ‘KAM-type’, despite the fact that the flow 4 is not
close to a completely integrable one.

https://doi.org/10.1017/etds.2012.109 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2012.109

1750 J. Chen et al

2. Preliminaries
See [2, 10, 13] for more details.

Consider a diffeomorphism f acting on a compact smooth Riemannian manifold M.
It is called uniformly partially hyperbolic on a compact invariant subset A C M if the
following hold.
(1) Forevery x € A the tangent space at x admits an invariant splitting

T\M=FE’(x)®E°(x)® E"(x) (2.1)

into stable E(x) = Esf(x), central E¢(x) = E‘;-(x) and unstable E"(x) = E‘}(x)
subspaces. ‘ ' ‘
(2) There are numbers 0 < A < A <1 < < w such that foreveryr =1, 2, ...

ldff vl < A"l ve ES(x),
Ml < lldffoll < @'llvll, v e EC(), (2.2)
plvll < lldffoll,  ve E*(x).

In this paper we need a weaker property than uniform partial hyperbolicity. Let S C M
be an invariant open subset. We say that a diffeomorphism F is pointwise partially
hyperbolic on S if for every x € S the tangent space at x admits an invariant splitting
(2.1) and there are continuous functions 0 < A(x) < X(x) <1 <p(x) < u(x) such that
(2.2) holds with constants A, x, i and p replaced with these functions. Pointwise partially
hyperbolic diffeomorphisms on compact manifolds were introduced in [4] where their
ergodic properties were studied. If a diffeomorphism is pointwise partially hyperbolic
on an open subset of a compact manifold then it could fail to have ‘nice’ properties and, in
particular, could be not ergodic (see the discussion below).

We now consider a smooth flow f’ on M which is generated by the vector field
Xy(x)=(d/dt) f'(x)|;=0. We say that the flow is uniformly partially hyperbolic on a
compact invariant subset A C M if for every x € M the tangent space at x admits an
invariant splitting (2.1) into stable E¥(x) = E*f (x), central E€(x) = E;(x) and unstable
E*(x) = E;‘p(x) subspaces such that the vector field X'y (x) is contained in the central
subspace E€(x) and there are numbers 0 < A < Py <1 <& < 1 such that (2.2) holds for
all ¢ € [0, 1]. Note that if a flow f7 is uniformly partially hyperbolic, then for every ¢ # 0
the time-¢ map is uniformly partially hyperbolic with the same invariant splitting.

Given an invariant open subset S C M we call a flow f* pointwise partially hyperbolic
on S if its time-1 map f! is pointwise partially hyperbolic on S.

Given 8§ > 0, we say that a flow g’ is (C!, §)-close to f’ on an invariant set A if
Xg = Xy outside A and || Xy — X¢|| < 6. Uniformly partially hyperbolic flows form an
open set in the C! topology (see Lemma B.8 in Appendix B).

Given a an open subset S C M, we call a partition P of S a (8, g)-foliation with smooth
leaves if there exist continuous functions § = §(x) > 0, g = ¢g(x) > 0, and an integer k > 0
such that for each x € S the following hold.

(1) There exists a smooth immersed k-dimensional manifold W(x) containing x for
which P(x) = W(x), where P(x) is the element of the partition P containing x.
The manifold W (x) is called the global leaf of the foliation at x; the connected
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component of the intersection W(x) N B(x, §(x)) that contains x is called the local
leaf at x and is denoted by V(x).
(2) There exists a continuous map ¢, : B(x, g(x)) — CY(D, M) (where D is the
unit ball) such that V(y) is the image of the map ¢, (y): D — M for each y €
B(x, g(x)); the number ¢ (x) is called the size of V (x).
We say that a foliation with smooth leaves is absolutely continuous if for almost every
x € S and almost every y € B(x, g(x)) the conditional measure on the local leaf V(y),
generated by the volume m on M and the partition of B(x, g(x)) by the local leaves, is
absolutely continuous with respect to the leaf volume my (y) on V (y)+.

Let W; and W, be two foliations of S with smooth leaves that are transversal to each
other at every point z € S. Let also S} C S be an open subset. We say that the pair W
and W, has the accessibility property on Sy if any two points z, 7 € Sy are accessible via
a (u, s)-path in S; that is, the following hold.

(1) There exists a collection of points zy, ..., z, €S such that z =7z, 7/ =z, and
zr € Wi(zg—1) fori=1,2and k=2, ..., n.

(2) The points zz_ and zx can be connected by a smooth curve y; C V;(zx—1) in S for
i=lor2andk=2,...,n%.

The collection of the leaf-wise paths yx is called a (u, s)-path and is denoted by

[z1, ..., zal.

For a uniformly partially hyperbolic flow f’, one can construct stable and unstable
local manifolds of uniform size at every point in A. This may not be true for a flow
that is pointwise partially hyperbolic on an open set S. However, all pointwise partially
hyperbolic flows that we consider in this paper will have global stable and unstable
transverse foliations with smooth leaves. We denote these foliations by W* = W} and
W = W}’ﬁ respectively.

More precisely, let f* be a flow that is pointwise partially hyperbolic on an open set S
and let g be a sufficiently small perturbation of f in the C! topology.

Definition 2.1. We call the perturbation g’ gentle if there exists an open set & C S such
that I/ C S, U is invariant under both f* and g’ and f!|U° = g'|U°.

THEOREM 2.2. Assume that the strongly stable and unstable subspaces E;., and E", for
f! are integrable to continuous strongly stable and unstable foliations W}I and W4,
respectively, with smooth leaves, and that these foliations are transverse. Then, for
any sufficiently small gentle perturbation g' in the C' topology, the strongly stable and
unstable subspaces, EZ), and E ’g‘, for g' are integrable to continuous strongly stable and
unstable foliations W;, and W;,, respectively, with smooth leaves, and these foliations are
transverse.

We call a flow f! that is pointwise partially hyperbolic on an open set S dynamically
coherent if the subbundles E* = E @ E*, E¢ and E“° = E° @ E*, are integrable to

7 The leaf volume my y) is generated by the restriction of the Riemannian metric on M to the smooth
submanifold V (y).

+ We stress that V; (zx—1) is the local leaf of W; at z;. In particular, the length of the curve yy (the leg of the path)
does not exceed §(zx_1)-
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continuous foliations with smooth leaves W<, W¢ and W**, called respectively the center—
unstable, center and center—stable foliations. Furthermore, the foliations W¢ and W* are
subfoliations of W<, while W¢ and W* are subfoliations of W<,

The following result is an extension of the classical result in [9, 14] to the case of
flows that are pointwise partially hyperbolic on an open subset. It shows that dynamical
coherence is a robust property within the class of gentle perturbations. The proof of this
result is a simple modification of the argument in [9].

THEOREM 2.3. Suppose that f' is a flow that is pointwise partially hyperbolic on an
open set S. Assume that f' possesses transverse strongly stable and unstable foliations
with smooth leaves. Assume also that the center distribution is integrable to a smooth
center foliation W°. Then f' is dynamically coherent. Moreover, any flow that is close to
f! in the C! topology and is a gentle perturbation of f' is dynamically coherent.

Since both subbundles E* and E“* vary continuously with the map, so does E¢ and the
corresponding center foliation W¢.
Given a smooth flow f’, we denote by

1
Ax, v) = A(x, v, f') =lim sup - log ||ldf v
—00

the Lyapunov exponent of a non-zero vector v at x € M and by A;(x) = A;(x, f1),

i=1,...,dim M, the values of the Lyapunov exponents at x in decreasing order. We
also write
k
L(f") = /M > e, £ dma), 23)
i=1

where m is the Riemannian volume. We call this number the kth average Lyapunov
exponent of f7.

Consider a C? flow f’ of a compact smooth manifold M that is pointwise partially
hyperbolic on an open invariant set S. Assume that f’ preserves a smooth measure on
M. We say that f' has positive central exponents if there is an invariant set A C S
of positive measure such that for every x € A and every v € E€(x)\Span{Xs(x)} the
Lyapunov exponent A(x, v) is positive. The following theorem plays an important role
in the proof of our main theorem.

THEOREM 2.4. Assume that the following conditions hold.

(1) f! has strongly stable and unstable (8, q)-foliations W* and W", where § = §(x)
and q = q(x) are continuous functions on S.

(2)  The foliations W* and W" are absolutely continuous.

()  f! has the accessibility property via the foliations W* and W" on S.

(4)  f! has positive central exponents.

(5) The Lyapunov exponents in the stable subspace E°(x) are all negative and the
Lyapunov exponents in the unstable subspace E"(x) are all positive for almost
every X.
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Then f' has positive central exponents at almost every point x € S, and f'|S is an ergodic

flow.

Proof. Following [10, Theorem 2.2], we first show that f* has positive central exponents
at almost every point x € S and that f7|S is an ergodic flow.

There is a set A C S of positive measure such that the flow f7|.A has non-zero Lyapunov
exponents except along the flow direction. Hence, it has at most countably many ergodic
components of positive measure in .A (see [2]). Each such component contains the set

A= | v,

er(?ll (x)

where x is the density point of A and V(x) is a center—unstable local manifold at x.
Since the strong stable foliation W* is continuous, the set A(x) is open (mod 0) in M+
and hence the set A is itself open (mod 0). We shall show that the trajectory of almost
every point in S is dense, which yields that A = S (mod 0) and that f?|S is ergodic.

The proof of this claim for partially hyperbolic diffeomorphisms is given in [1] and
can be extended to our case literally. We present the argument here for the reader’s
convenience. We call a point p good for a given open set U if p has a neighborhood in
which the orbit of almost every point enters U. It suffices to show that an arbitrary point p
is good. Since f7 is accessible, there is a (u, s)-path [zo, . . ., zx] with z9 € U and zx = p.
We will show by induction on j that each point z; is good. This is obvious for j = 0. Now
suppose that z; is good; then z; has a neighborhood N such that Orb(x) N U # ¢ for almost
every x € N. Let B be the subset of N consisting of points with this property that are also
both forward and backward recurrent. It follows from the Poincaré recurrence theorem
that B has full measure in N. If x € B, any point y € W*(x) U W¥(x) has the property that
Orb(y) N U # @. The absolute continuity of the foliations W* and W means that the set

U Wi uw )

xeB

has full measure in the set

U WS (x) U WH(x).

xeN

The latter is a neighborhood of z 1. Hence, z;41 is good. O

3. Construction of the ‘start-up’ flow f!
Let A be an Anosov automorphism of the 2-torus X =T? with expanding rate 1 > 1
along the unstable direction. Consider the suspension flow S on the suspension manifold
N = X x R/ ~, with the identification (x, T + 1) ~ (Ax, ). The action of the suspension
flow on A is exactly S’(x, 7) = (x, T +1). See Appendix A for more details of the
geometric structure of V.

Given a € T?, let T : N'— N be a linear flow defined by (x, 7) > (x +ta, 7). It
preserves each level set X x {t}.

