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Abstract: We prove the existence of SRB measures for diffeomorphisms where a pos-
itive volume set of initial conditions satisfy an “effective hyperbolicity” condition that
guarantees certain recurrence conditions on the iterates of Lebesgue measure. We give
examples of systems that do not admit a dominated splitting but can be shown to have
SRB measures using our methods.

1. Introduction and Main Results

1.1. Attractors and SRB measures. Let M be a d-dimensional smooth Riemannian man-
ifold, U C M an open set such that U is compact,and f: U - M aC I+ diffeomor-
phism onto its image such that f(U) C U; in this case U is called a trapping region for
f-The simplest case is when U = M, so f is defined on the entire manifold, but there are
many important examples in which U # M, and as usual we write A = (), f"(U)
for the topological attractor onto which the trajectories of f accumulate.

A central question in smooth ergodic theory is to determine whether f admits a
physical measure: an invariant measure that governs the statistical properties of volume-
typical points. For hyperbolic dynamical systems, the most important class of such
measures are the SRB measures, which were first constructed for uniformly hyperbolic
systems by Sinai [Sin72], Ruelle [Rue76,Rue78], and Bowen [Bow75], using symbolic
techniques based on Markov partitions. A significant generalization of this approach to
non-uniformly hyperbolic systems, based on countable-state symbolic dynamics using
towers of a special type, was achieved by Young [You98].

We study a different construction of SRB measures, which is more directly geometric
and has its roots in the work of Pesin and Sinai [PS82] on partially hyperbolic systems,
for which symbolic models may not be available. A similar geometric approach was used
by Pesin in [Pes92] for hyperbolic systems with singularities, by Carvalho in [Car93]
for a class of ‘derived from Anosov’ diffeomorphisms, and by Alves, Bonatti, and Viana
in [BV00,ABV00] for more general attractors with a dominated splitting.
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Our main results give general criteria for existence of an SRB measure that can be
applied without a dominated splitting; these use the notion of ‘effective hyperbolicity’
introduced by the first and third authors in [CP16].

We recall the definition of SRB measure from [BPO7, Definition 13.1.1]. Let x be
an invariant measure and suppose that u is hyperbolic—that is, all Lyapunov exponents
of w are non-zero. For p-a.e. x there are local stable and unstable manifolds V*(x) and
V*H#(x) through x. It is easy to see that for each such x one has V*(x) C A. Let Y,
be a regular set, i.e., a set of points for which the size of the local stable and unstable
manifolds is bounded away from 0. Given r > 0, let Q;(x) = Uweymg(x’r) Vi (w) for
every x € Yy, where V*(w) is the local unstable manifold through w. Denote by &(x)
the partition of Q¢ (x) by these manifolds, and let ©” (w) be the conditional measure on
V*(w) generated by p with respect to the partition &.

Definition 1.1. A hyperbolic invariant measure p is called an SRB measure if for any
regular set Y, of positive measure and almost every x € Y, and w € Y, N B(x,r),
the conditional measure u" (w) is absolutely continuous with respect to the leaf volume
myuy)y on V¥ (w).

Every SRB measure has measure-theoretic entropy equal to the sum of its positive
Lyapunov exponents; in fact, this is equivalent to the absolute continuity condition in
Definition 1.1 [LY85].

Certain ergodic properties follow automatically once we have an SRB measure. For
example, it was shown by Ledrappier [Led84] that the number of ergodic SRB measures
supported on A is at most countable, and that each ergodic SRB measure p is Bernoulli
up to a period [there is a n € N such that (A, f", u) is conjugate to a Bernoulli shift].
In many cases one can in fact guarantee that the number of SRB measures is finite, or
even that there is at most one SRB measure [BV00, ABVOO,HHTU11].

1.2. Effective hyperbolicity. Given x € M, a subspace E(x) C T, M, and 6(x) > 0,
the cone at x around E (x) with angle 6(x) is

K(x, E(x),0(x)) ={veTM| £L(v, E(x)) < 0(x)}. (1.1)

If E is a measurable distribution on A C M and the angle function §: A — R* is
measurable, then (1.1) defines a measurable cone family on A. Throughout the paper
we will make the following standing assumption.

(H) There exists a forward-invariant set A C U of positive volume with two measurable
cone families K*(x), K“(x) C TxM such that
(@) Df(K*(x)) C K*(f(x)) forallx € A;
(b) Df*l(KS(f(x)))CK{(x)forallxef(A). ~
(¢) K¥(x) = K(x, ES(x),64(x)) and K*(x) = K(x, E*(x), 6,(x)) are such that
T.M = E*(x) ® E"(x); moreover d; = dim E*(x) and d,, = dim E“(x) do not
depend on x.

Such cone families automatically exist if f is uniformly hyperbolic on A, or more
generally, if there is a dominated splitting on a compact forward-invariant set (see (1.6));
in this case K** are continuous. We emphasize, however, that in our setting K** are
not assumed to be continuous, but only measurable. Moreover, the families of subspaces
E"*(x) are not assumed to be invariant, although we could follow the procedure de-
scribed in [CP16, Remark 2.2] to replace them with invariant families.
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Let A C U be a forward-invariant set satisfying (H). Following [CP16], define
Mo A — ]Rbyl

A (x) = inf{log [Df )] | v e K*(x), llv] = 1},

(1.2)
A*(x) = sup{log [Df ()| | v € K* (x), [[v]l = 1}.
We define the defect from domination at x to be
A(x) = L max(0, 2 (x) — A“(x)), (1.3)

where we recall that o € (0, 1] is the Holder exponent of Df.> Roughly speaking, A(x)
controls how much the curvature of unstable manifolds can grow as we go from x to
f(x); see Theorem 5.1 and Remark 5.2 for further discussion of the role this quantity
plays. When f has a dominated splitting, we have A(x) = 0 everywhere; see Sect. 1.4.
The following quantity is positive whenever f expands vectorsin K (x) and contracts

vectors in K*(x):
A(x) = min(A*(x) — A(x), =A% (x)). (1.4)

The upper asymptotic density of I' C Nis §(I") = limy_o0 x#I" N[0, N). An analo-
gous definition gives the lower asymptotic density §(I"). Denote the angle between the
boundaries of K*(x) and K" (x) by

0(x) = inf{L(v,w) | ve K"(x), w € K*(x)}. (1.5)
We say that a point x € A is effectively hyperbolic if
(EHD) lim,_, . 3 37120 +(f*0) > 0,
and if in addition we have
(EH2) limg_ o 8{n | 0(f"x) <6} =0.

A related (but not identical) definition of effective hyperbolicity is given in [CP16].
Condition (EH1) says that not only are the Lyapunov exponents of x positive for vectors
in K" and negative for vectors in K*, but A* gives enough expansion to overcome the
‘defect from domination” given by A.> Condition (EH2) requires that the frequency with
which the angle between the stable and unstable cones drops below a specified threshold
6 can be made arbitrarily small by taking the threshold to be small.

If A is a hyperbolic attractor for f, then every point x € U is effectively hyper-
bolic. If f has a dominated splitting, then since Condition (EH2) is automatic and
A(x) = 0, effective hyperbolicity of x reduces to the requirement that the orbit of x be
asymptotically expanding along E“(x) and asymptotically contracting along E*(x), as
in [ABVOO,BVOO];4 we discuss this in more detail in Sect. 1.4, after stating our main
results.

I'In [CP16] these definitions are made for a family of maps f,: RY — RY defined in a neighbor-
hood of the origin; each orbit in A gives such a family by writing f in local coordinates around the points
X @), 2.

21f fis C" for some r > 2, then we have & = 1; our techniques do not distinguish between C 2 maps and
C” maps with r > 2. On the other hand, « > 0 is essential; our results do not apply to c! maps.

3 Because we first take the minimum of A¥ and —A* , and then take a limit, (EH1) also requires a certain
amount of contraction in K* and expansion in K" to happen simultaneously. This can be weakened by the
introduction of a more technical condition involving effective hyperbolic times; see Condition (EH1’) in Sect.
4.2.

4 Modulo the simultaneity issue associated to (EH1), which can be addressed as in Sect. 4.2, and which
also arises in [ABV00].
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1.3. Main results. Let A satisfy (H), and let S C A be the set of effectively hyper-
bolic points. Observe that effective hyperbolicity is determined in terms of a forward
asymptotic property of the orbit of x, and hence S is forward invariant under f.

Theorem A. Let f be a C'* diffeomorphism of a compact manifold M, and A a
topological attractor for f. Assume that

1. f admits measurable invariant cone families as in (H);
2. the set S of effectively hyperbolic points satisfies Leb S > 0.

Then f has an SRB measure supported on A.

A similar result can be formulated given information about the set of effectively
hyperbolic points on a single ‘approximately unstable’ submanifold® W C U. Let d,,
dg, and A be as in (H), and let W C U be an embedded submanifold of dimension d,,;
write my for the volume induced on W by the Riemannian metric.

Theorem B. Let f be a C'* diffeomorphism of a compact manifold M, and A a topo-
logical attractor for f. Assume that

1. f admits measurable invariant cone families as in (H);
2. there is a d,,-dimensional embedded submanifold W C U suchthatmwy ({x € SONW |
. W C K*(x)}) > 0.

Then f has an SRB measure supported on A.

The geometric approach that we follow is to consider the measures u, = 1 ZZ:(I)
o L=
f«mw, pass to a convergent subsequence jt,, — [, and prove that some ergodic com-
ponent of 1 is an SRB measure. In Sect. 3 we will describe how to establish this fact, but
first in Sect. 1.4 we discuss the relationship to previous similar results using dominated
splittings, and then in Sect. 2 we give some new examples to which our results can be
applied.

1.4. Related results. Let f be a C? diffeomorphism and A a forward-invariant compact
set. A splitting T4M = E® @ E" is dominated if there is y < 1 such that

IDf15scoll < xIDf 157 forallx € A; (1.6)

equivalently, the splitting is dominated if A*(x) < A*(x) for all x € A.° In [ABV00],
Alves, Bonatti, and Viana considered systems with a dominated splitting for which

— E* is uniformly contracting: A*(x) < —A < O forall x € A;
— E" is ‘mostly expanding’: there is S C A with positive volume and

n—1

1 . -
lim — > 2“(f/x) >0 forallx € 3. (1.7)

n
n—o0 =0

5 Such manifolds are usually called admissible; the precise definition is not needed for the statement of
Theorem B, and will be given in Sect. 3. All we need here is to have Ty W C K" (x) for ‘enough’ points x.

6 Here AS, A" are as in (1.2), using ES-* in place of K*-*. Since we can make the cones arbitrarily small,
the change in the definition does not affect any of our inequalities.
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Under these conditions they proved [ABV00, Theorem A] that f has an SRB measure
supported on A = ﬂj’io fj (A), and that the same result is true if (1.7) holds on a
positive Lebesgue measure subset of some disk transverse to £°. A similar result for the
(easier) case when E" is uniformly expanding and E* is mostly contracting was given
in [BV0O]. A stronger version of the result in [ABV0O0] was recently given in [ADLP16]
using a tower construction.

Given a dominated splitting with a uniformly contracting E¥, we see immediately
from (1.3) and (1.4) that A(x) = 0 and A(x) = A%(x) for all x € A, so that (1.7) is
equivalent to (EH1). Moreover, by continuity and compactness, the angle between E*
and E® is bounded away from 0, so (EH2) is automatic, and we conclude that the set S
in the above result is exactly the set S from Theorems A and B. In this sense, our results
generalize the main results on existence of SRB measures from [BV00,ABV00].”