T That is, there is an open set VV C M such that A(x) =V (mod 0) with respect to the volume .
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Set Y = T? and M =N x Y. To effect our construction we choose:
(A1) a Cantor set C C Y of positive area whose complement U = Y\C is a non-empty
open and connected set;
(A2) an open square Uy such that Uy C U;
(A3) an open neighborhood U; of Uy such that U; C U, whose choice will be specified in
§5.2(1).
We also choose a C* function « : ¥ — R such that:
(k1) k(y)>0foryeUandk(y)=0fory e C;
«2) k(y)=1foryeUy;
(«3) llxller = 1.
(The existence of such a function « follows from the specific construction of the Cantor set
and the choice of the set U in §5.1.) We also choose a C*® map « : ¥ — R2 such that:
(xl) a(y)=0foryeUy;
(¢2) a(y) =ap > 0 forall y € C where « is a Diophantine vector;
(a3) supyey lla(WIl < @, where « is a positive number determined in §5.2.
We now setld = N x U andU¢ = N x C and define the flow f’ on M by the formula

FHx, D), p) = ((x +ray), T+ 1k (), ) (3.D

where (x, 7) € N and y € Y. The following proposition describes the properties of the
flow f and its proof follows immediately from the definitions.

PROPOSITION 3.1. The following statements hold.

(1) f"isa C*™ volume preserving flow.

(2)  f! preserves each fiber N x {y}, on which f' is the composition of the scaled
suspension flow S™O) and the linear flow T! a(y) in particular, f " is exactly the
suspension flow S on N x {y} for y € Uj.

(3)  f! is pointwise partially hyperbolic on U with one-dimensional stable E; one-
dimensional unstable E; and three-dimensional center E? subbundles; E; and EY Y
are integrable to strongly stable and unstable foliations WS and W? with smooth
leaves, which are absolutely continuous, uniformly transversal and have local leaves
of uniform size.

4)  f!is uniformly partially hyperbolic on N x A where A C U is a subset, and hence
ft is dynamically coherent with the central foliation W]‘; =Wg xY

(5)  f! preserves every two-dimensional torus X x {t} x {y}(t € [0, 1], y € C are fixed)
and acts on it as a linear flow with a Diophantine frequency vector; moreover, f'|U¢
has all zero Lyapunov exponents on U°.

(6) Foreveryz=((x, 1), y) € M the Lyapunov exponents of f' are as follows:

Mz, [ =k logn=0=122(z, f) =13z f1) =halz, [1)
> a5z, f1) = —K(y) logn.
Moreover, if z €U, then X1 (z, f1) = A"(z, f!) > 0 is the Lyapunov exponent in the
E?(z) subspace, A5(z, 1) = A5(z, f1) < 0 is the Lyapunov exponent in the E; (2)

subspace, and M (z, f1), A3(z, f1) and A4(z, f1) are Lyapunov exponents in the flow
direction and two directions in Y respectively.
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4. Removing zero exponents
In this section we will construct a gentle perturbation g’ of the original flow f! with
positive central Lyapunov exponents on a set of positive volume but not necessarily
ergodic. Then we will perturb g’ to the desired flow A’ of the main theorem in §5.

Given z € M, there is a local Cartesian coordinate system (u, s, 7, a, b) (see
Appendix A) such that

d d d
F'(2):= —=E}{(@), F@:=_-=E;1), F@:=_—-=E;@1)
ou as ot :
are the unstable, stable and flow directions of f7 respectively, and

0 0
Fi(@) = o = E}(2), Fb(z):= 9= = E%(2)

are the other two central directions tangent to Y.
The following statement describes properties of the flow g’.

PROPOSITION 4.1. Given 8, > 0, there is a C™ volume preserving flow g' on M such

that the following hold.

(1) g'is(C', 8g)-close to f'; ie., |X; — Xgll < 8g, where Xy and Xy are the vector
fields of the flows f' and g' respectively.

(2) g'= f! outside N' x Uy, and hence g' is a gentle perturbation of f' and satisfies
statements (3)—(5) of Proposition 3.1.

(3) g’ preserves the subbundles E®, o = uab, uabt; moreover,

det(dg’ IE (z)) = det(df" |Ef (z)) forallz e M. 4.1
(4)  The average Lyapunov exponents of g' satisfy
Ls(g") =0 < Li(g") < La(g") < L3(g") = La(g"). (4.2)

To prove this proposition, we extend the approach in [10] to the case of flows and
obtain the flow g’ as a result of two consecutive perturbations. First, we perturb the
start-up flow f’ to a flow g’ by adding a rotational vector field Xpg to the vector field
Xyt. This produces two positive average Lyapunov exponents for the flow g’ in the E 3‘(“
subbundle, i.e., L1(g") < L,(g"). Next, we perturb g’ to the desired flow g’ by adding
another rotational vector field Xz to the vector field Xy for the flow g’. As a result
the flow g’ has three positive average Lyapunov exponents in the E ?f‘b subbundle, i.e.,
Li(g") < La(g") < L3(g".

The vector fields X, g and X’r are chosen to be supported on disjoint open subsets Qr
and Qg of N x Uy respectively such that XR — 0 outside R, Xr =0 outside Q2 and
||XR||C1, | Xrllc1 < 84/2. Since N x Uy is invariant under f’, we have that g’ = 3" = f*
outside N x Up.

Our construction utilizes the following crucial feature of the flow f': the set

Mo = X x {0} x Uy 4.3)

T That is, the flow generated by X 'r is concentrated in a small neighborhood of a point in M where it acts as a
small rotation around this point; see (4.6).
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is a global cross-section of f*|N x Up, and the time-1 map restricted to Iy is exactly the
Poincaré return map of f’ to I1y. Furthermore, we make the construction of vector fields
Xz and X in such a way that ITj is also a global cross-section for both flows g’ and g’
with the time-1 maps to be the Poincaré return map to I1g. This fact allows us to apply
arguments similar to those in [10] to our flow case by focusing on the time-1 maps.

4.1.  Construction of the flow g'. In this section we construct the flow g’ by perturbing
the vector field X'y inside the set N x Up.

To effect our construction we choose distinct periodic points ¢, p?, p” and p? of the
Anosov automorphism A of X, which are close to each other. Let V{(q), Vi (q), V3i( i)
and Vj ( pi ),i =a, b, t, be the stable and unstable local manifolds at these periodic points.
We may assume that each intersection V§(g) N V3 (p') and VK(pi) N Vi(q) consists of a
single point, which we denote by [¢, p'] and [p’, ¢] respectively. Let ¥’ denote the closed
quadrilateral path with the collection of points ¢, [¢, p'], p', [p', ¢] and ¢, and let

y(@) =Vi@UVi@, y@)=VipHuvip).

Choose v > 0 and set, fori =a, b, T,

96<v>=( U BN(f’(p",O),v))on,

1€[0,u(p")]

Q) =( U By ((x, 7). u)) xUo,  (4.4)
(x, D)W (@) x[0,e(@DU(y (p1) x[0,.(p)])
Qo =Q0(v) = ( U szl'(v)) U ( U ﬁ"(v)>,
i=a,b,T i=a,b,T
where t(¢) and ((p') are the periods of ¢ and p' respectively, and Bar((x, T), r) is the ball
in NV of radius r centered at the point (x, ) € N'. We choose a sufficiently small number

v to ensure that
m (Projy, $20) < 0.05m(Io),

where Il is given by (4.3), and Projnoz N x Uy — Iy is the natural projection onto ITy
given by the formula

Projno((_x, T)v y) = ((-xv 0)7 )’)
To construct the vector field X, ® we choose a C* function v : R — [0, 1] such that:
(1) ¥ =1on(-0.9,0.9);
2) Y >0o0n(—1,1)and ¢ =0 outside (—1, 1);

3 Yl = 10.
Observe that A/ x Uy is invariant under the flow f’ and that

), y)=((x, T +1),y)

for ((x, 1), y) € N x Up. In other words, f'|N x Uy is the product of the suspension
flow on A and the identity map on Uy. It follows that Iy is a global cross-section
for the flow f/|N x Up, and the time-1 map restricted to Iy is f! = A x Id and is
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exactly the Poincaré return map of f* to Ilp. Given a subset I1 C Iy, we call a set
I x [11, 2] C [y x R/ ~=N x Uy a tube if

ffAOx{nhNTI x{n}) =0 forallrel0, o —1].

It is easy to check that II x [r;, 1] is a tube if and only if the sets
I, F1(IT), f2(I), ..., fI(IT) are pairwise disjoint, where [ = |72 — 71 ]. Choose a non-
periodic point zg = (xg, 0, yo) € Ho\ProjHO Qp, where xq is a non-periodic point of the
Anosov automorphism A, yy is the center of the square Uy and €2 is the set given by (4.4).

In what follows we will use the local Cartesian coordinate system in a neighborhood
of I originated at zo given by (u, s, t, a, b), where (u, s) are the coordinates in X along
the stable and unstable directions of the hyperbolic diffeomorphism A, ¢ is the coordinate
along the time direction and (a, b) are coordinates in Y. In this coordinate system a point
z€Ilp is given as z = (u, s, 0, a, b). We will also use the ua-cylindrical coordinates
(r,0, t,s,b), where u =r cos 0, a =r sin 6. Given ¢ > 0, one can choose a ua-cylinder
B C Il centered at z of size ¢, i.e.,

B={(r0,0,5,b):r <e,|s| <e, |b| <e}.

Given a sufficiently large No > 20k¢ (the number kg is defined below in Lemma 4.5), we
can choose ¢ so small that fi(B) NB=Wfori=1,..., Nyg. Consider the tube

~

Qr =B x [0, 1/2]. 4.5)
Since zo & Projp 0 R0, we can further reduce ¢ to ensure that B N Proj Mo (R20) = @. Hence,
QrNQy=40.
Given g > 0, define a C* rotational vector field Xr = Xg g on M as follows:

~ 0 ~
> A Q )
Fep() = PY @7, 2€Qr 3

T =7 AW AW AW
w(z)zw(rae’fvs’b)ZIp(g_z)w(g)w(E)w(l/—“)

It is easy to see that ||$(8 /98)|| < c where ¢ > 0 is a constant, which is independent of ¢.
Hence, || X gll = 0 as B — 0. Furthermore, Xy g is divergence free. Let g’ = §}’3 be the
flow generated by the vector field

ng Xg’ﬁ = Xf + )?R,/g.

(4.6)

where

PROPOSITION 4.2. There exists B > 0 such that g' = gfs is a C® volume preserving flow

with the following properties.

(1) g is(C', 8¢/2)-close to f'; ie, || Xf — Xzl o1 < 8,4/2, where Xy and Xy are the
vector fields corresponding to the flows f' and g' respectively.

(2) 2= f! outside N' x Uy, and hence g' is a gentle perturbation of f' and satisfies
statements (3)—(5) of Proposition 3.1.

(3) g preserves the subbundles E®, w = ua, uab, uabt; moreover,

det(dg'|E$(z)) = det(df'|E$(2)) forall z € M. 4.7
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(4)  The average Lyapunov exponents of g' satisfy
Ls(8)=0<L1(Z") < L2(8") = L3(Z") = La(g"). (4.8)

(5) Ty is a global cross-section of the flow g'|\N x Uy, and the time-1 map g' is the
Poincaré return map of g' to To; furthermore, there exist » > 0 and a g'-invariant
subset T1 C Tlg such that

m(I) > 20kom(I1 N B) > 0

and for any 7 € Tl the flow g' has two positive Lyapunov exponents Ai(z, g') >
A (z, 8") > A along the E ’;-“ subbundle.

Proof. Statements (1) and (2) are easy corollaries of the construction of the flow g’. To
prove statement (3) we will first show that dg’ preserves the subbundle E ;“. It suffices

to check that for any smooth vector field X € E;” and any z € Q. the Lie bracket
[X3(2), X(2)] € E%*(2). Indeed, we have

P _3+~3_8+~ _8+a
g(Z)—E ﬁlﬁ(z)@—a ,BW(Z)< aa M%)’

and the direct calculation yields

|:X§s i:| :ﬁ(a(mﬁ) 9 _ duy) i) eEY w=u,a.

ow do ou dw da

Since dg' preserves the subbundle E ]”c“, it also preserves the subbundles E ?“b and E j‘f’b T
Next, consider the variational differential equations

d d . -~
Eft = DXdf’, ng = DXzdg' .

The determinants along E? with @ = ua, uab, uabt, satisfy

d t : t
T det(df'|E) = div(Xy|ED) dewdf'|E).

(4.9)

d ~ : ~t
- det(dg'|EY) = div(A5|E) det(dg' | E).

Direct calculations show that Xz = Xy — Xy is divergence free along E7 and thus
diV(Xf|E;?) =diV(X§|E?). Therefore, using (4.9) and the fact that det(dg0|E?) =
det(d f°|E;‘2) =1 we find that

det(dg"| £ (2)) = det(df' | EY(2)),

and statement (3) follows.
It remains to prove statements (4) and (5). We need the following lemma showing that
I is a global cross-section for the flow g' | x Up.

LEMMA 4.3. Givenz € B, ther-, s-, b- and t-coordinates of ' (z) and f'(z) are the same
for t €0, 1/2]. Consequently, §% (B) = f%(B) and Tl is a global cross-section for the
flow "IN x Up.
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Proof. Let us compare the orbit segments of g’ (z) and f'(z) for 7 € [0, 1/2]. Note that for
any smooth function ¢ and any vector field X we have that

d t

Esﬂ(F (@) =Lxolr (),

where Ly (-) is the Lie derivative and F' is the flow that is generated by X'. This implies
that, forowo =vr, s, b,

d ot ~ ot d

— N =Ly.T=— ")—=1=1L = —1(f'(2),
;T8 @) =Lyt=""+ Y () a7 =)
L @ @) =1 o
— Q@ = ) = ——
dt &k A aT
Under the same initial condition at ¢t =0, we get that the r-, s-, b- and t-coordinates
of g'(z) and f'(z) are the same. Since B has the cylindrical structure, we obtain
that g'(z) € B x ©(f'(z)) = B x {t}. In particular, §% (B) = f%(B) =B x {%}. Since
Xz = X outside Qg = B x [0, 1/2], we have that g'(ITg) = f!(ITp) = [Ty. In other
words, Iy is also a global cross-section for g’ |N x U. O

BTE 2L 0= Ly 0=Lo(f ().
96 4 dt

It follows from the lemma that ITj is a global cross-section for the flow g’ | x Uy and
the time-1 map 3! restricted to ITp is the Poincaré return map of g on ITy. Therefore, (4.8)
is equivalent to

Li(G) =0 < Li(G) < L»(G) = L3(G), (4.10)
where G = G =2'|My. In fact, by (4.7), we have that Li(G) = Ly (f'|Tp) for k =
2, 3, 4, and thus we only need to show that

L1(G) < Li(f'[To). @.11)
To this end we will use the following lemma.

LEMMA 4.4. For all 7 € Tl the derivative of(N; =gy along E’;“ has the form

nA(B,z) nB(B, z))

4.12
CB.2) DP.2) (+12)

dGp(2)|EY* () = (

where
252

A=A(B,z)=1— Bro,sinf cos b — P — ,82rocrr cos? 0 + 0(,33),

B =B(B,z) = —Bo — Bro, sin® § — B*roo, sinb cos 6 + O(B),

C =C(B, z) = Bo + Bro, cos> 6 — B*roo, sinb cos 6 + O(B),

_ _ : po’ 2 -2 3
D=D(B,z)=1+ pro, sinf cos 6 — - — Brooysin“ 0 + O(B).

Proof. The desired relation (4.12) is apparent for z € [T\ B since G= fland o =0 on
IMo\B. Given z = (r, 0, 0, s, b) € B in the ua-cylindrical coordinate, by Lemma 4.3, we
have that g7 (z) = (r, 0 + 0(¢), t, s, b), where 6(¢) = B fot Y(ET(z)drfor0<t<1/2. In

particular, the coordinate of §% (z)is (r, 0 + Bo, 1/2, s, b), where

1 2 b 1
o=0c(,s, b):Zw<;—2>¢<g>w<§>/11ﬁ(u)du.
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Back in the Cartesian coordinate system (u, a, 7, s, b), we obtain that
72(2) = (uy. a1, 1/2. 5. b)
= (u cos(Bo) —asin(Bo), u sin(fo) 4+ a cos(Bo), 1/2, s, b),
and hence
G0 =8'@=,T@=warls.b)=(u. a0 75, b).

The last equality follows from (A.1) and the fact that 2'(z9) = f'(z0), where zq is the

center of B. Since G preserves the E ?“ subbundle, we have that

dGp() B (2) = (’Wﬂ’ 2 0B, z)) |

CB.z) DB.2)

where

auy du da; daj

A(ﬁ,z):_, B(ﬂvz):_v C(IB7Z):_1 D(ﬂ1Z =~

ou da ou da

Then
ou .
A= rm =cos(fo) + [—u sin(Bo) — a cos(Bo)]Boy
u

= cos(Bo) — Br sin(6 + Bo)o, cos O

_ . Bra® s 2 3

=1— Bro,sinf cos b — — B°roo,cos” 0 4+ O(B7).
Similarly, we can obtain the formulae for B, C and D. O

Lemma 4.4 allows us to follow the line of argument in [10, proof of Lemma 4.1] to
establish (4.11). For the reader’s convenience we outline the argument here.
Denote by eg(z) the unique number such that the vector vg(z) = (1, eg(2))" € E% (@)
B

for all z € ITp. One can show that
Ls=Li(Gp) = fn log 1 dm(z) — fn log[D(B, 2) — nB(B, 2)eg(Gp(z)] dm(2).
0 0

Note that Lo = L (f!|ITp); we will show that

dLg| d*Lg
—E =0, - <0, (4.13)
dIB B=0 dﬁ B=0

which immediately implies that (4.11) holds for all sufficiently small 8 > 0.
To show (4.13) observe that

dLg /
S = — D | =0 dm(Z)ZOs
dp 40 o BB

thus proving the first relation in (4.13). To prove the second relation, note that

d2Lﬂ
dp?

9 ~
= / |:(D,3)2—Dﬁﬂ+2ﬁBﬁ—(9ﬂ(Gﬂ(Z)))] dm(z).
g=0 Jr, p =0
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This integral can be written as

[(D,g(o 2))% = Dpp(0, 2) + 2nBg (0, 2)C(0, 2)] dm(2)

/ﬂ Z—zBﬂ(o 2Cp(0, £7(2)) dm(z). (4.14)

0 i=1

The first term in (4.14) is bounded from above by

1
—(1=¢) | o%dm@z)— S / r’o? dm(z).
Iy Iy
To estimate the second term in (4.14) note that
f 2Bg(0, 2)Cp(0, F7' (2)) dm(z) <4 | (0 +r*c?) dm(z)
Iy I

and that Bg(0, 2)Cg(0, f_i (2))=0 for all zellp\B and all i. Moreover,
Bg(0, 2)Cp(0, f~'(z)) =0foreveryze Bandi=1,..., Ng — | since f!(B) N B = .
This allows us to take Ny > 0 large enough to ensure that the second term is bounded by

1
—/(az+r2<r,2) dm(z).
10 Jg

9 / 2 1 2.2
e [— adm(z)——/ reodm(z) <0.
B=0 <10 ) Iy 40 Iy "

This completes the proof of the inequality (4.11) thus guaranteeing that for any sufficiently
small A > O the level set

Hence,

dzLﬂ
dp?

M={zeMy: r(z G) >z, G) > A}

has positive volume. It is also invariant under G. Since fi (B)NB=@fori=1,..., Ny,
we obtain that the sets ' (ITN B) = T N g'(B) = I1 N f(B) corresponding to different i
are pairwise disjoint subsets of IT. This implies that

m(IT) > Nom(IT N B) > 20kom(IT N B) > 0,

thus completing the proof of Proposition 4.2. O

4.2.  Construction of the flow g'.  We perturb the flow g’ to a flow g’ by adding a vector
field X to the vector field X5. We obtain X’k as a sum of rotational vector fields in the
ab-direction along several pairwise disjoint tubes so that the total rotation along an orbit
that passes through these tubes is /2. This ensures positive Lyapunov exponents along
the E ;‘”’ subbundle for the flow g’.
Note that there is Mo > 0 such that for any flow F’ that is sufficiently C'-close to the
flow f?
IF = fHler < Mol XF — Xyl (4.15)
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According to Lemma B.5, M\ depends only on the Riemannian metric and the start-up
flow f*.

Let the number A > 0 and the subset IT C Iy be as in statement (5) of Proposition 4.2.
Given K > 0, let

A=A (K)= {z ell: ’% log |dg*(z, v)| — A| <0.1x,
(4.16)
forall v € E;‘c“(z), lv] =1 and all |k| > O.SK}
and
ko—1
A=AK)= ﬂ TA(K), (4.17)
i=0

where ko > 0is a number which will be defined later (see Lemma 4.5). Since m(A’(K)) —
m(IT) as K — oo and hence m(A(K)) — m(I1) as K — 00, one can choose K so large

that
K. > max{Skox, 10 log 2, —10ko log(1 — M5,)}. (4.18)
Jm(IT) + 40 log(1 — Modg)m(IT\A) > 0, (4.19)
20m(M\A) < m(I). (4.20)
Set
ko—1 . ~
A* = A\ L & Proj, (20 U Gp)). “.21)
i=0

where Q¢ and Q g are given by (4.4) and (4.5) respectively. If the number v is chosen small
enough, statement (5) of Proposition 4.2 allows us to assume that

m(Projp €20 N IT) < m(I1) /20ko,

- (4.22)
m(Projp Qg N IT) =m(B N IT) < m(IT1)/20ko.
Combining (4.20)—(4.22), we find that
m(A™) > 0.8m(I1). (4.23)

By statement (5) of Proposition 4.2, the set IT is invariant under the time-1 map of the
flow g’.