The proof in [ABVO0O0] requires the notion of hyperbolic times, introduced by Alves
in [Alv00]. These are times n such that for some fixed 0 < 1, and every 0 < k < n, we
have

n n—1

H \Df~ |Ecu || < o*; equivalently, Z A(fix) = k|logo|.
j=n—k+1 j=n—k

If x satisfies (1.7), then Pliss’ lemma guarantees that the set of hyperbolic times for x has
positive lower asymptotic density. A similar strategy runs through the heart of our main
results: our conditions (EH1)-(EH2) guarantee a positive lower asymptotic density of
effective hyperbolic times at which we can apply a version of the Hadamard—Perron
theorem proved in [CP16], allowing us to carry out the geometric construction of an
SRB measure.

We point out that the simultaneity issue associated to (EH1) arises already for dom-
inated splittings. Indeed, if one weakens the uniform contraction on E* and allows
IDf|Es@)ll > 1 for some x € A, then the approach in [ABVOO] requires more than
merely combining (1.7) with the corresponding asymptotic inequality for A°. As de-
scribed in [ABVO0O, Proposition 6.4], one can recover the result by requiring points in H
to have a positive asymptotic density of simultaneous o -hyperbolic times; that is, times
n such that

n n—1

[1 1077 g W=o® [T IDfles 1< 0" (1.8)

j=n—k+1 j=n—k

for every 0 < k < n. In the language of Theorems A and B, the domination condition
still gives A(x) = 0 everywhere, and so

A(x) = min(—log [[Df |gg I, —log || Df ™~ |E;‘E D
Our condition (EH1) guarantees a positive asymptotic density of ‘simultaneous effective
hyperbolic times’. In fact, our proofs can be carried out using a weaker condition that
only requires us to control the stable direction for a period of time that is small relative
to n; see Sect. 4.2, where (EH1) is replaced with a condition (EH1') that is easier to
verify in some applications.

7 The results there also give criteria for uniqueness of the SRB measure, as well as establishing that almost
every point in S is in the basin of some SRB measure; we do not consider these questions here.
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Overall, then, we can summarize the situation as follows. In the geometric approach
to construction of SRB measures, one needs good information on the dynamics and
geometry of admissible manifolds and their images. Ideally one wants hyperbolicity:
the unstable direction expands, the stable direction contracts. If this happens all the
time, we are in the uniformly hyperbolic setting and one can carry out the construction
without too much trouble; this is described in Sect. 3.1. If hyperbolicity does not hold
all the time, then we are in the non-uniformly hyperbolic setting and need two further
conditions in order to play the game.

1. Domination: if one of the directions does not behave hyperbolically, then it at least
is still dominated by the other direction.
2. Separation: the stable and unstable directions do not get too close to each other.

For the dominated splittings considered in [BV00,ABV00], these two conditions hold
uniformly and so one only needs to control the asymptotic hyperbolicity (expansion
and contraction along stable and unstable directions). For our more general setting, both
domination and separation may fail at some points, and in order to control the geometry
and dynamics of images of admissible manifolds, we need to replace ‘hyperbolicity’
with ‘effective hyperbolicity’. The two conditions (EH1) and (EH2) control the failures
of domination and separation, respectively: the presence of A(x) in (EH1) lets us control
curvature of admissible manifolds when domination fails, and the condition on 6 (x) in
(EH2) guarantees that separation does not fail too often.

In Sect. 2 we describe applications of our main results to specific examples of non-
uniformly hyperbolic systems. In Sect. 3 we give an overview of the strategy for the
proofs. Then in Sect. 4 we give the proofs, modulo some technical lemmas that we defer
to Sect. 5. In Sects. 6-7 we prove the results on applications from Sect. 2.

2. Applications

2.1. Large local perturbations of Axiom A systems: abstract conditions. We will de-
scribe a class of non-uniformly hyperbolic examples to which our main results can be
applied, establishing existence of an SRB measure. These examples are obtained by
beginning with a uniformly hyperbolic system and making a large local perturbation
that satisfies certain conditions. In Sect. 2.2 we describe explicitly a family of maps
satisfying these conditions—these are dissipative versions of the Katok map [Kat79].

Let M be a d-dimensional smooth Riemannian manifold and U C M an open set
such that U is compact. Let f: U — M be a C'** diffeomorphism onto its image
with f(U) C U, and let A = [, f"(U) be the attractor for f. Assume that A is a
hyperbolic set for f, so that for every x € A we have

T:M = E"(x) ® E* (x),
IDf )W) = xllv*|l forallv* € E*(x), 2.1)
IDf )@ < x ' I*|| forall v’ € E*(x),

where x > 1 is fixed. Note that we pass to an adapted metric if necessary. Note also that
since the splitting is continuous in x, it extends to a small neighborhood of A, and so in
particular we may assume without loss of generality that (2.1) continues to hold for all
xeU.

We assume that the unstable distribution E* is one-dimensional, and consider a map
g: U — M thatis a C'** diffeomorphism onto its image such that g = f outside of an
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open set Z C U. Conditions (C1)—(C3) below are formulated in terms of the action of
g as trajectories pass through Z. We are most interested in the case when Z is a small
neighborhood of a fixed point, so that there are some points whose g-orbits never leave
Z.

Let G: U\Z — U\Z be the first return map. Given y > 0, let K;>*(x) be the stable
and unstable cones of width y for the unperturbed map f. We require the following
condition:

(C1) Thereisy > OsuchthatDG(K)’f(x)) C K}L,’(G(x)) andDG(K;(x)) ) K)S,(G(x))
forevery x € U\Z.

Extend the cone families K7+*(x) from U\Z to Z by pushing them forward with the

dynamics of g. Condition (C1) guarantees that we obtain measurable® invariant cone
families K** on all of U.

Let A be the set of C** curves W € U\Z such that T, W C K*(x) forallx € W.°
We say that W € A has Hélder curvature bounded by L > 0 if the unit tangent
vector to W is (L, ov)-Holder with respect to the point on the curve. Fixing L, e > 0,
let A = A(L, ¢) be the set of curves in A with length between ¢ and 2¢ and Holder
curvature bounded by L.

Given W € A, we say that an admissible decomposition for W is a (possibly infinite)
collection of disjoint subcurves W; C W and 7; € N such that W\ |J; W; is my-null
and every W; satisfies g%/ (W;) C U\Z. Given an admissible decomposition, we write
T(x) = 7j forallx € W;, and G (x) = g"™™ (x) for the induced map, so G(Wj) c U\Z.

Remark 2.1. If g(W) C U\Z, then any partition yields an admissible decomposition
with T = 1. When g(W) enters Z, the time t; must be taken large enough to allow
G(W;) to escape Z. We stress that G depends on W and on the choice of admissible

decomposition, and need not be the first return map G. In our examples, G will be either
GorGog.

By invariance of K“, we see that (_}(Wj) € A. The following condition requires that
there be an admissible decomposition for which we control the size and curvature of
G(W;), as well as the expansion of G on W;.

(C2) There are L,e, Q > 0and p: N — [0, 1] such that thl tp(t) < oo and every

W e A with g(W) N Z # @ has an admissible decomposition satisfying
1) mw({x e W | t(x)=1t}) < p(t)mwy (W) forallt e N;
(i) G(Wj) e A for every j; and
(iii) if x, y € W; then 10g% < 0d(G(x), G(y))°.
Remark 2.2. Condition (C2) is analogous to the familiar construction of an inducing
scheme or tower; we stress, however, that we do not demand any Markov property. The
role of inducing time is played by 7, which is such that at time ¢, each W; returns to
uniformly large scale [this is (ii)] with bounded distortion [this is (iii)]. We think of
the function p as a “probability envelope” that controls the probability of encountering
different return times. The condition > tp(tf) < oo, together with (i), corresponds
to the requirement that inducing time be integrable (expected inducing time is finite).

8 Indeed, continuous everywhere except possibly the boundary of Z.

9 For our purposes, it will not matter whether or not W contains its endpoints, since these carry zero weight
under myy .
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Condition (C3) below will guarantee that there is a choice of inducing time at which we
have uniform hyperbolicity—see Lemma 6.1.

In our examples, g is obtained by slowing down f near a fixed point. In this case
there is a natural admissible decomposition such that each G(W;) has length between
¢ and 2¢, and so the challenge will be to prove an expansion estimate to verify (i), an
estimate on Holder curvature to verify (ii), and a bounded distortion estimate to verify
(iii).

Given x € Z, let A(x) be the defect from domination given by (1.3). We need to
control the expansion, contraction, and defect when the trajectory of x passes through
Z, so that overall expansion, contraction, and defect of a trajectory can be controlled in
terms of how often it enters Z. We suppose that

(C3) thereis C > 0 such that given W as in (C2) and x € W, we have

7(x) T(x)
D e () — A ()) = —C, D M) <C 22)

j=k Jj=k

for every 0 < k < 7(x). Moreover, we suppose that every orbit of f leaving Z
takes more than C/ log yx iterates to return to Z.

We give examples of systems satisfying the above conditions in the next section.
These conditions let us apply the main results to obtain an SRB measure.

Theorem 2.3. Let g be a C'** perturbation of an Axiom A system, such that g satisfies
conditions (C1)—(C3). Then g has an SRB measure.

The proof of Theorem 2.3 is given in Sect. 6 and goes as follows. Given a small
admissible curve W € A, we study the sequence of escape times through Z for a
trajectory starting at x € W. This is a sequence of random variables with respect to
myy, and while this sequence is not independent or identically distributed, (C2) lets us
control the average value of this sequence. This in turn gives good bounds on the sum of
A(x) along a trajectory, and also controls the frequency with which the angle between
stable and unstable cones degenerates. Ultimately, we will conclude that my -a.e. point
x € W satisfies a weak version of effective hyperbolicity, and deduce existence of an
SRB measure using a version of Theorem B.!0

2.2. Maps on the boundary of Axiom A: neutral fixed points. We give a specific example
of a map for which the conditions of Theorem 2.3 can be verified. Let f: U — M be
a C1*® Axiom A diffeomorphism onto its image with f(U) C U, where a € (0, 1).
Suppose that f has one-dimensional unstable bundle.

Let p be a fixed point for f (if no such fixed point exists, take a periodic point p
and replace f by an iterate that fixes p). We perturb f to obtain a new map g that has
an indifferent fixed point at p. The case when M is two-dimensional and f is volume-
preserving was studied by Katok [Kat79]. We allow manifolds of arbitrary dimensions

10 1o get effective hyperbolicity as in (EH1), we would need to strengthen condition (C3) and require that
Z;(:x]z A(gjx) > —C for each k, which does not automatically follow from (2.2). To avoid verifying this

stronger condition, we will replace (EH1) with (EH1’) from Sect. 4.2 below and use Theorem 4.2 in place of
Theorem B; see Lemmas 6.1 and 6.5.
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and (potentially) dissipative maps. For example, one can choose f to be the Smale-
Williams solenoid or its sufficiently small perturbation.

For simplicity, we suppose that there exists a neighborhood Z > p with local coor-
dinates in which f is the time-1 map of the flow generated by

¥ = Ax 2.3)

forsome A € GL(d, R). Assume that the local coordinates identify the splitting E* & E*
with R @ R?~!, so that A = A, @ Ay, where A, = yId, and A; = —pB 1d; for some
y, B > 0. (This assumption of conformality in the stable direction is made primarily
for technical convenience and should not be essential.) Note that in the Katok example
we have d = 2 and y = B since the map is area-preserving. In the more general setting
when y # B, many estimates from the original Katok example no longer hold.