We will approximate the set IT by constructing an appropriate Rokhlin—-Halmos tower
(see [11]) for the map g'. More precisely, we choose a measurable subset I'" C IT such
that the sets §i(F’) are pairwise disjoint for —K <i < 6K + kg — 1 and

6K +ko—1 )
m< U §’r/> > 0.9m(I). (4.24)
i=—K

Consider the set Iy of first entries of orbits {3 (z)}?fo_1 (with z € T) to the set A*. More
precisely, set

To={3/(z):zel,0<j<5K —1,%/(z) e A*, 3" (z) ¢ A* fori < j}
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and let
K+ko—1

ri=gT), r= J m. (4.25)
i=—K
Clearly, the sets {I';} are pairwise disjoint for —K <i < K + ko — 1. We then approximate
"o by finitely many disjoint ab-cylinders By; of the form

Byj = B"(z;, r}) x B*(zj, r}/) X B“b(zj, ri)

. 2 2 2
={(uj, sj,aj, bj):lujl <rj, |sjl <rj, aj +bj<rj}

. / "
={(uj, sj, pj. @) lujl <rj Isjl =rj, pj <rj},

where r;., r}/, ri>0for j=1,...,J and z; = (uj, sj, aj, bj) = (uj, sj, pj, ¢;) € Iy
is the center of By;. Fori = —K, ..., K +ko — 1 set
Bij =g (Boj)). Ai=|] Bi. (4.26)
j=1

We can choose the sets By; in such a way that:
(1) BijjNBy=Wfor(i, j)#k,)with—K <i,k<K+ko—land1<j,1<J;
(2) foreachi=0,1,...,k

m(I'; AA;) <0.05 max{m(I';), m(A;)}; (4.27)

(3) Bj ﬂProjHO(QOUfZR) =Pfor0<i<ky—1,1<j</.
The last property implies that the set B;; = g'(Bo i) = f'(Bo;) lies in a neighborhood
around fi(z ;) and hence is still an ab-cylinder if the numbers r;, r}, r}’ are chosen small
enough.

We need the following lemma.

LEMMA 4.5. Given § > 0, there is 6y = 6y(5) > 0 such that for any 6 € [0, 6y] and any
tube T = C x [0, 1/2], where C C Iy is an ab-cylinder of the form

C=B"(z,r') x B (z, r"") x B*(z, r),

there exist a subtube T' = C' x [1/40, 19/40] C T, where C' C C is a cylinder of the form
C' = B"(z, 1)) x B*(z, ) x B (z, ro),

and a C* vector field X = Xr g on M such that the following hold.

(1) X is a rotation vector field with speed 0 in the ab-plane; i.e.,

0 d
X)) =X ,b, )=0| -b— — |, T'.
() (u,s,a, b, 1) < aa+a8b) Z€
2) X =O0outsideT.
3) m(C")/m(C) > 0.75.
4 ro/r,ry/r, rf/r" =0.0.
o) NIXle <6
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Moreover, let kg > 0 be such that
- 2w
0=—7
ko [~y ¥ (1) dt
where V(1) is the function in §4.1 and 8 is given by Proposition 4.1. Then || Xy ;|| < 84 /2.

< 00(d4/2), (4.28)

Proof. Given 0 < o < 1, we define a subcylinder
Cy = B*(z, ar’) x B*(z, ar”) x B**(z, ar) C C.

By (A.2), the volume of C,, and C is induced by the flat metric du® + ds*> + da® + db?,
and hence the ratio m(C,)/m(C) depends only on « but not on the cylinder C. It follows
that m(Cy)/m(C) — l asa — 1.

Fix a > 0.9 such that m(Cy)/m(C) > 0.75, and set C' = C,. Let us choose a C™
function & : R — [0, 1] satisfying:
(1) &=1on(-a,a);
2) &>0o0n(—1,1)and & =0 outside (—1, 1);
3 MEler =2/ — @).
We introduce the ab-cylindrical coordinate (u, s, p, ¢), and define a C* rotational vector
field X = A7 g by the formula

~ d
0&(z)—, zeT,
dg
0, ze€ M\T,

o —1/4

and ¥ is the smooth function in §4.1. Note that ||§(8 /9¢)|| < c where ¢ > 0 depends only
on « but not on the choice of the cylinder C. Thus for any § > 0, there is 6y = 6p(5) > 0
such that || X'||-1 < § for any 6 € [0, 6p]. O

Xr0(2) = (4.29)

where

Consider the tubes T;; = B;; x [0, 1/2]. Applying Lemma 4.5 with T =T;;, we
obtain a vector field Xg ;; ZXTijsé such that || Xg;jll <J,/2, where 0 is given by
(4.28). Moreover, there is a sub-cylinder Bl.’j C B;j such that m(B{j)/m(Bij) >0.75.
Furthermore, by Lemma 4.5, we may assume that g’ (B(’)j) = Blfj fori=1,...,ko.
Finally, let

J ko—1
A= 8. er=UJ T (4.30)
j=I i=0 j=1
and define the vector field Xg by
ko—1
Xg = Z Xr.ij- 4.31)
i=0 j=1

We obtain a new flow g’ generated by the vector field Xy = X5 + Xg. Clearly, g" isa C*°
volume preserving flow since Xy is divergence free. We will show that the flow g’ has all
the desired properties stated in Proposition 4.1.
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Proof of Proposition 4.1. Statements (1) and (2) follow immediately from the construction
of the flow g’, and statement (3) can be proved in the same way as statement (3) of
Proposition 4.2.

We will prove statement (4). We need the following statement whose proof is very
similar to the proof of Lemma 4.3.

LEMMA 4.6. Given z € B;j, the pj-, uj-, s;j- and t-coordinates of g'(z) and f'(z) are
the same for t € [0, 1/2]. Consequently, g%(B,-j) = f%(Bij), and hence Ty is a global
cross-section for the flow g'|N x Uy.

By the lemma, the time-1 map g! restricted to ITp is the Poincaré return map of g’ on
ITy. Therefore, (4.2) is equivalent to

L4(G)=0< L1(G) < L2(G) < L3(G), (4.32)
where G = g!|ITp. In fact, by (4.1) and (4.7) we have for k = 3, 4 that
Li(G) = Li(f"1Mo) = Li(8"|To) = Li(G).
Hence, we only need to show that
L12(G) < L3(G). (4.33)

We follow the argument in [10, §4.2], and give a sketch of the proof of (4.33).
Set Aj = Ay N A, where Aj and A are given by (4.30) and (4.17) respectively, and

Ui=G 5 Al Us=0n0\A},
Us =GM((AgNANAG),  Us=G"(Ap\A).
Consider the first return map G = G ¥ on the set
U=U,UU,UU3U U4 C Iy,

where R = R(z) is the first return time of z € U to U under G. Note that the flow g’
preserves the E ;ﬁ-“b -subbundle, and so does G.
We intend to show that

/U (log [A* (dGIEY™ ()]l = log A% (dGIE4™ (2))])) dm(2) > 0, (4.34)

where
NG EY™ () : A(E" (2) — AF(EY (2))

is the kth exterior power of d5|E ;“b (z). Indeed, assuming that (4.34) holds, consider the

G-invariant set
o0

= J G'w)cm,.
I=—00

For k = 2, 3 we have that

fU log [ A*(dGEY** @) dm(z) = /H log IN*@GIEY™ @) dm(z)

k
= [ > hitz 6y am) = LuGim)
=1
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and hence (4.34) implies that Ly (G|TT") < L3(G|IT’). Since G = G outside IT', we obtain
that L,(G) < L3(G).

To show (4.34) we split the integral over U into four integrals I, I, I3 and I4 over the
domains Uy, U,, U3 and U, respectively, and we obtain lower bounds for each of them.

Namely, we will show that
I > 0.85K 1 -0.7m(Ag), Ir > kolog(l — Mody) - 0.25m(A), 435)
>0, I4>2log(l — Modg)m(IT\A). '

The lower bounds for />, I3 and 14 can be obtained using arguments in [10, proof of Lemma
4.2]. However, the proof of the lower bound for /1 in our continuous-time case requires
substantial changes and we shall present it here. We need the following lemma.

LEMMA 4.7. Letz € U} = G‘K(AS). Then for any v € E;’c“b(z), we have

— V2
ld.G ()l > 7||v||e°-‘”“. (4.36)

Proof. Note that for any z € G K (A’(;), the first return time R(z) is at least 2K + kg. Set
=G0, 2=G6"@)=6""M@), ©3=0k)=6"q).

Since the orbit segments {g (z)}o<;<k from z to z; and {g"(22)}o<r<Rr(z)— Kk —k, from z3 to
z3 are outside the set g, we have that

0=6K@2) =G (@), z3=GRO KKz = GROKko(zy),

On the other hand, since z1 € A} = A6 N A, we can assume that z € B(/)j for some j,
and, by our construction, we have G! (z1) € Bi’ ] fori =1,..., ko — 1, and every cylinder
Bi’ ; is inside a local coordinate neighborhood of its center. Therefore, we write z; =
(u,s,a,b,0)e B(’) o and, applying similar arguments to those in the proof of Lemma 4.4,
we have that

G(z1) = f2g2(z1) = f2(u, s, acosd —bsing, asing +bcosp, 1/2)
=(u,s,acos¢p —bsing,asing + bcosae, 1)
= (nu, n_ls, acos¢ —bsing, asin¢ + b cos ¢, 0),

where
¢ = 1(5/1 Yy di = —
T4 ) T 2k’
Repeating this calculation for G'(z1), G*(z1), ..., G¥~1(z) and observing that ko¢ =

7 /2, we obtain that
22 = GM(z1) = *u, 7%, a cos(kop) — b sin(kog), a sin(kop) + b cos(kop), 0)
= (nkol/h nikosv _bv as O)

This formula means that d, G0 is non-contracting along the E ’}“b subbundle and rotates

the vector in E;lcb by the angle 7 /2.

To obtain (4.36), we write v = v*¢ + W eE ?" ()& E? (z) and consider the following
two cases.
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(1) If ] < (V2/2)llvll, since d,GX = d.G¥ and z € G-K Ay c GK A/, by (4.16)
and (4.17), we find that

V2

K ~K ~K 0.9K A 0.9KA
ld:G" vl = d:G" v|| = [|d:G™ v*|| = [[v"“[le z 5 lvlle™™™,

and hence
_ ~ g ~ ~ V2
Id:Gv|l = |dGR&~K~Rg, Grd.GKv| > ||d.G¥v|| 27||v||e°‘9’“.

(2) If [vP = (V2/2)|lv]l, since d;, G* rotates the vector in E;b by the angle /2, we
have

d-GXovb = d,, G*(d.G¥ ) € EY*(20).
Since z; € A/, by (4.16) we obtain
1d-Gvll = 1d:Gv" || = ||, GRO—KHog GK oyt
> ||d, GKThoyb 09K > ?”v”eogm. 0
By the lemma and (4.18), we find that
log [|d.G (v)]| = 0.9Kx — 0.5log 2 + log [lv]| = 0.85K A + log ||v]|,
foranyz € Uy and v € E;‘cab(z). Hence,
log [A° (@G| EY** ()]l — log [In? (dG|E}™ (2))]] = 0.85K 1.
On the other hand, it is proved in [10] that m(U;) > 0.7m(A¢). Therefore,
I = /U (log [|* (@GIEY™ @) — log [A* (dG|EF* (2))]]) dm(z)
> O.SISK)\. -0.7m(Ay).
It follows from (4.35) that
/ (log A (dGIE¥ (@)l — log | A* (dG|EY** ()
Uz 0.595).K m(Ag) + 0.25ko log(1 — Mo8g)m(Ag) + 2 log(1 — Mo8g)m(TT\A)

> 0.57AKm(Ag) + 2 log(1 — MoSg)m(TT\A)
> 0.0627Am(IT) — 0.05Am (IT) = 0.0127Am(IT) > 0.

The last two inequalities follow from (4.18), (4.19) and [10, Sublemma 4.4], which
states that m(Ag) > 0.11K ~'m(IT). This completes the proof of statement (4) of
Proposition 4.1. O
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5. Accessibility

Notice that the flow g’ has positive central exponents on a set of positive volume but is not
necessarily ergodic. We will perturb g’ to a flow A’ that is pointwise partially hyperbolic
on the open set U/ and still has positive central exponents. Furthermore, we will ensure
that the flow i’ possesses two transversal strongly stable and unstable foliations, W, and
W/, of U and satisfies the accessibility property on U via these two foliations. In view of
Theorem 2.4, h' is indeed the desired flow in our main theorem.

We will follow the arguments in [10] and make some necessary modifications for the
flow case. We choose two sequences of open subsets U, ﬁn cU,n=1,2,...suchthat:
(A4) Uy C Uy
(AS) U, cU,CcU,CU, cUandJ,., U, =U,;

(A6) ﬁn and U,, are connected sets for a_ny n>1.
Set
Uy =N x Uy, Z:in:NXﬁn (5.1)

We will construct a sequence of flows {//,},>0, whose limit is the desired flow 4’. The goal
of this section is to prove the following statement.

PROPOSITION 5.1. Given 8, > 0, one can find a sequence of positive numbers {8,} with

8p <min{8, /2", d(C, U,)?} as well as a sequence of C* divergence-free vector fields

Xy on M, generating a sequence of volume preserving flows h',, such that for n > 0 the

following hold.

(1) Xy =X, and hence hj = g'.

@ X1 = Xallenn < 8

(3) Xy =Xy on M\Uy, and X, = X,y onUy—2; in particular, each flow h', is a gentle
perturbation of f!, and hence satisfies statements (3)—(5) of Proposition 3.1.

(4) Forevery z € M, we have

Ep" () = By (), det(dh} |} () = det(dg' | E4"" (2)).
(5) ForallzelU;, j=1,....,n,andw=u,s,c,

LER (2), EfY_ (2)) <8;/2" .

n—1
(6)  If the number 8, in Proposition 4.1 is sufficiently small, then each flow h}, is stably
accessible in the following sense: let a flow h' be a gentle perturbation of the flow
f!, and assume that Z(E}il"(z), E}‘;’n (2)) <8y forallz e, and w = u, s, c. Then any
two points z1, 22 € LN{n are ac~cessible via a (u, s)j:-path in U. In particular, h! has
the accessibility property in U,,.

Statements (1)—(3) imply that the limit vector field &}, = lim,_, oc &), exists. Moreover,

n—1 n—1
16 = Xillorsr < DX 41 = Xjllein < Y 85 < 8,/25!
j=k j=k

for any n > k > 0. It follows that X, converges to &}, uniformly in the C¥*! topology.
Since k is arbitrary, X, is a C* vector field. In the following section we will show that the
flow h' generated by X}, has all the desired properties.
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5.1.  Construction of the sets U,, and ﬁ,,. We view the 2-torus Y as the square [0, 8] x
[0, 8] whose opposite sides are identified. For each n > 1, consider the partition of Y into
squares

S _ |1 it JjoJj+l1 o i3
Zij _I:ﬁ, T X o o | i,j=0,1,...,2 —1.

Without loss of generality we will assume that the square Up, constructed in §3, is
contained in some Z 1(0130 so that

dUp, ZVy>1/2* and d(C,Z")>2,

L0Jo 10Jo

where C is the Cantor set constructed in §3. Consider the open squares
w [ 1 i+1 1 j 1 j+1 1
Zij _<2_n_2n+2’ on +2n+2 X 2_n_2n+2’ on +2n+2 ’
sy (0 1 i+1 1 Jj I j+1 1
4= <2_ T o T ) X\ T T T )
Z(

Clearly, these squares have the same center as Zi;’) and Z(j") C Z(j") C Zl.(;.l). For n > 1
consider the set

Y,={yeY:d(y, C)=>1/2""72).

Since Uy C Y1, we let ¥, be the connected component of Y, that contains Up. Finally,
consider the sets
and U;=Z (D

iojo’

0,=20 .y =2z

inJjo’ 10Jo
and, forn > 1,

b= U Z. v= U @ = U 7
2}?01/,;;&@ VARIVER Z};)my,;#w

It is clear that the sets U,, and (7,, satisfy conditions (A4)—(A6).
Let Z, = {Zl.(j'.') : Zl.(j'.') Cc U \Up-1} and Z,, = {Zl.(;?) : Zi(;') C Z,}. Relabeling elements
of Z,, we will denote them by Z %"), e, Z,E:), and we will use the notations 2;") and Z(")

for the corresponding squares contained in Zl("). Thus we have

kn
Uy =Uy_1 U (U z}’”).
=1
Clearly the collection of sets {2;") n=1,2,...,1=1,...,k,} forms a countable

partition of U up to a set of zero volume while the collection of sets {Zl(") ‘n=
1,2,...,1=1,...,k,} forms a cover of U of multiplicity at most 4. The following
lemma is proved in [10].

LEMMA 5.2. There is a labeling of the squares {Zl(")} by integers from 1 to 8 such that for

any y € U, the labels of the squares Zl(") containing y are all different. In particular, Z 51)
can be labeled by 1.
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5.2.  Construction of the vector fields X,. The construction is similar to the one in [10,
§5.2], with a slightly modification on the choice of the collection of periodic points. We
need the following preparations before we construct the vector fields A,.

Letg;, j=1,..., 8, be eight periodic points of the Anosov automorphism A whose
orbits are pairwise disjoint. There is €y > 0 such that

Bx(Aiqj, €y) N Bx(AiCIj’, €) =0

whenever j # j' and i = —1, 0, 1. For each ¢; we choose three periodic points p§ €
BX(Aiqj, €0/3) for A, i =a, b, T, whose orbits are pairwise disjoint. Write [g;, p;] =
Vigj)n Vg(pj.), i=a,b, v, where Vi and V) are the stable and unstable local
manifolds respectively Fori=a,b,tand j =1, , 8, consider the closed quadrilateral
(u, s)a-path y with the collection of points 4 [q], pj] pj, [pj, q;l, and g;. Without
loss of generahty, we will assume ¢ = ¢, p1 p' and y| = y! fori =a, b, T, where ¢,
p' and y' are chosen as in the beginning of §4.1.
Forj=1,...,8andi =a, b, T, we have

A4 (g =q;, A (Pl = pi,

where ¢(g;) and ¢( pj.) are periods of ¢; and pfi respectively. There exists a(j, i) > 0 such
that for any « € ¥ = T? with ||| < &(J, i), the Anosov affine map A + « has a t(gj)-
periodic point g () close to ¢g; and a ¢( p;.)-periodic point p; (v) close to p’j Moreover,
we can choose the number « (in condition («3) at the beginning of §3) to be less than
min{a(j,i):j=1,...,8,i =a, b, t} such that any two points from the set of periodic
points

{gj(@), pi@):j=1,...,8i=a,b, 7, || <a}

are disjoint.
Givenn >land/ =1, , ku, let j be the label of Z(") in Lemma 5.2, and yo(n, [) =
(ao(n, 1), bo(n, 1)) the center of Z, (") We take the points associated to Z, (n)

q(n, ) =qj(a(yo@, 1)), p'(n,1)=pibon, D)), (5.2)

where i = a, b, 7. Recall that n is the expanding rate of A along its unstable direction, and
the function « : ¥ — R is given in the beginning of §3. For n > 1 let us choose a square
Z[(n) € Z,. In the case n > 1, we write for simplicity ¢ = ¢(n, [) and p’ = p(n, ), and

as follows:

we let n_(n, [) = min{n*®) : y € Zl(”)}. Define the numbers
o =al(n, ) =d(p", [p", q)).
c=aln, ) =d(p', [q. p'D).
& =al(n, ) =dl(n,)/n_(n,1),
¢ =al(n, 1)y =al(n, 1)/n_(n, 1)

R

(5.3)

and the rectangles in X
' (n, 1) = Bpu(p', atl)) x Bps (p', o)),
' (n, ) = Bpa(p', &) x Bps (p', &1).
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We will assume that the rectangles Hi(n, D,n>1,1=1,...,k, and i =a, b, T, are
pairwise disjoint if the number « is chosen sufficiently small. Finally, we let

€ = ex(n, ) =minfk(y)/2: y € Z"},

5.4)
& =¢&:(n, 1) =5¢,(n,1)/6.

In the case n =1, we have Z( ) =U,and q(1,1) =q1, p'(1, 1) = p1 since the function
o =0on U. Choose I/, and l§ such that

A7 ((ph, 1] € Bx(ph,v/2),  Ali(lqi, pi1) € Bx(pi, v/2),
where v is given in (4.4). Then we set
al =al (1, ) =d(pl, A7[pl, q1]), ol =al(1, 1)=d(pi, Al[q1, pi])

with other quantities and sets to be defined in a similar way.
In addition to the squares Zl.(]r.’), Zl.(;l) and Zi(;.l) constructed in the previous subsection,
we need to consider the squares,

Sn) i 1 i+1 1 Jj 1 j+1 1
Zij _<2_n_2n+3’ on +2n+3 X 2_n_2n+3’ on +2n+3 ’

-y [ 1 1 i+1 1 j 1 j+1 1
Zij _(2_n_2n+4’ n +2n+4 X on T on+d’ o +2n+4 ’

as well as the intervals,

3 3 o . 5 5
Iy=Jn= “oni2 pniz ) Iy =Jp = i3 ni3 )

K=(=1/4,1+1/4), K=(—1/8,1+1/8), K=(—1/16,14+ 1/16).

and

Note that we have

201) - Z(n) - Z(n) c Z(n) c Z(n)
and similar relations for 7, and J,.
Fixn>1landl=1,...,k,, and write o/, =o' (n, 1), &, =& (n,1) fori =a, b, t,
w=u,s,and e; =€, (n, ), é&; = €;(n, ). We choose functions as follows.
(1) ¢' and ' are C™ functions on R such that:
e ¢ =constanton (—&, &) and ¥’ = constant on (—&’, &!);
o ¢i(r)=0for|r|>al, ¥ (r)=0for|r| >al;
o [ (r)dr=0,and ¥ (r) > O for any |r| < a;
o I¢illen I¥iller < 1.
(2) &; and &y are C* functions supported on K and I, respectively such that:
° &, = constant on K, and &y = constant on I,,,
° &(r)>0forre K,and &y (r) > O forr € I;;
° E&(r)=0forr € K,and &y (r) =0forr & I,;
o ll&llcn, lIsylien < 1.
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(3) ¢ and ¢y are C*° functions supported on (—¢;, €;) and I, respectively such that:
° ¢ = constant on (—&;, €;), and ¢y = constant on I,
. L (r) > 0forr € (—e;, €7),and ¢y (r) > O for r € I;;
° C:(r)=0forr & (—€;, €r),and ¢y (r) =0 for r & I,;

¢cliens gy llen < 1.

Now we are ready to construct the sequence of vector fields &,. Given n > 1,
I=1,...,k, and i =a, b, 7, take the Cartesian coordinate system z = (u, s, T, a, b) =
(x, T, a, b) with the origin at (p’(n,[), 1/2, yo(n,1)). In this coordinate system the
interval K is in the symmetric form (—3/4, 3/4). Take the boxes for i = a, b,

Q' _in—{(x T,y): xeli(n, 1), |t| <en, ), yeZ(n)}

and
Q" =Q, ={(x,t,y):xel (), ek, yez").