Now we use local coordinates on Z and identify p with 0. Fix 0 < r¢p < rq such that
B,r)) C Z,andletyr: Z — [0, 1] be a C1*® function such that

Loy (x) = [lx[|* for [lx|| < ro;

2. ¥ (x) is an increasing function of ||x|| for ro < ||x|| < ry;

3. ¥(x) =1for ||x]| > ry.

Let X: Z — R< be the vector field given by X(x) = ¥ (x)Ax. Let g: U — M be
given by the time-1 map of this vector field on Z and by f on U\ Z. Note that g is C'*®
because X is C'**. The following is proved in Sect. 7.

Theorem 2.4. The map g satisfies conditions (C1)—(C3), hence g has an SRB measure
by Theorem 2.3.

Remark 2.5. Note that g does not have a dominated splitting because of the indifferent
fixed point, and hence this example is not covered by [ABV00]. We also observe that if ¢
is taken to be C*° away from 0, then g is also C*° away from the point p. The condition
¥(x) = ||x]|* near O for @ < 1 takes the place of the condition in [Kat79] that 1/|v| be
integrable, which ensured existence of a finite absolutely continuous invariant measure
for the map g in the case when f is area preserving. The verification of conditions
(C1)—(C3) requires similar bounds as those proved for the original Katok map, but the
computations are made more difficult by the fact that § # y. Moreover, in our case
the attractor can intersect each stable manifold in a Cantor set, which differs from the
behavior of the Katok map.

3. Overview of Proofs of Theorems A and B

3.1. Description of geometric approach for uniformly hyperbolic attractors. To mo-
tivate the approach that we will use later on, we first consider the case when A is a
uniformly hyperbolic attractor for f. In this case, the cones K“(x) and K*(x) are de-
fined at every x € U and are continuous. Let W C U be an admissible manifold; that is,
a d,-dimensional submanifold that is tangent to an unstable cone K“(x) at some point
x € U and has a fixed size and uniformly bounded curvature. Consider leaf volume m y
on W and take the pushforwards f'mw given by

(fimw)(E) = mw(f~"(E)). (3.1

To obtain an invariant measure, we take Césaro averages:

ln71 .
= - . 3.2
o 1=~ kgof*mw (3.2)
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By weak* compactness there is a subsequence ji,,, that converges to an invariant measure
pon A.Itis aclassical result that w is an SRB measure, and this can be proved in various
ways. We present an argument that can be adapted to our setting of effective hyperbolicity.

Consider the images f”(W) and observe that for each n, the measure f'mywy is
absolutely continuous with respect to leaf volume on f”(W). For every n, the image
f™(W) can be covered with uniformly bounded multiplicity!! by a finite number of
admissible manifolds W;, so that

n . .
fmw is a convex combination of measures po; dmy,, (3.3)

where p; are Holder continuous positive densities on W;. We refer to each (W;, p;) as a
standard pair; this idea of working with pairs of admissible manifolds and densities was
introduced by Chernov and Dolgopyat in [CD09] and is an important recent development
in the study of SRB measures via geometric techniques.

To proceed in a more formal way, fix constants y, x,r > 0, and define a (y, k)-
admissible manifold of sizer tobe V (x) := exp, graph v, where the function ¥ : Bguy,)
0, r) := B0, r) N E*(x) —> ES(x) is C*® and satisfies

Y (©0) = 0 and Dy (0) =0,

Dy = HSl“lp DY) <y, (3.4)
DYy = IDy ) = DY)l _
vt o ll<r lvp — va|®

Remark 3.1. Our definition of admissible manifold is reminiscent of the notion of admis-
sible manifolds in [BP07] and also of manifolds tangent to a cone field used in [ABV00].
There are several differences between those definitions and this one: most importantly,
in (3.4) we require control not just of || D ||, but also of the Holder constant of D, so
that we can bound the (Holder) curvature of V (x). Furthermore, unlike [BP07], we do
not use Lyapunov coordinates, but rather work in the original Riemannian metric, and
unlike [ABV00], we look at the image of the manifold in a single tangent space 7T, M,
rather than in all the tangent spaces 7y M for y € V(x). While this is not important in
the uniformly hyperbolic setting, where K*(x) is continuous in x, it will become crucial
later on, when the cones K** are not even necessarily defined in all of the tangent spaces
along V(x).

Now fix L > 0 and write K = (y, «,r, L) for convenience. Then the space of
admissible manifolds

Rk := {exp,(graph ) | x € U, ¥ € Bpu(y)(r) — E*(x) satisfies (3.4)}
and the space of standard pairs
 ={(W,0) | WeRk,peC'(W,I[L LD, Iple <L)

can be shown to be compact in the natural product topology (see the next section for
a more detailed description of this topology). A standard pair determines a measure
W (W, p) on U in the obvious way:

W (W, p)(E) :=/ pdmy. (3.5)
Enw

11 This requires a version of the Besicovitch covering lemma; see Lemma 4.6.
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Moreover, each measure 1 on Ry determines a measure & (17) on U by

D))= | WOV B an(W. p

K

_ / / p(x) dmyy (x) dn(W. p). (3.6)
i JEnW

Write M (U) and M(Ry) for the spaces of finite Borel measures on U and R respec-

tively. It is not hard to show that ®: M(Ry) — M(U) is continuous; in particular,
Mk = @(M<1(Rg)) is compact, where we write M« for the space of measures
with total weight at most 1.

On a uniformly hyperbolic attractor, an invariant probability measure is an SRB
measure if and only if it is in Mg for some K. We see from (3.3) that M is invariant
under the action of f, and thus u, € Mk for every n. By compactness of Mg one
can pass to a convergent subsequence u,, — 1 € Mk, and this is the desired SRB
measure.

3.2. Constructing SRB measures with effective hyperbolicity. Now we move to the set-
ting of Theorems A and B, so we assume that A C U is a forward-invariant set such
that (H) holds. We will see in Sect. 5.1 that the hypotheses of Theorem A imply the
hypotheses of Theorem B, so here we consider a d,-dimensional manifold W C U
for which mw (S) > 0, where we write S for the set of effectively hyperbolic points
x € W N A with the property that 7, W C K"(x). In this setting, there are two major
obstacles to overcome.

1. The action of f along admissible manifolds is not necessarily uniformly expanding.
2. Given n € Nitis no longer necessarily the case that /" (W) contains any admissible
manifolds in Rk, let alone that it can be covered by them. When f"(W) contains
some admissible manifolds, we will need to control how much of it can be covered.

To address the first of these obstacles, we need to consider admissible manifolds for
which we control not only the geometry but also the dynamics; thus we will replace the
collection Rk from the previous section with a more carefully defined set (in particular,
K will include more parameters). Since we do not have uniformly transverse invariant
subspaces E'%, our definition of an admissible manifold also needs to specify which
subspaces are used, and the geometric control requires an assumption about the angle
between them.

Given 6, y, k,r > 0, writeI = (0, y, k, r) and consider the following set of “(y, k)-
admissible manifolds of size r with transversals controlled by 6”*:

P1 = {exp,(graphy) [ x € A, TITM=G®F, G C K¥(x),
F C K°(x), £(G, F) > 0, ¥ € C*(Bg(r), F) satisfies (3.4)}.  (3.7)

Elements of Py are admissible manifolds with controlled geometry. We also impose a
condition on the dynamics of these manifolds. Fixing C, A > 0, write J = (C, A) and
consider for each N € N the collection of sets

OyN = (N (Vo) | Vo C U, and for every y, z € Vp, we have
d(fI ), @) < CeN=Da(fN (y), fN(2) forall0 < j < N}). (3.8)



564 V. Climenhaga, D. Dolgopyat, Y. Pesin

Elements of P1N Qj y are admissible manifolds with controlled geometry and dynamics
in the unstable direction. When we give the details of the proof, we will also introduce
a parameter 8 > 0 that controls the dynamics in the stable direction, and another
parameter L > 0 that controls densities in standard pairs (as before). Then writing
K =T1UJU/{B, L}, we will define in (4.6) a set Rg. v C P1r N Qy n for which
we have the added restriction that we control the dynamics in the stable direction; the
corresponding set of standard pairs will be written Ri( N

The set Rk  carries a natural product topology; an element of Ri{ 18 specified
by a quintuple (x, G, F, ¥, p), and a small neighborhood £2 > x can be identified
with R” via the exponential map. Then the second coordinate can be identified with
the set of all k-dimensional subspaces of R", the third with all (n — k)-dimensional
subspaces, the fourth with C ! functions Bpi(r) — R"—* and the fifth with C° functions
Bpi(r) — [% , L]. This specifies a natural topology on each coordinate: the Grassmanian
topology on the subspaces G and F, and the C' and C? topologies on the functions yr
and p, respectively. Thus we may define a topology on Ri{  as the product topology
over each such Euclidean neighborhood in U. In Proposition 4.4, we prove that Ri( N
is compact in this topology and that the map @ defined in (3.6) is continuous.

As before, let M < (Rk ) denote the space of measures on Ri( y With total weight
at most 1. The resulting measures on U will play a central role in our proof:

Mg, Ny = @M< (R ) (3.9)

One should think of Mg v C M(ﬁ) as an analogue of the regular level sets that appear
in Pesin theory. Measures in Mg y have uniformly controlled geometry, dynamics,
and densities via the parameters in K, and Proposition 4.4 gives compactness of Mk y.
However, at this point we encounter the second obstacle mentioned above: because f (W)
may not be covered by admissible manifolds in Rk n, the set Mk _y is not f,-invariant.

Thus we must establish good recurrence properties to Mgy under the action of f;
on M(U); this will be done via effective hyperbolicity. Consider for x € A and A > 0
the set of effective hyperbolic times

n—1
rf) = [n | D " — A)(fx) = K(n — k) forall 0 < k < n] (3.10)
j=k

Any effective hyperbolic time is a hyperbolic time as well, but not every hyperbolic time
is effective. In Sect. 4.2 we use results from [CP16] to show that the set Fx" (x) has positive
lower asymptotic density for a positive volume set of x, and that for almost every effective
hyperbolic time n € Ff (x), there is a neighborhood W, C W containing x such that
W) e Prn Qg v. With alittle more work (see Lemma 4.5 and Proposition 4.8), we
will produce a ‘uniformly large’ set of points x and times n such that f*(W;’) € Rk n,
and in fact f'mw: € Mx n. We use this to obtain measures v, € Mk n such that

Vp < pn = 23020 fEmy and Timy oo [[all > 0. (3.11)

Once this is achieved, we can use compactness of Mg y to conclude that there is a
non-trivial v € (| y Mg, such that v < p = limg uy, . In order to apply the absolute
continuity properties of v to the measure p, we define in (4.10), (4.11) a collection M?*®
of measures with good absolute continuity properties along admissible manifolds, for
which we can prove a version of the Lebesgue decomposition theorem (Proposition 4.11)
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that gives u = uV + 1@, where 1 € M? is invariant. This measure is non-trivial
since 0 # v < uV, and the definition of Ry n Will guarantee that v gives positive

measure to the set of points with non-zero Lyapunov exponents, and hence p(! does as
well. Thus some ergodic component of ;{1 is hyperbolic, and hence is an SRB measure.

4. Proof of Theorems A and B

In this section we prove our main results, modulo some technical lemmas whose proofs
we defer to Sect. 5 so as not to disrupt the exposition here.

4.1. Reduction to a density condition. We start by observing that Theorem A is a con-
sequence of Theorem B: the following is proved in Sect. 5.1.