By the construction of the rectangles IT' (n, I), we have that Q(n, [) N Q' (n =@ if
(1 n D) # (', n',1’). Similarly, we can choose Qi i=a,b,rt, by taking I, &, K and
. Next we define three divergence-free vector field

X=X =ty (b)g (T)Y" (s)( £(a) / ¢%(r) dr, 0,0, £y (a)¢* (u), 0)
X”=X,i’,l=;y(a><r<r>w”(s>(—s;<b> fo ¢’(r) dr, 0,0,0, sy(bmb(u)),
x° =X,:,,=§y(a);y<b)w<s>(—s;<r> /0 ¢T(r) dr, 0, & (T)$" (w), 0, 0).

Clearly each vector field X,’;l vanishes outside the corresponding box Q; ;» and it is

constant on the smaller box 52;1 ;- Finally, we set

kn n
X, =) (X X0+ X)) X=X+ ) i, (5.5)
=1 k=1
where the sequence of small positive numbers {8,} is determined inductively to ensure
statements (2) and (5) of Proposition 5.1. Let hﬁl be the flow on M generated by the vector
field X;,.

5.3.  Proof of Proposition 5.1.  Statements (1)—(4) follow directly from our construction.
It remains to show how to choose the sequence of positive numbers 3, such that A/, satisfies
statements (5) and (6) of the proposition. Note that these two statements only concern those
invariant subbundles E® and foliations W, w = u, s, c, c¢s, cu, which are the same for the
flow and its time-1 map. Therefore, the choice of §, and related arguments are similar to
the diffeomorphism case in [10]. We will outline the proof here.

For any gentle perturbation ht of f' (see Definition 2.1), we denote by Wh (z) the

center manifold of ht at the point z € M. Given a square Z, ™) with the center yo(n, 1),

let g(n, 1), p (n, l), i =a, b, T, be the associated periodic points given by (5.2), and
z0 =z0(n, 1) =(qn, 1), 1/2, yo(n,1)). We denote by Wffu (20, K, Zl(")) the connected
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component of W}f (ZO) NX x K x Zl(n)) that contains zg. We will also use similar

notations W”J (zo, K Z 7™ ), etc.
Next we will 1ntr0duce two important families of maps ® and W for a gentle
perturbation A[ of f'. '
Fixing n>1and / =1, ..., k,, we take the collection of points ¢ = ¢(n, ), p' =
pi(n, 1), i =a, b, t. Consider a quadrilateral (u, s)hru—path yi=1{z1, ..., z5} with initial
point z; defined by _
2=V, @) NV (p', 1/2, ao, bo),
=V, (@2)N th”(Pl 1/2, ap, bo),
24= "V, (23) NV (z),

=Vj, (z) N Vh”‘(m)

(5.6)

This path defines a map ® = ®’ Lh given by ®!(z;) =zs5. It is easy to see that
75 € thJ (z1), and ® maps Whu(z(), ,Z (”)) into itself. Reparameterizing the curve on
V;Z (z1) from z; to zo by ¢ : [0, 1] — Vht (z1) so that ¢(0) = z; and o (1) = z, we obtain
a parameterized family of quadrilaterals 7' () = {z1 (), . .., z5(®)}, ¥ € [0, 1], where
210) =21, 22(8) = 0 (¥), and zx (¥), k = 3, 4, 5, are obtained in the way similar to (5.6).
Then we define ©}, = @y, , , given by O} (z1) = z5(9). Clearly ©) =1d, ©} = ©', O}
maps Wﬁt (z0, K, Zl(n)) into W,fu (z0) and depends continuously on ¢ € [0, 1].

On the other hand, given z = ((x, 7), y) €U, there is a (u, s) r:-path y¢(z) connecting
z to 7 =((g, ), y) whose length does not exceed 2d(x, ¢g). This generates a map
W =W;,; fromU to {g} x K x G given by Wy (z) =7'. Furthermore, given a gentle
perturbation htu of f! and a point z € Zl(n), we can find a (u, s)p,-path yj, (z) that is close
to yr(z) and connects z to a point ' = z’(hg) € W,ft (z0, K, Zl(n)). We can then define
Wy, = Why 1 by Wi, (2) = 2'(hY).

Note that the maps ‘Phj,n,z, ®;,l,ht and ®£9,n,l,hn’ i =a,b, 7, depend continuously on
hi as long as h{ is a gentle perturbation of f' with h} = f' outside some fixed 4, and
with Z(E}‘:’u (2), E?(z)) sufficiently small for all z € i4,, and w = u, s, c. Moreover, the
continuity is uniform with respect to z.

Given a set I' C M and a gentle perturbation hé of f7, set

Ap,(T') = {z € M : there exists y € I such that

y is accessible to z via a (u, s)ha-path}.

For n > 1 denote by ¢, = min{1/2"5, &, (n,1),1 =1, ..., ky}, where & (n, ) is defined
by (5.4).

We now briefly describe how to choose the sequence {6,}. See [10] for more details.
Recall that Uy = Z(l) U, —Z(l) and Uy =N x Uy, Uy =N x Uy. Choose 6 > 0 such
that the families of maps W, and G)Zu are well defined for any gentle perturbation h’
of f! with Z(E,‘fJ (2), E?(Z)) <26y for o =u, s, c. We assume that the number 8, in
Proposition 4.1 is so small that the flow A/, =g’ satisfies Z(E;l"o (2), E?(z)) <6y and
d(@iﬂ,l,l,ho(z), 7)<e/dforze N x Uy, ® €[0,1]1andi =a, b, 7.
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Now choose 9{ with 0 < 9{ < 00/2 such that d(Wp,(2), ¥i,(2)) < 1/28 if Z(E;:’u (2),
EZ)O(Z)) <26; for all ze N x Z%l). Also choose §] > 0 such that if ||X] — &p|l <],
then Z(E} (2), EZ)O(Z)) <6;. Finally set 6y =min{6;, 0]} and & =min{8}, &7, 61},
where 8/ and 0| are given by Lemma 5.3 below. We can show:

(1) d(p,(2), Yo (2)) < 1/28 forallz e N x Z4V:;

@) d(©),,, (2).2) <e/4 for all z€ Wi (0. D). K. ZP), i=a.b, 7,9 €0, 1]
and/ =1, ..., ky;

3 Ahu(ZO(l, 1)) D W}fJ (zo(1, 1), K, Zgl)) for any gentle perturbation h’ of f7, close
to ht, with Z(E (2), Ef (2)) <0], 0 =u, s, candz € N x Z{".

Moreover, the above statements imply that Ahn (zo(1, 1)) DN x A (1); in particular, h’1 has

the accessibility property on N x Z El).
Proceeding inductively, we can choose §, such that statements (5) and (6) of
Proposition 5.1 hold. Furthermore, we have for i =a,b,t, ¥ €[0,1] and [ =

1, ey kYH'l:
(1) d(Wp,(2), W, () <1/2 forallz e N x Z\";

@) d(©, 5 (2).2) < engr/Aforallz e WE o+ 1,0, K, Z"*);

3) Ahn(z()(n, ))D Whu(z()(n, D), K, Zl(")) for any gentle perturbation hg of f!, close to
h!,, with Z(E;fu(z), E;l"n(z)) <8, w=u,s, candze N x Zl(n).

Therefore, Ap, (zo(n, 1)) DN x Zl(") forall /=1, ..., ky41. In other words, k! has the

accessibility property on A/ x Z l(").

Note that
kll
U, =U,_1 U (UN X Zl(n)),
=1

and the intersection of any two sets among ZZI 1 and N x Z (n) =1, , k., contains a
non-empty open set whenever they intersect. Since Z/I is connected . we obtaln accessibility
of h on Z/{n In particular, /!, has the accessibility property on Z/{ when we apply that
ht — ht

5.4. A technical lemma. The proof of Proposition 5.1 heavily relies on the following
technical statements.

LEMMA 5.3. Suppose for some n > 0, d(®i9,n,l,h,,_1 (),2) <€,/4 for all i =a, b, 1,

Pel0, 1], ze W, (20, D), K, Zl(n)), l=1,..., ky. Then there are 8], 0]/ > 0 such
that the following hold.
(1) If X — Xuzillen <8y, then
Ay 115 (2,2 S€ni1 /4 asze Wi o+ 1), K, "), (5.7)
foralli=a,b,t, v €[0,1],andl =1, ..., ky11.

(2)  For any gentle perturbation ht of f', close to h!, and with

L(ER (2), Ej (2)) < 0" forallz e N x Zl(n), w=u,s,c,

—’n
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we have
An, (20(n, D) D Wy o, D), K, ") foralll=1,... . kp.  (58)

In particular, (5.8) holds with hl = h},.

This lemma is an adaptation of [10, Lemma 5.2] to the flow case. It can be proved in a
similar fashion subject to the following sublemma.

SUBLEMMA 5.4. For each n >0, there exists 8, >0 such that if ||X, — Xp—1llcr =

BullZXullcn < 8!, then, forall | =1, ..., ky:

(1 ©%(g,1/2,a,0))=(q, 1/2,d’,0) witha' < a forany a € I,,;

) ©°W(q,1/2,a,b)=(q,1/2,a,b')withb' <bforanya €I, be J,;

3) ©O'((g,t,a,b)=(q, 1, a,b)witht <t foranya € l,, be J,andt € K, where
q =q(n, 1) is given by (5.2), and ® = @;,[’hn fori=a,b,r.

Proof. The proof is similar to that in [6] (see Lemma B.4; see also [10, Sublemma 5.3])
but is adapted to the language of vector fields.

We will prove the first statement. Consider the coordinate system (u, s, 7, a, b) in
QZ,I with the origin at (p?(n, [), 1/2, yo(n, 1)). Write ¢ =q(n, ), p* = p*(n,[) and
yo = yo(n, ). We may assume that the square Z[(n) is parameterized as (a, b) € I,, X Jp,
that the center yo(n, ) of Zl(") is (0, 0) and that the local coordinates of the points
q, lg, p?], [p?, q] and p“ are (ug, so), (0, s9), (uo, 0) and (0, 0) respectively, where
ug =og(n, ) and so = ad(n, ) given by (5.3).

Consider the case n > 1 first. Note that the vector field &), inside Q%(n, [) is exactly
Xr+ ﬂan‘l”l. Foranya); =a€l,,be Jy,andt € (1/2 — ¢, 1/2 + €;), choose the point
z, =(q, 7, a1, b) = (uo, s0, T, a1, b). Note that under the original flow f', we have a
closed quadrilateral (u, s) i-path y= {gl, 295 235 2y 55}, where

2, = (g, p"1, 7, ay, b) = (0, s0, 7, @y, b),

3= (r*, , as, b)=(0,0, 7, a3, b),

2, =([p", ql, 7, a4, b) = (uo, 0, 7, a4, b),

25 =(lg, p", 7, as, b) = (uo, s0, 7, as, b) = z,,

anda, =a;=afork=1,2,3,4,5.

Let us compare the vector field &, = Xy + ,B,,er‘ﬁl on each leg Ly = [z, Ziq] for
k=1,2,3,4. In fact, X,f’ ; =0onlegs £y and Ly4. Since the u-component of every point
on the leg £, is 0, the u-component of the vector field A}, is 0, and the a-component
does not depend on the u-coordinate. On the leg £3 = [z, z4], the u-component of X,
is negative at the interior points and it is zero at two endpoints z, and z,, while the
a-component is positive, with the value smoothly changing from a constant to zero.