Proposition 4.1. Let f be a C'** diffeomorphism of a compact manifold M, and A a
topological attractor for f. Assume that [ admits measurable invariant cone families
as in (H), and that the set S of effectively hyperbolic points satisfies Leb S > 0. Then
there is a dy,-dimensional embedded submanifold W C U such that my ({x € SNW |
T.W C K*(x)}) > 0.

Theorem B will in turn follow from Theorem 4.2 below, which is slightly more
technical to state but will prove useful in our applications.
Given C, A > 0 and g € N, write J = (C, 1) as before and let

I}, = {neNIDF (" 0] = CeHu]
forall0 < k < g andv € K*(f"x)}. 4.1)
This is similar to the condition in (3.10) on the dynamics in the unstable direction, but

only requires control of the dynamics for iterates in [n — g, n] instead of all iterates in
[0, n]. Pliss’ lemma [BPO7, Lemma 11.2.6] shows that if x satisfies

n—1

lim —Zk(ka) >x>Ar>0, 4.2)

n—oo N k=0

then for every ¢ € N, we have § (Fe(x) nre

(7). (x)) — , where L = sup, A(x),
the set Fe(x) is defined in (3.10), and F(Vl D (x) is given by 4.1) with C = 1. In

particular, every effectively hyperbolic x has the property that there is J = (C, ) such
that

(EHY) lim 8 (r;(x) nry q(x)) > 0.

Consider the set § = {x € A | (EHY) and (EH2) hold for some C,A» > 0}. Then
S c§: every effectively hyperbohc point is contained in S. On the other hand, (EH1')

is weaker than (EH1), so § may be strictly larger than S. We devote the rest of Sect. 4
to proving the following result.

Theorem 4.2. Let f be a C'* diffeomorphism of a compact manifold M, and A a
topological attractor for f. Assume that
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1. f admits measurable invariant cone families as in (H), and
2. there is a d,,-dimensional embedded submanifold W C U suchthatmwy ({x € SOW |
T.W Cc K*(x)}) > 0.

Then f has an SRB measure supported on A.

Because S C S, Theorem 4.2 implies Theorem B. When we apply our main results to
the applications described in Sect. 2, we will find it easier to check the weaker condition
(EHY’) rather than the more restrictive (EH1).

4.2. A Hadamard—Perron theorem for effective hyperbolic times. Our first major step
in the proof of Theorem 4.2 is a version of the Hadamard—Perron theorem that works at
effective hyperbolic times; this was proved in [CP16]. Here we give a statement of this
result that is adapted to the notation and terminology of Theorem 4.2, and includes an
elementary integration bound that follows from the assumption on my (S). This lemma
is proved in Sect. 5.2, where we recall the precise statement of the result from [CP16].

Lemma 4.3. Under the conditions of Theorem 4.2, there are 8, 0, v, ik, > 0 such that
writing I = (0,7, i, r) and letting J be as in (EH1), the following is true. For every
X € A there is Ff x) C Ff(x) such that writing Fé‘(x) = Ff/ x)N Ff,q(x), we have

1. givenx € Wandn € Ff/ (x), there is Wi C W N B(x, fe_X”) with

W e PrN Qyns 4.3)
2. for every g € N we have
1
lim —#([0,n) N FqJ(x)) dmwy(x) > 8. (4.4)
n—ooJwW n

To prove Theorem 4.2, we will use Lemma 4.3 to show that on average, a large
part of the measures f,'mw returns to the space of measures corresponding to standard
pairs over Py N Qj ,. We will also need to control the densities of these pairs, and to
guarantee that for the limiting measure, transverse directions have negative Lyapunov
exponents (the definition of Qy , will guarantee positive Lyapunov exponents along
the admissible manifolds). We describe the conditions here, and then in Sect. 4.3 we
formulate (Theorem 4.9) a general set of criteria for a sequence of measures to have a
limit point that has an SRB measure as an ergodic component.

Given W € Py N Qj 4 (in particular, W C f7(U)), consider the set

Hy (W) ={y | TyM = (T,W) & G for some G
with [Df I (IG' < Ce™ forevery0 < j < g}, (4.5)

of all points in W whose backwards trajectories of length ¢ have expansion controlled
by (C, 1) in a direction transverse to T W. Given 8, L > 0, we write K =TUJU (8, L)
and consider

mW(HJ’q(W)) > B
my(W)  — (4.6)
kg ={W.p) | WeRky peC*(W.[1.L]. |pla < L}.

RK,g = [W ePiNQyyq |
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Proposition 4.4. In the natural product topology defined in Sect. 3.2, the set Rk q is
compact and the map @ : M(Ri(’ q) — M(U) defined in (3.6) is continuous. In par-
ticular, Mg 4 = @(M<; (qu)) is weak*-compact.

Now we give a condition under which a part of my returns to Mk 4. Given0 < g <

n, consider the set
Sygn:={xeWlne F(;](x)}. (4.7)

Lemma 4.5. Forevery 8’ > Othereis B > 0such that the following is true. If0 < g <n
and x € Sy 4.0, and moreover the set W;; C W from Lemma 4.3 satisfies

my (Wy 0 Sy.q.n) = B'mw (W), (4.8)
then we have fl'myx € MK 4.

We will use (4.4) from Lemma 4.3 to verify (4.8) for ‘many’ points x; then Lemma
4.5 will give a large part of u, = % Zz;é fkmyy sitting in MK 4. We will need the
following version of the Besicovitch covering lemma for the ‘balls’ W, C W with
centres x € Sy 4.,. We give a proof in Sect. 5.5.

Lemma 4.6. There is p € N, depending only on d,, 0, v, k, and 7, such that for every
n € Nand every 0 < q < n, there are subsets Ay, ..., Ap C Sy 4.n such that

- SJJIJI C U;’D:I UxeA,- er;
—foreach 1 <i < pandx,y € A;, we have x =y or WX N W,] = (.

In Sect. 5.6, we use Lemma 4.6 to produce for each 0 < g < n a finite set Sj qn C
Sy,4.n such that

1. the sets W associated to each x € Sj g.n AT€ disjoint;
2. the union of these sets is ‘large’: writing

Wign= |J Wy

!
xESJ,q.n

for each B’ > 0, one can choose S"l g such that for all ¢, n, we have

mw (Wy.g.n) = 5mw(Sy.q.n) — B'mw(W).

Then we will use Lemma 4.5 to conclude that f'mw;, , € Mk 4; averaging the lower
bound over n and using (4.4) will give a sequence of measures with the following

property.
Definition 4.7. Given a sequence of measures i, € M(U) and a sequence of numbers

gn — 00, we say that u, have uniformly large projections onto Mk 4, if there exist § >
0 and a sequence of measures 1, € M(Ry qn) such that @ (n,)) < u, and |@(n,)| > §

for every n, where v <  means that v(E) < u(E) for every measurable set E.

The above discussion outlines the proof of the following result, whose details are
given in Sect. 5.6.
Proposition 4.8. Under the hypotheses of Theorem 4.2, there is a sequence of numbers
qn — 00 such that the measures [, = % ZZ;& ff myy have uniformly large projections
onto MK g,.

Once Proposition 4.8 is proved, it only remains to show that the “uniformly large
projections” condition gives an SRB measure; we discuss this next.
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4.3. General criteria for existence of an SRB measure.

Theorem 4.9. Let M be a Riemannian manifold, U C M an open set such that U is
compact, and f: U — M a C'** diffeomorphism onto its image such that f(U) C U.
Let also |, be a sequence of measures on M that converges in the weak™ topology to
an invariant measure [L. Suppose that there exists K = (0, y, k,r, C, A, B, L) and a
sequence ¢q, — 00 such that the measures |, have uniformly large projections onto
MK,q,- Then w has an ergodic component that is an SRB measure.

In this section we prove Theorem 4.9, modulo two further technical results that we
prove in Sect. 5. The main idea is to define asymptotic versions of Rk v, Ri( N> Mk N
to help characterize the limiting measure © = lim u, in relation to the set of SRB
measures. To this end, let

Rk =[] Rkn. R=|JRxk. (4.9)
NeN K

where the union in the final definition is taken over all 6, y, k, r, C, A, B > 0, and we
define Ry and R’ similarly.

Note that elements of Rk and ‘R are genuine unstable manifolds (not just admissible),
because we control the entire backwards trajectory. We write Mg = @ (M(Ry)) for

the collection of all measures on U that can be given in terms of K-uniform standard
pairs. In the proof, we will need another version of the absolute continuity properties of
measures in M. Let

NR) = [E C U | thereis W C R suchthat E C Jyepy W

and my (E) = 0 forall W e W}. (4.10)

Writing M ¢ (A) for the set of all invariant measures on U (which must all be supported
on the attractor A), we consider

M¥ ={ue MU) | n(E) =0forall E € N(R)},

MP = {n € My(A) | all Lyapunov exponents of u are non-zero}.  (4.11)
Observe that elements of M! are f-invariant, while elements of M may not be.

However, the collection M€ is invariant; if © € M?, then f,u € M?C. The following
proposition is proved in Sect. 5.7.

Proposition 4.10. The intersection M* N MW is precisely the set of SRB measures for

f.

Let (M) be the set of measures v € M(U) such that v Ly for every i € M.
The following is proved in Sect. 5.8.

Proposition 4.11. Given any measure ;n € M(U), there are unique measures u'" e
M and un® € (ML such that p = p + .

Remark 4.12. The collections M? and M are built using two different notions of
absolute continuity.'> The criterion for inclusion in M? is that a measure gives zero

12 This is comparable to the situation in [BP07, §8.6], where one can define absolute continuity using either
null sets, or densities, or holonomy maps.
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weight to a certain collection of null sets defined using the reference measures myy, while
the criterion for inclusion in Mk is that a measure be defined in terms of integrating
densities against measures my . The second criterion immediately implies the first, so

Mg C M*,

Now we prove Theorem 4.9, taking Propositions 4.10 and 4.11 as given. Suppose
that we have measures u, — u € M(A, f) with uniformly large projections onto
MK ,q,; that is, there are g, — oo and v, = @(n,) € Mk, such that v, < u, and
[lvall = 8 > O for every n.

By Proposition 4.11, there is a unique decomposition u = ™ + 1 such that
uM e M* and u® e (M*)L. Note that M® and (M) are both f,-invariant:
thus f-invariance of u gives u = fap = fipt + fir®, and uniqueness of the
decomposition gives fyu” = u and fiu® = u®.

First we show that u(l) is non-trivial, using the measures v,. Note that

vy € Mxg,q, C Mg,y whenever ¢, > N, (4.12)

and also that g, — o0. Each v, is contained in Mk 1, which is weak* compact by
Proposition 4.4, so there is a convergent subsequence v,, — v. For every N, we see
from (4.12) that v,, € Mx n for sufficiently large k, and thus v € Mx n. In particular,
v € Mg C M. The relation v, < u, passes to the limit, and we get v < u. Because
u® e (M*)L and v € M, we conclude that v < . Now uV is non-trivial
because ||v|| > § > 0.

Now we show that some ergodic component ¢ of (! is an SRB measure. By Propo-
sition 4.10 it suffices to show that some ¢ is in both M" and M. In fact, since any
ergodic component ¢ of 1V has ¢ <« !, we see that (4.10), (4.11) give { € M2, and
to complete the proof of Theorem 4.9, it suffices to show that some ergodic component
¢ of 1M is hyperbolic.

To this end, let E be the set of Lyapunov regular points for which all Lyapunov
exponents are non-zero; we claim that ,u(l)(E ) > 0. Indeed, for every (W, p) € Ry,
(4.6) gives my (E) > B|lmw]||, and the bounds on p give

W (W, p)(E) =/

e dmu) = %llmwll > %/W,O(x)dmw(x),

where ¥ is as in (3.5). Since v = @ (1) for some n € M(R), we have

’
K K

”(E):/R/ v, p)(E)dnzﬂL_z/ @ W. p)lldy = BL™?|lv] > 0.