Now choose the point z; =z, and we have the quadrilateral (u, s) -path y =
{z1, 20, 23, 24, z5}. By the above comparison, the 7- and b-coordinate are the same for
each zx, k=1, 2, 3,4,5. By the construction of the vector fields A},, the image of the
leg [z3, z4] under the flow h,’1 is contained in 2¢%. Now let a; be the a-coordinate of
2k, k=1,2,3,4,5. Since the a-component of &}, is the same for all points on L, £;
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and L4, and it changes from a constant to zero along the unstable leg £3, then we have
ay = ap = a3z > a4 = as. This shows statement (1) for the case n > 1.

In the case n =1, similar arguments can be used with the following modification,
and we will obtain a; = ay > a3z > a4 = as. This completes the proof of statement (1).
Statements (2) and (3) can be proved in a similar way. O

6. Proof of main theorem
Since each X, is divergence free, so is X}, and hence A’ is volume preserving. The first
statement of the main theorem follows.

Note that A’ = f on U and is of the form

R ((x, 7), y) = ((x + tag, 7), y)

foreachz = ((x, 1), ¥) €U’ =N x C, where ay is a Diophantine vector (see §3). Hence,
h' preserves each three-dimensional submanifold N x {y}, y € C, and h'|N x {y} is
a non-identity linear flow since «a(y) % 0. Moreover, the frequency vector a(y) is
Diophantine if y € C. Thus statements (1) and (3) of the main theorem follow.

It remains to prove the second statement. By Proposition 4.1, each diffeomorphism
h!, is pointwise partially hyperbolic on ¢ and uniformly partially hyperbolic on U,. By
Theorem B.1 in Appendix B, if the sequence §,, decreases sufficiently fast, the limit flow
h' is pointwise partially hyperbolic on U.

We now claim that the one-dimensional strongly stable E3 and unstable E; subbundles
are integrable to invariant strongly stable W; and unstable W}’ foliations with smooth
leaves, which are transversal and absolutely continuous. Recall that the ‘start-up’ flow
S has strongly stable and unstable local manifolds V; (z) and V}’ (z) respectively at each
z € U. Moreover, these local manifolds are of uniform size, larger, say, than a certain
number 4r > 0. By Proposition 5.1(3), % [US = fT|US, and thus Vi (2) = Vj‘é’(z) for all
z € U\U,, w = s, u. On the other hand, each h,’l is a perturbation of hfl_ | on the compact
set Uy, on which both 4}, and ! _, are uniformly partially hyperbolic if 8, is sufficiently
small. Furthermore, let r;, be the size of Vf?:, (z) forz eU,. One canhaver, /r,—1 > 2~ 2",
and thus by induction we have that the size of local manifolds of &', |U4, is bigger than r.
Therefore, given z € U, we obtain that the size of Vij‘; (z) has a lower bound r > 0, which
is independent of z and n.

Write each V}fn (z) in the coordinate chart as

Vi (2) =exp {(v, ¥ (v)):v€ B0, ry)},

where B*(0, r,,) C Efln (z) is the ball centered at origin of radius r, and wgn :B%(0, ry) —

E,‘l:f (z) is a C! map satisfying the following.

(1) ¥y, ©)=0anddyy (0)=0.

(2)  If the numbers 8, and 6,, decay sufficiently fast then there are » > 0 and A > 0 such
that r, > r and ||1//2n||cl < Aforalln > 0.

This implies that z € V}fn (z) and T, V,f” (z) = Ein (z). Furthermore:

() BV @) C Vi (hly (2);
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(2)  d(h(z), h'(¥)) < A(z)d(z, y) for each y € V;, (z) and some continuous function
X(z) on U for which 0 < A(z) <A(z) <A (z) (where A/(z) is the function in the
definition of pointwise partial hyperbolicity).

The sequence of functions 1//;‘” (v), ||lv|| <, is compact in the C' topology, and hence there

is a subsequence wznk that converges to a C! function v satisfying ¥ (0) =0, dy(0) =0

and ||[Y||c1 < A. Setting

V(z) =exp {(v, ¥(v)) : v e B*(0, r)} 6.1)

we have:

(1) zeV(z)and T}V (2) = E;(2);

(2) h(V(2) CV(h'(2);

(3)  d(h'(2). h'(y)) < A(2)d(z. y) foreach y € V (2).

This implies that if my is any subsequence for which 1//2”% converges in the C! topology

to a function v/, then v = v. Thus the formula (6.1) determines uniquely a local strongly
stable manifold through z and the formula W (z) = |, A" (V (h'(z))) defines the global
strongly stable manifold through z. These manifolds form a continuous strongly stable
foliation with smooth leaves for A’. In a similar fashion we can obtain strongly unstable
local manifolds and construct a strongly unstable foliation with smooth leaves for i’. These
two foliations are transverse at every point z € U.

We will now show that the Lyapunov exponent A} (z) in the direction E; (z) is negative
at almost every point z € . Indeed, let Z C U/ be the set of points at which A} (z) =0. If
m(Z) > 0 then

n—1
0= fz 5 (@) dm = /Z lim_ %logl_l;[)xh(h"(z» dm(2)

n—1

1 .
= lim - / Zlogkh(h’(z))dm(z)
Z i=0

n—oo n
=/ log Ap(z) dm(z) <0
z

(recall that A, (z) is the contraction coefficient along E} (z)). This contradiction proves our
claim. Similarly, one can prove that the Lyapunov exponent A} (z) in the direction E}/(z)
is positive at almost every point z € U.

Since /' is non-uniformly partially hyperbolic on U, by [2, Theorem 8.6.1], we obtain
that its strongly stable and unstable foliations are absolutely continuous.

Next we will show that the flow A’ has the accessibility property on U/ via its invariant
foliations W}‘: and W,ﬁ‘. Indeed, by Proposition 5.1(5), for any n > k, = s, u, ¢, and any
z € Z/[k cu s

LER (), Ef (2)) < 8 (1 —1/2"7F) < 5.

Taking the limit as n — oo, we obtain that Z(E}(z), E;l”k (z)) <8 on Uy. Hence, by
Proposition 5.1(6), the flow i’ has the accessibility property on each ﬁk. Since k is
arbitrary, we obtain that the flow i’ has the accessibility property on .
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To show that the flow h’ has positive central Lyapunov exponent, we first recall
that the average Lyapunov exponents of the flow g’ are arranged as in (4.2). Set ¢ =
L3(g") — La(g") > 0. By the upper semicontinuity of L;(-), we choose the number §;, > 0
in Proposition 5.1 to be so small that L (k") < Ly(g") + ¢/2. On the other hand, it follows
from Proposition 5.1(4) that

Ly(h!) = / det(dh! |ELPT (2)) dm = / det(dg' | E4*"" (2)) dm = La(g").
M ! M
Taking the limit as n — oo we obtain L4(h') = L4(g") = L3(g"). Therefore,
La(h') — La(h'y = / (h3(z. h) + Aa(z, h)) dm(2) = ¢/2 > 0.
M

Then there is a subset A C U such that A3(z, h') + A4(z, h') > 0 for all z € A, and
thus Ao (z, h') > A3(z, h') > %[)»3(2, h') + A4(z, h')] > 0O for all z € A. Since the center
subspace EZ (z) is three-dimensional and the flow direction Span{X}} corresponds to
a zero exponent, we conclude that Ay(z, #") and A3(z, h') correspond to vectors in
E; (z)\Span{X},}. Thus the flow A’ has positive central Lyapunov exponents.

By Theorem 2.4, we obtain that 4’ has positive central exponents at almost every point
inU, and h'|U is an ergodic flow.

Acknowledgement. J. Chen and Ya. Pesin are partially supported by NSF grant DMS-
1101165.

A. Appendix. The differential and metric structures of the suspension manifold

We specify the differential and metric structure of the suspension manifold A/ and the five-
dimensional manifold M in §3. Associated to the Anosov automorphism A of X = T2,
one can find smooth local charts (Uy, ¢,) around each x € X such that

Ox 1 Uy = (—up(x), up(x)) x (=so(x), so(x))

satisfies ¢y (x) = (0, 0) and

GaxoAod (u, )= (nu, n's),

where ug(x), so(x) > 0 are sizes of charts depending on x, and n > 1 is the expanding rate
along the unstable direction. In fact, 9/0u and d/ds are the unstable and stable directions
of A respectively.

Recall that the suspension manifold A is the quotient space X x R/ ~ with the
equivalence relation (x, T + 1) ~ (Ax, 7). Let m : X x R — A be the natural projection.
Following [12] there is a natural differential structure on A with atlas (U(lx’ 0 qb(lx, r)) for
T € (—1/4,3/4) and (U? ¢(2x,r)) for T € (1/4, 5/4), where

(x,7)°

Uy =7 (Ux x (=1/4,3/4),  ¢(, @y . 9), 1) = (u, s, 1),
Ubeey =7(Ux x (1/4,5/4)), ¢ o) ((@y ' (w. ), 7)) = (u s, 7).
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It is easy to verify that

Bl © Bloty @7 W, 9), D) = (B 0 p (w, ), 1), i=12,
Blerry © Doy T(@B5 (), T)) = (Gax 0 Aoy (u,5), T — 1),

In particular,
Blreery © By (T (@ . 8). T)) = (qu, p~'s, T — 1), (A1)

There are three subbundles E*, E* and E* on N generated by independent vector fields
dn(9/0u), dn(d/ds) and dm(9/971) respectively. By [3], we can choose the Riemannian
metric on A/ which has the local representation 7% du® + n~2*ds> + dt*. Under this
metric, the suspension flow S* : ' — N satisfies

IldS" vl =n"llvll, veE",
IdS vl =n""llvll, veE",
ldS" vl = lvll, veE".

For the 2-torus ¥ = T2, we choose the local coordinate (a, b) centered at each y € Y.
Given z=(x, 1, y) e M=N x Y, we can hence choose a local coordinate system
(u, s, 7, a, b) endowed with the product Riemannian metric n21 du? + n_%ds2 +dr? +
da® + db?*. In particular, the metric on the cross-section X x {0} x Y is given by the flat
metric

du® 4+ ds® + da® + db>. (A.2)

B. Appendix. Partial hyperbolicity of the limit flow

Let M be a compact smooth Riemannian manifold and S C M an open subset. Let also
H' be the flow on M that is pointwise partially hyperbolic on S. Further, let U, C S,
n > 1 be a sequence of open subsets such that the following hold.

(1) U, CUy CUyyrand | JU, =S.

(2) EBach U, is H'-invariant.

(3)  H'|U, is uniformly partially hyperbolic.

The goal of this appendix is to prove the following statement.

THEOREM B.1. There exists a sequence of positive numbers €, such that if smooth vector
fields X, on M satisfy

Xo=Xn, Xy=X1 om M\ZTn

and
12X — Xy ”Cl < é&n,

then for every n > 1 the corresponding flow h!, is uniformly partially hyperbolic on the
invariant set U, and hence pointwise partially hyperbolic on S. Moreover, the limit vector
field X =1im,_, o X, is of class C' and generates a pointwise partially hyperbolic flow
h' on S.
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We need the following technical statements.