Recalling that ;1 > v, this implies that some ergodic component ¢ of u(! has ¢ (E) >
0. By ergodicity this gives ¢(E) = 1, hence ¢ is hyperbolic. In particular, we obtain
¢ € MM N M, and Proposition 4.10 shows that ¢ is an SRB measure.

5. Proof of Intermediate Technical Results

5.1. Proof of Proposition 4.1. The angle between the cones K*(x), K"(x) is given by
the measurable function 6(x). Let X,, = {x € A | 6(x) > 1/n}, and observe that
S C U,=1 X, so there exists n such that Leb(S N X,,) > 0. By restricting S to include

only points in X,,, we may assume without loss of generality that 6 (x) > 6 = }l for all
x € S, while still guaranteeing that Leb S > 0.
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By again decreasing S to a smaller set that still has positive Lebesgue measure, we
will obtain a foliation of a neighborhood of S such that every leaf V (x) of the foliation
is tangent to K" (x)—thatis, T, V(x) C K"(x) for every x € S.

To this end, for every z € M we fix a neighborhood 0 € B, C T, M such that exp;1
is well-defined on exp, (B;) for every x € exp,(B;). Let m; , = exp;1 oexp,: B, —
T, M, and observe that r; , = I;  + g, x, Where I, , = D, . is an isometry and where
gz.x 1s a smooth map (as smooth as the manifold) with Dg; (0) = 0. As d(z, x) goes to
zero, the quantity [|g; x|l2 goes to zero as well. It follows that we can choose for every
z € U aneighborhood §2; such that
1. exp; ! is well-defined on 2, for all x € £2;;

2. |lgrzllc2 < 0/2forall x € £2,.
Now we choose a finite set £ C U such that the neighborhoods {£2; | z € E} cover the
entire trapping region U. Thus we can fix z € E such that Leb(S N £2;) > 0.

Let Qf “ denote the collection of d,-dimensional subspaces of T, M, endowed with
the metric given by angle (or equivalently the Hausdorff metric on the intersections of
subspaces with the unit sphere). Given P € g;’“, denote by EF the affine subspace of
T, M passing through expz_1 (x) parallel to P. Given x € £2, N S, let

Ay ={P eG™ | Tyexp.(EF N B,) C K"(x0)};
that is, Ay comprises those d,,-dimensional subspaces P C T, M for which the manifold
Ty x (EfcD N B) C T M has a tangent space at O that lies in the unstable cone K*(x).

Each such A, contains a ball of radius 6/2 in Qf”. To see this, consider the cone
1 Z_Xl K"(x) C T, M, which contains a ball of radius 0 in g;‘" , and observe that if P € Qf“
lies in this cone and is at least a distance of 7] /2 from its boundary, then P € A, since
lgzxllc2 = 0/2.

Now let F C g;’" be a finite  /2-dense set, and given P € F,let Xp = {x € £2,NS |
P € A,}. Then UPeF Xp = SN £2,, and by finiteness, there exists P € F such that
Leb Xp > 0.

It follows that by restricting S to include only points in X p, we may assume that
T exp, (Ef N B;) C K"(x) for every x € S. Denote by & = &£(P) the foliation of £2,
whose leaves are V (x) := exp,(EF N B).

To summarize, we assume without loss of generality that
1. S C £2; >z, where expz_1 is well-defined on the open set £2,;

2. there is a d,-dimensional subspace P C T, M so that epo(Ef N B;) is (y, 1)-
admissible at x for all x € S. In particular, the foliation of 7, M by d,,-dimensional
affine subspaces parallel to P projects under exp, to a foliation & of £2, such that

for every x € S, the leaf V(x) of & passing through x is (y, 1)-admissible and
T,V (x) C K"(x).

Now we have a smooth foliation & such that every leaf V of § isin P(5 ; | 7). There are

density functions py € L'(V, my) for every V € & and a measure 7 € M(P(gﬁ);’lf))
such that

Leb(S)z// pv (x) dmy (x)dn(V).
PJvns

Since Leb S > 0, there exists W € & C P ;7 such that my(S) > 0, where

we restrict S to include only those points x for which 7., W € K*(x). This proves
Proposition 4.1.
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5.2. Proof of Lemma 4.3. For Lemma 4.3 we need to use a version of the Hadamard—
Perron theorem from [CP16], which we now describe. Let £2 C R bea neighborhood
of the origin, and f,: £2 — R¥ a sequence of C'* diffeomorphisms onto their images;
ultimately we will take f, to be the representation of f in local coordinates around
F(x), f™1(x) along a trajectory. For now we just assume that || Df, ||, ||Dfn_1 I, and
|Df,|o are uniformly bounded by some constant e”,!3 and that there is a sequence of

splittings R? = EY @ E? that determine a D, (0)-invariant sequence of cones K, K3;
thatis, Df,(0)(KY) C K., and Df; 0)~! (K,,) C K, foreach n. We stress that there
is no invariance condition on the subspaces E;;"* themselves; see [CP16, Remark 2.2].

We also assume that there is L’ > 0 such that the angle 6, between K and K satisfies
On+1 > e’L/Hn for all n. As in (1.2) and (1.3), consider

Ay = inf{| DO @) | v e K, [v]| =1},
Ay =sup{[[Dfr(O) (W) | v e Ky, [[v]| = 1}, 5.1
Ap = L max(0, A5 — A4).

Let L” = max (%, L(1+ %)) Fix 6 > 0 and let

n =7 (5.2)

The following theorem is a consequence of [CP16, Theorem A].

Theorem 5.1. Given L, L'.0,% > 0there are y,k,7,8 > 0 such that the following is
true. If 0y > 0 and n € N is such that

n—1
D a = (-l forall0 <k <n, (5.3)
j=k

then 6, > 0; moreover, if Yo: B EV (n) — Ejisanarbitrary C % function with ¥ (0) =

0, DYo(0) = 0, and |DVole < k, then for each n satisfying (5.3) there exists a C'*®
function Y, . Bu(r) — E;, satisfying the following conditions:

L. ¥, (0) =0, DY, (0) = 0;

2Dyl = v and [DYyla < k;

3. the graph of Yy is the connected component of F,(graph(y0)) N Bgu(r) X Bgs (1)
containing the origin,

4. writing F, = fyu—10---0 f1 0 fo, if Fr(x), Fy(y) € graph(y,), then for every
0 < k < n, we have

1Fu(x) — Fx(0) = e P Fp(x) — FeO)l- (5.4)

Remark 5.2. The key property of times satisfying the hypotheses of Theorem 5.1 is that
not only are the infinitesimal dynamics along the first n iterates uniform, but so are the
(finite-scale) geometry and dynamics of manifolds close to the unstable direction. The
inclusion of the quantity A, in the expression for A¢ is crucial for this; when AJ > A%,

13 This is distinct from the L that appears in the collection of constants K and in (4.6), which plays no role
in the proof of Lemma 4.3. We use L here for consistency with [CP16].
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the curvature of the image F;,(graph(vy)) (that is, the quantity | Dy,|y) can increase,
and we are forced to ‘cut off” part of the image in order to control || D, |; the amount
that we cut off is controlled by A,,, and in order to return to size 7 we must wait until
the expansion given by Al overcomes the defect introduced by A,.

Given W and S as in the hypothesis of Theorem 4.2, for each x € SOW with T, W C
K"(x) we want to apply Theorem 5.1 to the sequence of maps Tpn(xyM — T pnvi ()M
given by writing f in local coordinates, choosing E}; = Tyn () (f"(W)), and taking
E} to be any subspace in K*(f"(x)). Note that the existence of L, L’ satisfying the
uniformity bounds above comes immediately from compactness of U and smoothness

of f.
In order to apply Theorem 5.1, we need to consider points x € W at which T, W C
K"(x) and 6 (x) is sufficiently large. To do this, consider for each M € N the set
SM—{xeSﬂW|TWCK”(x) 9(x)>—, and
Q(Ff(x) n FJ’q(x)) > M for all ¢ € N}.
By the hypothesis of Theorem 4.2, we have mw (|J,; Si) > 0, and so there is M with
mw (Sm) > 0.
If x € Wissuch that 0(x) < +- or Ty W g?_‘ K"(x), then we put Fe (x) = @. For
every other x € W—that is, Whenever 0(x) > M and T, W C K ”(x)—we put
n—1
F;(x)=[MZx;zX(n—k)fora1105k<n]. (5.5)
j=k
This is exactly the set of times n € N at which (5.3) holds and Theorem 5.1 can be
applied. Note that A — A < A and so I- f/ x) Cc It f (x), but the containment may be
proper since whenever 0(f/(x)) < 6 we have Aj = —L”, which may be less than
k’; — Aj. Nevertheless, by [CP16, Proposition 9.3], there is 0 e O, ﬁ] such that

8 (Ff/ x)Nn Ff’q(x)) > ﬁ forevery ¢ € Nand x € Sy. (5.6)

For this value of 8, let y,k,7, 6 be as in Theorem 5.1. Writing I = (9_, Vv, K,T), it
follows from Theorem 5.1 that for every n € Ff/(x) there is W, C W such that

"Wy e Py N Qyn, where the geometric bounds for Py come from the first three
conclusions of Theorem 5.1, and the dynamical bound for Qj , comes from (5.4). This

bound also shows that W} C B(x, Fe_x"), which proves the first part of Lemma 4.3.
For the second part of Lemma 4.3, fix ¢, m € N and let

X? = (x| 1#([0 n)N FJ(x)) > 2M for every n > mj}.

By (5.6), we have | J,, X, = Sy for every ¢, and in particular, there is N (g) such that
mW(X;]V(q)) > %mW(SM). Thus for every n > N(g) we have

[ #om e dmyo = / L4010, 0 L) dmiy ()
wn

N()

> mw(X (q)) > 4me(SM) > 0.

Taking § = ﬁmW(SM) completes the proof of Lemma 4.3.
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5.3. Proof of Proposition 4.4. Continuity of ¥ : Ri( N~ M(U) is immediate, and
also implies continuity of @ : M(R/K’ y) = M(U). We show that Ri(  is compact.

First we note that each of the geometric conditions for inclusion in Py is compact—
that is, given (xx, Gk, Fi, ¥x) such that (3.7) is satisfied, compactness of the Grass-
manian for M guarantees existence of a subsequence for which (xx, G, Fi) converges
to (x, G, F); the uniform bound on the angle guarantees that we stillhave T\M = GO F
in the limit; and the Arzela—Ascoli theorem guarantees that we can get C! convergence
of Y by passing to a further subsequence. Moreover, the limiting function  is C!**
and satisfies the same bounds in terms of y and «.

Using the Arzela—Ascoli theorem again gets a subsequence for which the densities
pr converge (in C%top e C*(W,[1/L,L)) satisfying |p|le < L. Thus to verify
compactness of RK N° it remains only to verify that when Wi € Rk n is a sequence
with Wy — W e P in the sense of the previous paragraph, then W € Ri y as well.
This requires us to check the dynamical conditions (3.8), (4.5), and (4.6) controlled by
C,A N, B.

It is straightforward that (3.8) passes to the limit, so if Wy — W and Wy € Qj v,
then W € Qj n as well. For inclusion in Rk, n, we observe that if Wy — W and
Xxr € Hy ny(Wy) are such that x; — x, then x € Hy y(W). In other words,

HynW) > () U Hiv(Wo).

meN k>m

Write ¥,, = U w>m Hy.N (W), s0 Y, is a nested sequence of compact sets.