LEMMA B.2. Given a sequence of positive numbers {a,},>1 satisfying 22021 a, < }‘, we

have
[e¢) [e¢) [e¢) o
[[a+ay<t1+2) a, [Ja-a)=1-2) a,.
n=1 n=1 n=1 n=1

LEMMA B.3. (Gronwall’s inequality) Let () be a non-negative C' function on [0, T]
satisfying
(1) < ¢On() + ¥ (@),

where ¢ (t) and  (t) are non-negative integrable functions. Then, forall0 <t <T,
ot t
1) < o O [n(O) [ v ds]
0

LEMMA B.4. Set K :=2||Xyllc1. If &, < K /2" then X llc <K for all n>0.
Moreover; given a flow F' with | Xr| o1 < K, we have for any x € M andt € Rt

e <m(d F) < |d F'| < e'F.

In particular,

e X < min m(d,F") < max ||d,F'| <eX.
0<r<l1 0<t<l1

Proof. Since || Xy || o1 = K /2, we find that
n n
16 = Xrller <D 1&% — Xl <) e < K/2.
k=1 k=1

This implies that || &, ||c1 < K.
Let F' be a flow and XF the corresponding vector field. Consider the variational
differential equation

d
deFt = DXFr(F'(x))d, F',
for any x € M and t € RT. Then
< IDXp|lld: F'|| < K|ldy F'||.

d||dFt||< ddF[
de" VT lde T

Since ||d, F°|| = 1, by Lemma B.3, we obtain that ||dy F'|| < ¢'K. Noting that m(d, F") =
lde F~*||~" and the flow F~! corresponds to the vector field — X, we get that m(d, F') >
e 1K O

Let F! and G' be flows on M, and Xr and Xg the corresponding vector fields. Assume
that || Xrllc1, [|XGllc1 < K, where K is given in Lemma B.4.
LEMMA B.5. Set

M= Xpl2a + K, ergi= 16 — XFlcr

Then fort € [0, 1],
pci (G, F') < 2tMer g, (B.1)

where pc1(G', F') = maxyepm (dist(G' (x), F'(x)) + |dy F' — dyG'|)) is the distance
between the flows in the C topology.
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Proof. Consider the family of flows F’(t) generated by the family of vector fields
(1—-1)Xr +1X; with 7 € [0, 1]. Given x € M and ¢ € [0, 1], the curve ¢; =¢} : T —
F'(1)(x) is of length

1l g
L(c[):/ a—c’ dr:/ L F o)) | de
0 T 0 aT
and hence
d
_L(Ct)_ 'B_EF(T)(X)
<% - a’ dt

<erc+ KL(c).
Recall that L(cg) =0, ¢;(0) = F'x and ¢;(1) = G'x. By Lemma B.3, we obtain
dist(F'x, G'x) < L(¢;) <te'®ep g <tMerp . (B.2)

On the other hand,

%Ildth — dyG'|| < IDXF(F'x)dy F' — DXG(G'x)d G|

< IDXF(F'x)dy F' — DXp(F'x)d: G'|
+ IDXF(F'x)dG" — DXp(G'x)d G|
+ |DXF(G'x)d,G" — DXg(G'x)dG'||

< |IDXF||lldy F' — d G|
+ I D* X ||dist(F'x, G'x)|dc G|
+IDXF — DXGl[1d:G' |

< K|ld,F' —d.G'| + Me e g,

where in the last inequality we use Lemma B.4 and the inequalities (B.2). By Lemma B.3,

we obtain
ldi F' —d G| <tMe"VKep 6 <tMep . (B.3)

Now (B.1) follows by combining (B.2) and (B.3). O
Given flows F' and G' and invariant distributions Er and Eg on S respectively, let

ld:G'Eg (0l m(d:G'|Eg(x)) “
ldx F|EF (x)]| " |m(d, F'|EF(x)) ’ (B.4)
Spigr =IIG" — Flllcr, O, kg (x) = L(EF(x), Eg(x)).

LEMMA B.6. Assume that | Xr|c1 < K. Then

AF’,G’,EF,EG (x) = max{

ApiGiepEg(x) < eX[8p g + CeX0p, b, (0)]

for any x € S and t € [0, 1], where C >0 is a constant which depends only on the
Riemannian metric of M.
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Proof. Similarly to the proof of Lemma B.4, we can show that if | XFr|| -1 < K then for
any x € Sand ¢ € [0, 1],

e X <md,F') < |d, F'| < e¥.
‘We have that

ldxG"|EG (Il — lldx F'IEF (OIl]
< 1d:G"|EG ()| — ldc F'|Eg (NIl + lldx F'|Eg ()]l — lldx F'|EF ()]
< 1d:G" — dy F'|| + ||dx F'||dist(Eg (x), EF(x))
< 1d:G" — dc F'|| + Clldx F'|L(EG (x), EF(x))
for some constant C > 0 depending only on the Riemannian metric of M. Dividing both

sides of the inequality by ||d; F'|Er(x)|| and noting that ||dy F'|Er(x)|| > m(d, F"), we
obtain that

ldxG"|Eg (x)| B

ldx F*|EF ()]l ~ m(dy F")

< K [8pigi + CeX Ok, £, (0)].

[ldvG" — d F'|| + Cllde F' || L(EG (x), EF(x))]

Similarly, one can show that |(m(dyG'|Eg(x))/m(d,F'|EF(x))) — 1| admits the same
upper bound. a

LEMMA B.7. A flow F' is uniformly partially hyperbolic on a compact invariant subset
A C S if and only if the time-1 map F'|A is uniformly partially hyperbolic.

Proof. See [9]. O

LEMMA B.8. Suppose that F' is uniformly partially hyperbolic on a compact invariant
subset A C S. Pick numbers 0 < A < A <1 <[ < u such that
A>A(F', A)=sup |dSF"|, X<X(F'.A)= inf m(@dF"),
XeA XeA
A=EFL A =sup ldiF. p<p(F' A) = inf mdFh),
xeA xeA
where dF' = d, F'|EQ(x), o =s, ¢, u. Given A > 0, there is ¢ = &(A, A, i i, ) such
that if | X6 — Xrllc1 < € and X = X on S\A, then G'|A is also a uniformly partially
hyperbolic flow and

A%’G, (x):= AFt‘thEﬁ’Eg x)<At, w=s,c,u,xe A, te[05,1] (B.5)
In particular,

1 el ~ il 1
1_A<?»(G,A) AMGL A rGLAN) WG A

, = s = s <1+ A. B.6
SAFL A WFL A RELA) p(FLA) (B.6)

Proof. Consider the time-1 map F'. By [13], there is ¢ < Ae”X /4M depending on
A, &, A, L, oosuch that if |[Xg — XFllc1 <€ and Xg = Xf on S\A, then G'|A is
uniformly partially hyperbolic on A with

w w A
sup LEG (), Ep(0) < - (B.7)
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By Lemma B.7, the flow G” is uniformly partially hyperbolic on A with the same invariant
distributions as its time-1 map G!. Moreover, it follows from Lemmas B.5 and B.6 that

At
AF’,G',E?,EE(X) < 7 + Z < At, w=s,c,u,x €A, te0.5,1].

In particular,
IdSG | < IS FY (1 + A) < A(1 + A),

and hence A(G', A)/A(F!, A) <1+ A. The other inequalities in (B.6) can be shown in
a similar fashion. O

We will now specify how to choose the sequence of numbers ¢, in the theorem. First
choose four sequences of numbers 0 < A, < F)tn <1 <, < uy such that the following
hold.

(1) d = M(H Uy, T S KH Uy, T = F(H', Uy), and py < p(H', Uy).
(2)  An, iy are strictly increasing while Xn, n are strictly decreasing.
Forall x € S, let

. [min{l, mdSH")}  m(d@"H')
y(x) =min ) )
ldyH!| max{l, [|d¢H! |}
and choose a strictly decreasing sequence of numbers y;, such that
—1
0<yy< inf YT (B.8)
xel,
Now choose a sequence of positive numbers A, such that
* Anr1 T
ax{ Z“,M}gl—An<1+An§min{”—“, “i“}, (B.9)
An Mn An Mn
1 o0
An < S kZAk<yn. (B.10)
=n

Finally, choose

1 . K ~ -
&n < E mm{ﬁs e(Ap, Any Any Moy Mn)}7

where (A, A, 3: i, w) is given by Lemma B.8.

Proof of Theorem B.1. First we shall show that for every n > 0 the map A/, is uniformly
partially hyperbolic on Z,. This is clearly true for h{, and we will use induction assuming
that h§(|Z/Tk for k=1,...,n — 1 are uniformly partially hyperbolic. By Lemma B.6, we
obtain that
Ah), Uy Ah}, Uy Ay, Ue i, U
= aps Ut - M B S AU B UD
AMhy_ U Ay Uy wlg g, U) gy, Ue)

Note that

A(hp, Ur) < max{h(H", Uirr), AR, Uy}
< max{Agy1, Ak}, Up))
<max{her1, A}y, U (1 + Ap)).
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The fact that A(hl, ZTl) < X1 and the choice of A, in (B.9) guarantee that

A= a(hl Uy < A

n—1°
Similarly, we have

oy = A Un) = M [y = Ly Un) < T,
pyy =y Un) > .
It follows that
en < e(Ay, Ay, ’X}’la ﬁn, mn) < e(Ay, )\;,’ ’X;,, INL;,, ,LL;)

Since || X, — Xy—1llc1 < &4, by Lemma B.8, we obtain that hﬁl |Z/Tn is uniformly partially
hyperbolic.

Next we will show that X = lim,,_, o, &, exists and is smooth. In fact, {X},} is a Cauchy
sequence in the C'! topology since, for any n, m € N,

m m K
| Xm — Xaller < lXngr — Xogi—tllcr <) enp < -
2n+1
=1 =1

Hence X = lim,,_, o X, exists and is C!.
It remains to show that the flow A’ generated by X is pointwise partially hyperbolic on
S. First we construct invariant distributions for #’. Given x € S, we have

A, 1
() = 4Ce2K ~ ntaC 2K

Z(E,“l)n(x), EZ),,, w=s,c,U.
Hence the sequence of subspaces E}‘l"n (x) is Cauchy and converges to
E;(x) = lim E}‘l"n (x),
n—oo
which is clearly dh’-invariant for all r € R*.
Now we would like to estimate A(;,)I,Hl (x). Fixing x € U, \Uy—1, we have

A® ) =0, k<n,
X
Iy <Ay, k=>=n.
Noting that
lden}ll {5 1dehil m@Ph)) {4 m(dPh))

lde H|| _,Bl lden!_ 17 m(d2H") _,1:[1 m(deh!_,)’

and Y Ay < 1/4, we obtain, by Lemma B.2,

1 o0 o)
AP () = []a +AY L, () — 1< [[a+a0-1=2)" A
P k=1 =1 k=n k=n
Letting [ — o0, we have

(2]
AR () S2Y Ar, w=s,cu, x €U\,
k=n
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Therefore,

ldynlll 14230, A Il HY|
min{1, m(d¢h')} = 1 —=2>"72 Ay min{l, m(dSH")}
s H |
1+8 x
<1+ V")min{l,m(d;Hl)}
dsHl
<yx) ld: 7] <L

min{1, m(d¢H)}

Similarly, one can show that m(d’;hl) > max{l, ||d§h1 I}. Tt follows that 4! is pointwise

partially hyperbolic on S, and so is the flow A’ by definition. O
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