Let vy = mw/|lmw]l|, and similarly for vy, . Using compactness of ¥, and the fact
that vy, — vy (in the weak™ topology) we deduce that vy (¥,,) > limg— oo vw, (Ym) >
B, where we have used the fact that Y,, D Hy y (W) for all k > m and the condition in
(4.6). Because the Y, are nested and we have vy (Y,,) > B for every m, we conclude
that vy (Hy, n(W)) > B, which completes the proof that (W, p) € R’

Now we have shown that M < (RK ) is weak* compact, and cont1nu1ty of @ com-
pletes the proof that M _y is weak* compact.

5.4. Proof of Lemma 4.5. The first part of the proof of Lemma 4.5 is to find and control
the density function for f;'mwzx. Then we will use this to estimate m gnwx (Hy 4 (f" W;)))
using (4.8).

Given y € W, let

¢n(y) = det(Df") (W), w (5.7)
and define p} € C(f"W;, R") by
&n(x)
()= ———. 5.8
o= G @) G

It follows immediately that
d(fimws)  py
dm pnyx $n(x)

We will show that p;, is a well-behaved function.

(5.9

Lemma 5.3. There exists L > 0 such that if x € Sy 4, and W, is as above, then
pi(@ € g, Lforallz € f"(W;), and |p}lo < L.
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Proof. By [CP16, Theorem D], there is ¥ > 0 such that the manifolds f* W, for
0 < k < n have the property that for every y, z € f¥ W, the Grassmanian distance
between Ty (f k W) and T (f k W.¥) is smaller than some fixed constant y (independent
of k, n). In particular, because f is C I+ there exists K > 0 such that

forevery0 <k <nandy,z e f* W;r. Using the backwards contraction property (3.8)
of f*"W;, we see that for every z1,z2 € f"W,', we have

|6 (f " (20)) — ¢u(f " )| < D Kd(f T 1), £ (22)®
k=1

n — — —
<KD (e Md(z1, )" = Ke (1 — e ) d(z1, 22)°.
k=1

Write K = Ke (1 — =)~ 5o that

6 (f 7" (21)) = ¢u(f " (22))] < K'd (21, 22). (5.10)
Applying this with z; = z and zo = f"(x) yields
eu(f"(2)

< K/’;aef)»dun

1

$n(x)

forevery z € f"(W), where we use the fact that ¢, (x) > erdun, Writing K” = K'F*+1,
we see that

—n
1 _ (@) _
A

which proves the first inequality for p;\. (Note that K” depends only on K, 7, jx, and &)
To show that the functions p;; are uniformly Holder continuous, we fix z1, 2, €

fTW, write y; = f7"(z;), and observe that

On(x) _ O (x)

&n(y1) dn(y2)

= &P 1) — Pn ()l

N On (YD) Pn (y2)

This completes the proof of Lemma 5.3. O

1
K?

1y (z1) — p; (22)| =

< K/K”d(zl, Zz)ae—kdun_

To conclude the proof of Lemma 4.5, we will use Lemma 5.3 to estimate m pnyx
(Hy ,(f"W;)) and get f"W; € Rk 4. Fix B >0andlet0 <g <nandx € Sy.q.n be
such that

mw (W N Syq.n) = B'mw(W,). .11

By the definition of I“Js’q D F(;' in (4.1), we have f"(W; N Sy,.) C Hy (f"W).
Then Lemma 5.3 gives

m pnowy (f" (W 0 Sy.q.n)) =/ Pn(x) dmw (2)

WENSy g Pi (2)
> Loy ()mw (W NSy g.0)) = ¢ ()B'L™ my (W),
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and similarly,

m pnwy (f"Wp) < L (x)my (W),

so we conclude that
m pnwy (Hy g (F"WE)) = B'L72m pn oy (f (W),

In particular, taking 8 = 8'L ™2 gives f" Wy € Rk, 4. Moreover, Lemma 5.3 shows that
(f"Wr, py) e Ri{’q, and since

fimwy (E) =

Py (2) dm gz (2),
On(x) J rn(Ey i

this shows that f'mwy: € Mk 4, as desired.

5.5. Proof of Lemma 4.6. Fix d, and I = (8, y, i, 7). We must produce p € N such
that for every n € Nand 0 < g < n, the set Sy, , admits p subsets Ay, ..., A, such
that the sets {W;y | x € A;,1 <i < p} cover Sy 4, and are disjoint within each fixed
value of i.

Remark 5.4. The sets W, are not necessarily close to being balls in the metric dw, but
their images f" W, are almost balls in the metric d sny. Thus we could obtain Lemma
4.6 from the Besicovitch covering lemma in [Fed69, 2.8.14] if we could prove that
UXGSJ,M "Wy C f"W is directionally limited. It is shown in [Fed69, 2.8.9] that c?

Riemannian manifolds are directionally limited, but we only know that f"W is C!**,
Thus we give a direct proof of Lemma 4.6 taking advantage of the fact that the sets
f" W, have uniformly controlled radii. (In the general Besicovitch covering lemma the
radii are allowed to vary.)

Givenn € Nand x € Sy 4., we will write ¥ = f"x, W,f = f"W,, etc., in order
to simplify notation. The uniform expansion of f"~*: f* Wy — le‘ guaranteed by

Lemma 4.3 shows that W,f is the graph of a function v/ : Bgu ;) (7) — E*(X); moreover,
we have ||Dv|| < ¥ and |D¥|, < i, and the angle between E“(x) and E®(X) is at
least 6. Thus the map ¥ : E*(x) — T; M given by ¥ (v) = v + v (v) is Lipschitz with
a constant that depends only on I.

We recall some terminology and notation from Sect. 5.1. Givena € M, let gg’" be the
Grassmanian collection of d,-dimensional subspaces of T, M, with metric p given by
angle. Given z, x € M nearby, we write 7, y = exp;1 oexp,: B, — T M, observing
that w, = I; x + g;.x, Where I, . is an isometry and g; y is smooth with Dg, ,(0) = 0.

From the observations i 1n the first paragraph above, there is ¢ > 0 such that for every
x € Syqnandz, 7’ €exp; W’“ C T; M, we have

,o(TZexp Wx, 2 exp, W,’l‘)<£. (5.12)

(We commit a slight abuse of notation by conflating T3 M with T,T; M foreachz € Ty M
so that we can compare the angles.) Let E{(x) = T; W,f and E»(X) = E(%)*, and
let P: T;M — E|(x) be orthogonal projection along E»(x). Then P (exp;1 W) c
Bg, (0, "), where r’ > r depends only on L.
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‘We conclude that if dW denotes distance on W and BW(y, r) denotes the dW—ball of
radius r centred at y, then there are 0 < r < 7 < r’ such that

By (%,r) C Wy C By(%,r) forallx € Sy, (5.13)

Let A C Sy 4,n» be such that A= f™A is a maximal r-separated subset of S‘J,q,n =
f"83,4,n- Then we have

Syqn € | ByG.rc | Wy, (5.14)

xeA X€eA

and in particular, Sy 4 » C [J,cs Wy - Let G be the graph whose vertex set is A, with an

edge between x, y € A if and only if W;' N W; # @. Write x < y when this occurs.

To complete the proof of Lemma 4.6 it suffices to show that there is p € N, depending
only on d, and I, such that the chromatic number of G is < p. It suffices to show that
every vertex of G has degree < p.

Let W, = UxeSJ,q,,l Wy . Fix x € A, and consider the set

V= UJtBy, 3. ) Iy e Ay < x).

Note that V,f C Bvi/n (x, 3r"), and that for every y <> x we have BWn (3,3 C V,f Be-

cause A is r-separated, the sets {BW’Z (3, 3) | y € A} are pairwise disjoint. In particular,
we have R
my, (Vi) = D fmy, (B, (3.5) |y € A,y < x}

> (degx) inf my (By (3, 5)).
g yGSqu,n Wa W y 2

(5.15)

For a lower bound on my, (By, >y, %)), we write V(r,d,) for the volume of the
Euclidean ball of radius r in dimension dy,, and let Q be such that the exponential map
exp,: TaM — M is Q-Lipschitz on the ball of radius 3+’ for every a € U. (Here we

use compactness of U.) Using (5.12), we see that for every y € Sy,4,n We have
my, (By, (3,5) = Q% (1 +&)" "V (5, dy). (5.16)

For the upper bound on m;, (V,j‘), we first observe that exp;1 V,f is not contained
in exp;] WZ. However, for every y <> x there is u € WY N W,, and thus for any

z € exp; ' Wy we have

p(T.exp; ' V' E'(8) < p(Toexpy ' Wi\ T, 1, expy ' W)

Xps
+p (Tt exp;! Wi, E'(®))

=1 gy =1 gy
< ||g§’);||cz,0(Tny_}Z expy Wi, Texp7| i €XP; Wi)+e.
, ) 5

There is C > 0 such that for every x,y € Sy4.» with dw(f, ) < 2r' we have
llgs.5llc2 < C, and so forevery z, 7’ € exp)g1 V,f C T; M, we have

p(T.exp; ' Vi¥, Toexpy ' Vi) < 2e(1+C). (5.17)
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Then as in (5.16) we have
my, (V) < QU (1+26(1 + C)™V (dy, 3r). (5.18)

Combining (5.15), (5.16), and (5.18), we see that there is p € N, depending only on
dy,r,r',e, Q,C,such that degx < p foreveryn € Nand x € Sy,4,n- This completes
the proof of Lemma 4.6.

5.6. Proof of Proposition 4.8. First note that Lemma 4.3 gives § > 0 such that for each
q € N there is N(q) with the property that for every n > N(g) we have

1
/ —#([0,n) N I} (x)) dmw (x) > 6.
wn
or equivalently,

1 n
- > mw(Syqx) > 8. (5.19)
k=1

Let p € N be as in Lemma 4.6 and fix 8/ > 0 such that
B = p s — Bmw (W) > 0. (5.20)
Given 0 < g < n, decompose Sy 4., into the following two sets:
Y gn = (X € Sygn [ mw(Wy 0 Syg0) = Bmw (W)},
Y g = 1% € Spqn | mw(Wy N Syg) < Bmw (W)},

where W,' is as in Lemma 4.3. Note that Sf an is exactly the set of points to which

Lemma 4.5 applies (for the given value of g'). Now let Ay, ..., A, C Sy 4., be given
by Lemma 4.6. We have

p
mw (Sy,q.n) < Z Z my (Sy.qn N W;)

i=1 x€A;
P
X X
= D mwSyga NWH+ D mw(Sygan W, ))
i=1 xeA,ﬂSb x€A;NS$

J.q.n J.q.n

p
< pBmwW)+> . DT mw (W),
i=1 xeA,-ﬁSf,q.n

where the last inequality follows from the definition of S!’]” g which gives the bound

mw (Sy.q.n N W) < B'mw (W) forevery x € A; N Sf’q,n, together with the fact that
for each value of i, the set {W,' | x € A; N Sj” g .} are disjoint. We conclude that there

exists i such that

D mwW) = 2mw(Sygn) — B'mw(W). (5.21)

A8
xEAlﬂSJ‘qyn
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(The right-hand side of (5.21) may be negative for some values of n, but we will see that
it is positive on average.) Write Sj gn = Sf gn A; for this choice of i. Then given any

xX#ye Sj g We have W;' N W, = @, which is the disjointness condition we wanted.
Writing Wy 4. = || W, Lemma 4.5 gives

’
)CESJ’q'n

fimw,,., € Mk (5.22)

whenever n > g. Moreover, (5.19)—(5.21) give

—ZmW(Wqu>>—a—ﬂmw<W> B’ >0 (5.23)
k=1

whenever n > N(g). To complete the proof of Proposition 4.8, we find g, — oo such
that the measures u, = % ZZ;(l) ff (mw) have uniformly large projection to Mk g4,;

that is, we need v, € Mk 4, such that v, < u, and lim, ||v,] > 0. Choose g, — 00
such that

n=N(g,) and g, < 3B mw(W)n.
It follows from (5.22) that for every k > g, we have

k k
femw = fimw; ,, € MK.q,-
Averaging over k from g, to n gives

n—1

1
N 2 k
/»Ln 2 Ul’l L ; f*mWJ,q.k € MK»%
k=qn

and so it only remains to estimate ||v, ||. Using (5.23) and our choice of ¢g,, we see that

n—1

1
[vall = Z lmwy | = (me(w”w) - —( Z mw(ww)

> /3” - ‘;—"mw<W> > 18"

5.7. Proof of Proposition 4.10. We prove that M N M" is precisely the set of SRB
measures for f.

First we show that every SRB measure j is in M N M". Every SRB measure is
hyperbolic, so © € M". To show that © € M, first observe that u is invariant and
supported on A. As discussed before Definition 1.1, u can be expressed in terms of
conditional measures on local unstable manifolds. More precisely, if we write R for
the set of all local unstable manifolds (so that in particular R C R), then for each ¢
one can take a measurable partition of the regular set Y, into sets of the form W N Yy,
where W € R, and let {uw | W e 7~3} be the conditional measures of w relative to each
element of this partition. This means that there is a measure 1 on R such that

n(E) = /ﬁMW(E)dn(W) (5.24)
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for every measurable set E. By Definition 1.1 we have uwy <« mw for n-a.e. W, and
since every local unstable manifold is contained in R, this shows that «(E) = 0 for all
E e N(R), so u € M?©,

Conversely, if 1 € M* N M", we show that 11 is an SRB measure. Since u is
invariant, it is supported on A. Because hyperbolicity is given, this amounts to showing
that the conditional measures generated by w on local unstable manifolds are absolutely
continuous with respect to the leaf volume. Once again using the decomposition of x in
(5.24), we show that uw < mwy for n-a.e. W. Indeed, if there is a positive n-measure
set of W such that uw &« mwy, then we may write W for this set and take for each
WeWaset Ew C W withmy(Ew) = 0 and uw(Ew) > 0. Taking E to be the
union of these Ey yields a set with E C (Jy )y W and my (E) = 0 forevery W e W,
so E € N(R), and moreover u(E) > 0 since uw(Ew) > 0, which contradicts the
assumption that u € M?°,

5.8. Proof of Proposition 4.11. We deduce Proposition 4.11 from a generalisation of
the Lebesgue decomposition theorem, which follows the proof given in [Bro71].

Let (X, £2) be a measurable space, and let M denote the collection of all finite
measures on X. We say that a collection of subsets N” C £2 is a candidate collection of
null sets if it is closed under passing to subsets and countable unions:

1.ifEeNand Fe 2,F C E,then F ¢ \;
2. if {E,;} C N is a countable collection, then | J,, E, € N.

Given a candidate collection of null sets, let S = S(N) be the subspace of M defined
by
S={ueM]|uE)=0forall E € N}. (5.25)

Given a subspace S C M, define the space of singular measures by
St=veM|vLpuforal ueS}.
If S is given by (5.25), then the subspaces S and S+ give a decomposition of M.

Lemma 5.5. Let N be a candidate collection of null sets, and let S = S(N) be given
by (5.25). Then M =S ® S*.

Proof. Fix v € M; we need to show that there is a unique decomposition v = vy + vy,
where v; € S and v» € SL. To this end, consider the following collection of subsets:

N ={E e N |v(E) > 0.

Let 0 = sup{v(E) | E € N}, and let E, € N’ be a countable collection such that
v(E,) — 6. Consider the union A = |J,, E,, and observe that v(A) =6 and A € .
We claim that vy = v|x\a and v = v|4 gives the desired decomposition. Indeed,
vy L pforall u € S since u(A) = 0 and v2(X\A) = 0, so v» € S*. Furthermore,
given E € N, we may write E/ = E\A and F = E N A; then v{(F) = 0 by definition,
andif v(E") = vi(E’) > 0, we would have v(E'UA) = v(E")+v(A) > 0, contradicting
the definition of 8. It follows that v{(E) = 0, and since this holds for all E € N, we
have v; € S.
Finally, uniqueness of the decomposition follows from the fact that S N S+ = {0}.
O

Proposition 4.11 follows upon observing that the set A" = N (R) defined in (4.10) is
a candidate collection of null sets, and (4.11) gives M* = S(N), so Lemma 5.5 shows
that M(M) = M* & (M*)L.
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6. Proof of Theorem 2.3

6.1. “Good” iterates. Recall that A denotes the set of C!** curves W C U \Z such
that

- T\W C K%(x) forall x € W;
— W has Holder curvature bounded by L;
— the length of W is between ¢ and 2¢.

The first observation we need is that by uniform hyperbolicity on U \ Z, (C2) can be
extended toall W € A, not just those that enter Z. In fact, it can be strengthened slightly.
Recall also that A(x) = min(A*(x) — A(x), A*(x)) as in (1.4).

Lemma 6.1. There are constants L, e, Q,v > 0 and a function p: N — [0, 1] such
that 3", tp(t) < oo and every W € A has an admissible decomposition {W;, t;}
satisfying

L.mw{x e W|tx)=t}) < p@@&)mw (W) foreveryt € N;

2. G(Wj) e A for every j;

. DG (x
3.ifx,y € Wj then log —:DGBE:‘;} < 0d(Gx, Gy)*;

4. Zr(x)(k” A)(g/ (x)) = vand Zr(x) Mg/ (x) < —vforallx € Wand0 <k <

f(X)

Proof. Recall that an admissible decomposition of W € A is a partition (mod zero with
respect to my ) of W into subsets W, together with an assignment of an ‘inducing time’
7; to each W; such that g% (W;) C U\Z; thus we must define both the partition W;
and the inducing function T (which is constant on each W;). If g(W) does not intersect
Z then it suffices to take T = 1 and partition W into either 1 or 2 pieces, depending on
whether G(W) = g(W) has length greater or less than 2e¢.

If g(W) does intersect Z, then start with the decomposition W = | | j W; from
(C2). Let 7: W — N be the inducing function given there, and p: N — [0, 2¢) be
the probability envelope. Let n be the minimum time it takes for an f-orbit leaving
Z to return to Z. Note that by (C3) we have n > C/log x. Let t = 7 + n and let
p(t) = p(t —n). Convergence of > ¢p(t) follows from convergence of > 7p(z).

To get the desired decomposition, note that for all j we have G(Wj) = g”(gf-f (W;)) C
U\Z. By invariance of K" we see that all the tangent vectors to G(Wj) liein K, and
thus G(W ) can be decomposed into a disjoint union | |, G(Wj ¢), where each G(WM)
isin A. Thus W = |_| ¢ Wj.¢ is the desired decomposmon and (2) is verified.

Condition (4) follows from (C3), putting v = nlog x — C. So it only remains to
prove the bounded distortion condition (3).

Recall that the Holder curvature of every W € A is bounded by L. Thus given W € A
and two nearby points x, y € W, the Grassmanian distance between T, W and T, W is
bounded above by L'd(x, y)®. Because f is C'** and M is compact, this gives

|Dg()|r,w — DgWIrywl < Kd(x, ne (6.1)

for some uniform constant K. As long as W lies outside of Z, we can use uniform
expansion together with the observation that loga — logb < (a — b)% whenever a > b
to get

|Dg(x) |7, wl

< Kd o’ 6.2
D]~ LY ©2)
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We also observe that there is ¥ < 1 such that forevery r € N, everyx,y € W; C W(1),
and every k£ > 0 such that gt_k(x) € U\Z, we have

d(g" % (x), g7 (») < 2*d(g' (%), &' (1) = *d(G(x), G(y)). (6.3)

For convenience of notation, given j € N we write
Djg(x) = Dg(e’ DIz (giwy-

Then we can use (6.3) together with (C2)(iii) and (6.2) to get
_ : " )
DGWIrwl 1o, IDEOIwl oo, Deaa ks @)
IDG(Y)7yw IDg™WIrywl &= 1Dtn—r8()I

< Q7 d(G (). G + > K" d(G (), GOyN™,
k=1

which suffices to complete the proof of Lemma 6.1. O

Now we can iterate Lemma 6.1 and follow a procedure similar to the one in [BV00].

Given W € A, let W = |_|];::1 W (j1) be the partition given by Lemma 6.1. Then for

every ji, the curve G(W (j1)) is in A, and so the lemma can be applied to this curve as

well, giving a decomposition W (j;) = L]/E:1 W (j1, j2), where each Gz(W(jl, J2)) is
in A. (Note that k> may depend on jj.)
To simplify notation we write j = (ji,..., jn) and |j| = n. Iterating the above

procedure yields a partition W = Uj W (j) such that G" (W (j)) € .A. Moreover, writing
TG) =0 7j, Lemma 6.1(4) yields

TG , . Qoo
D0 ) — A = vljl, D A (g x) < —vljl. (6.4)
i=0 i=0

Given j with |j| = n and any x, y € W(j), let y be a path on G™(W(j)) that connects
G"(x) to G"(y). Then there is a path n on W (j) such that G" () = y, and by (6.4), the
lengths of n and y are related by

Inl <e "yl

Writing dw for distance on W, this implies that
dw((x, y) < e dguy ;) (G" (x), G" ().

Because W (j) and G” W (j) both have Holder curvature bounded by L, there is a constant
L’ > 0 such that

d(x,y) < L'e”"Vd(G"x, G"y) (6.5)

whenever x, y € W(j), where d is the usual metric on M. We can use this to get the
following bounded distortion control.
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Lemma 6.2. There exists K € R such that given W € Aand x, y € W(j), we have

J0))
1 [Dg"YV (X)), wl -

<=7 < (6.6)
|DgTD (y)|7,wl
Proof. Given x,y € W(j), and 0 <i < n, we adopt the shorthand notation
DiG(x) = DG(G[ (x))|TGi(X)(Gi(W)),
so that
n—1
D"V @) r,w =[] DiGx). (6.7)
i=0
We see from (6.5) that
d(G'(x),G'(y)) < L'e™" " d ("D (x), g7 D (y)). (6.8)

Now Lemma 6.1(3), together with (6.7) and (6.8), yields

NLGRICTAY Zi |DiG)|
IDgTVWrwl = DGl
n—1
> 0d(@G " (). G ()
i=0
! 2 2 2
D Qe L) A"V (x), g"V (3

i=0

IA

IA

—l)Dl i

This completes the proof since >_ e converges and the roles of x, y are symmetric.

O

Now given W € Aand x € W, let ji(x), ja(x),... be indices such that x €
W(j1(x), ..., ju(x)) foralln. Define a sequence of N-valued random variables #1, 12, . . .
on (W, mw) by t,(x) = 7j,(x)-

Proposition 6.3. With p, ¢ as in Lemma 6.1 and K as in Lemma 6.2, we have P[t, =
T|t,....,t4—1] < Kp(T).

Proof. Observe that ¢, is constant on W (j) whenever |j| > n, and so

my (W@, 1))
Plt, =T sy Ip—1] < _—. 6.9
L I 1] = |j|S:unp—1 mw (W(j)) (©9)

By Lemma 6.2, for every j, the map g7 ¥ carries W (j) to Vj = gTOwW() e A with
distortion bounded by K, and so in particular for [j| = n — 1 we have

mw (WG, T) _ KmVj(‘/j(T))
mw(W@3G) — my; (Vj)

where the last inequality uses (C2). O

< Kp(T),
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6.2. Asymptotic averages of return times. Now we are in a position to prove that the
asymptotic average of the return times #, is bounded for m -a.e. initial condition. The
arguments used here are well-known, but we give full details as our setting differs from
that in which the strong law of large numbers is usually proved. We follow [Bil79,
Theorem 22.1], which gives an argument that goes back to Etemadi.

Consider the probability space (W, my ), where W ¢ Ais as in the previous section
and we take mw to be normalized. Let F;,, be the increasing sequence of o -algebras
generated by the sets W(ji, ..., j,). By Condition (C2) and Proposition 6.3, we can
choose p: N — [0, 1] such that

Plty =T | Fu-1l < p(T), (6.10)
R:=>"Tp(T) < oo. (6.11)
T=1

Note that the “new” p(t) is obtained by multiplying the “old” one from Condition (C2)
by the distortion constant K coming from Lemma 6.2.

Proposition 6.4. If 1, is any sequence of random variables satisfying (6.10) and (6.11),
then lim,,_, oo % > ko1 ik < R almost surely.

Proof. Consider the truncated random variables s, = t,1[;,<»], and note that by (6.10)
and (6.11), we have

0<s, <ty =E[s, | Fus1l = R.

Now consider the random variables r, = s, + R — E[s,, | F,—1]. Note that r, is F-
measurable, and moreover

Elrn | Fail = R for all n. 6.12)

Let Xy = %(rl +---+ry) — R, so that E[Xy] = 0. The idea is to use (6.12) to
obtain an efficient estimate on E[X 12\,], which via Chebyshev’s inequality gives a bound
on P[Xy > ¢]. A careful use of Borel-Cantelli will lead to the result.

We begin with the observation that

1 al ’
v | (2 0)

1

2
= 3 2Bl = R’1+ 5 > EI(i = R)(rj — R)).

E[X%]

4

k=1 i<j

Given i < j, the fact that r; is F,,—j-measurable together with (6.12) gives E[(r; —
R)(rj — R)] = 0, hence

1 < 1 <
E[X%] = 'z > El(n — Rl < ~ > (Elr¢]+2RE[r] + RY). (6.13)
k=1 k=1
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Let Ty be such that ZT>TO p(T) <1, and let Y be a random variable taking the value
T with probability p(T) for T > Tp. Note that by the definition of s, and r,, we have
rm <s,+ R <n+R,thus

k+R k+R
E[r{]= D> T’Plre =T1< > T?p(T) < C+E[Y 1y <tsr)]
T=1 T=1

for some fixed constant C. Note that the final expression is non-decreasing in k, and so
together with (6.13) we have

1
E[X3] < v (c/ +IE[Y21[Y5N+R]]) , (6.14)

where again C’ is a fixed constant. Given ¢ > 0, we can use (6.14) in Chebyshev’s
inequality to get
1

e2N
Fixa > l andletu, = [«"]. Putting K = ﬁ choosing y € R, and letting m = m(y)
be the smallest number such that u,, > y, we have

> u'<2> @ =Ka " <Ky,
Up>y n>m

and thus (6.15) yields

PlIXN| = ] = — (' + Bl yener]) 6.15)

o0 1 o0
S PIX, |z el = —5 >y (CTH B Ny un])
= € n=1
KC’
=zt _]E [Z Y2 Yy <u }
KC'
< —+ —Z]E[YZK(Y — R < o0,
& &

where the last inequality uses (6.11) and the definition of Y. Since the probabilities
of the events |X,, | > e are summable, it follows from the first Borel-Cantelli lemma
that with probability 1, only finitely many of these events occur. In particular, we have
Tim, s co | Xy, | < & almost surely; in terms of the random variables r,, this means that

1 &
)k
Un 12

Taking an intersection over all rational ¢ > 0 gives

lim
n—oo

< ¢ almost surely.

Un

1
lim - Zrk = Ras. (6.16)

Let Z;, = Zle rr. Because ry > Owe have Z,, < Zy < Z
and in particular

Upil forall u, <k < up41,

Un+1

l<é Ups1 Z
~k

=<
Up Up+]
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Taking the limit and using (6.16) gives

1 1 — 1
—R < lim -Z; < lim —-Z; <aR as.
o ko0 k—o0 k

Taking an intersection over all rational o > 1 gives

) 1 n
lim - kark = Ras. 6.17)

Finally, we recall from the definition of s, and r, that #, < r, whenever t,, < n. In
particular, we may observe that

> Plty > ral < D _Plty > n] < Elt,] < R

n=1 n=1

and apply Borel-Cantelli again to deduce that with probability one, #, > r, for at most
finitely many values of n. In particular, (6.17) implies that

lim —Ztk < Ras. (6.18)

n—oon

k=1

which completes the proof of Proposition 6.4. O

6.3. Positive rate of effective hyperbolicity. It remains to verify the conditions of The-

orem 4.2.1% Recall that $ is the set of points x € W with T, W C K*"(x) for which
Ff x) N FJ’" q(x) has uniformly (in g) positive lower asymptotic density (for some

J = (C, %)), and for which (EH2) holds. The sets I f (x) and Fqu(x) are defined in
(3.10) and (4.1), respectively, and in our setting can be controlled using the sequence f,,.

Lemma 6.5. Let v > 0 be as in Lemma 6.1(4) and fix 0 < % < l’/ < v/R.If
My, o0 & Sy %(X) < R then we have 8(I'f(x) N I} (x)) > ¥
where L is a uniform bound for \* — A and )*.

Proof. Let T,(x) = > j_,&x(x). By Lemma 6.1(4) and (C3), there are sequences
ax, by € [—L, L] such that the following hold:

(A = A)(g"x) = a;
)»f(g x) < by
n+ 1 .
DY IT,f)(C))c) ke = Vs
1 () 1 .
Zk +1T,,(x) =V
D i Gk > C forall T,,(x) <r <s < Ty (x);
S bk < —Cforall T,(x) <r <s < Tpy1(x).

QU A W~

14 The argument that follows could also be given using the simpler Theorem B—that is, using (EH1) instead
of (EH1")—but it would require a more restrictive Condition (C3).
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Now ifm%Tn(x) < R, then the above imply h_m% z];‘:o aj > v/R > V. Thus by
Pliss’ lemma [BPO7, Lemma 11.2.6] there is I; C N with §(1) > ‘2/:% such that for
alln € I'; and 0 < k < n, we have

n—1

n—1
D= AT = D aj = ).
=k

j=k

It follows that I, C Ff (x). Moreover, the properties listed above guarantee that every
n € I,isalsoin I J* q (x) forg < n.Thisyields the desired lower bound on the asymptotic
density. O

Combining Proposition 6.4 and Lemma 6.5, we see that my-a.e. x € W satisfies
(EHY') (and has Ty W C K"“(x)), so the only remaining problem is to estimate the angle
between the stable and unstable cones.

6.4. Angle between stable and unstable cones. Because g is a diffeomorphism and the
angle between K* and K" is uniformly positive on U \ Z, we see that for every § > 0
there is T such thatif x € W € A and T(x) < T,then6(gkx) > 6 forall 0 < k < T(x).

Fix W € A and let #,(x) be as in the previous section. We conclude from the above
observations that in order to bound the density of the set {k € N | 0(gk(x)) < 0}, it
suffices to get an upper bound for

m

21t (1 =1
=L £ (O ()= 71- (6.19)
=1

21t ()

1
< —
m <
J

To see this, we fix & > 0, let T = T() be as above, and write T}, (x) = S (x).
For a fixed x € W, let m be the largest number such that 7;,,(x) < n, and putd; = 1 if
tj(x) > T, and d; = 0 otherwise. Then

#l<k<nl6(ghn) <)< (Zr,~<x)d,~<x)) (1= T (0))dipa1 (1),

j=1

If d,.1 = 0, we have

1 _ .
“#{1 <k<n|6(g 0) < tid;,
H#{1 <k =n|0(g') <0) < Z:,”

T (x) &

and if d,,, = 1 we have the same inequality with m replaced by m + 1 on the right-hand
side. Writing
— 1 _
p(x) = im —#{1 <k <n|0(g"x) <0},
n—-oon
this implies that
21t (O =T
2t () .

p(x) = @w (6.20)
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Fixing T, let fj = tjl[,jzr]. With p(¢) asin (6.10) and (6.11), we have
Plt; =t | Fj—1] < p(2),

where p(t) = p(t) whent > T and p(t) = 0 otherwise. In particular, for every ¢ > 0
there is T such that )" 7p(t) < e. Applying Proposition 6.4 to 7; gives

1 m
lim — fj <eas;
j=1

together with (6.19) and (6.20) this implies that p(x) < ¢ for my-a.e. x € W. Because
e > 0 can be taken arbitrarily small by sending § — 0, we conclude that my-a.e.
x € W satisfies (EH2). The fact that my-a.e. x € W satisfies (EH1’) was proved in the
previous section, and thus Theorem 4.2 applies, establishing the existence of an SRB
measure for g.

7. Proof of Theorem 2.4

First we outline how the conditions (C1)—(C3) will be verified. The key will be to obtain
estimates on the flow generated by X, in particular on solutions x(¢) of the flow itself
and on tangent vectors v(¢) that evolve under the flow. Many of these estimates mirror
the ones in [Kat79] for the original Katok example, but we cannot directly follow the
computations there, because in our setting it is possible for vectors in K* to contract
(see Remark 7.10). Roughly speaking, our estimates go in three stages.

1. Estimate 0(¢), the angle between x(¢) and the unstable direction, which starts near
/2 and decays towards 0. This is done in (7.2).

2. Estimate p(7), the angle between v(¢) and the unstable direction, which we want to
keep small to obtain good expansion estimates. This is done in Lemma 7.8, and a key
result is Corollary 7.9.

3. Given two trajectories starting on the same W, estimate the difference between the
corresponding tangent vectors as ¢ varies. This is done using Lemma 7.11 and (7.32).

The conditions (C1)-(C3) will be verified as follows. For (C1), we use Lemma 7.8 that
shows decay of p(¢) for large values of z. For (C3), we use (7.33) and Corollary 7.9, the
key being that fttlz tan p(¢) dt is uniformly bounded.

Verification of (C2) is the most involved, and is carried out in Sects. 7.3, 7.4. Given
W € A that is about to enter Z, the natural partition to use is W = |_| i W; where W is
the set of points in W for which j is the first return time to U\ Z under the action of g.
Indeed, there is ¢ > O such that if we partition f~!(Z)\Z into level sets of the return
time, then any curve in A that crosses one of these level sets completely is mapped by G
to a curve of length approximately €. The issue is that there may be some level sets that
W does not cross completely, so that G (W) is too short. In this case we join W; with
the neighboring W; and increase 7 by 1, so that the image under G has length between
e and 2e. _

The above procedure describes an admissible decomposition such that G(W;) has
the right length for each j. Now (C2)(i) will come from the expansion estimate (7.41)

since we can take p(t) = t_(”é) (up to a constant). The rest of (C2)(ii) will come from
(7.55), which gives bounds on the Holder curvature of G(W;). Finally, (C2)(iii) will
come from (7.58).
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7.1. Trajectories near the fixed point. All of the computations and estimates described
in Sect. 2.2 will actually be carried outon Y := B(0, r9) C Z, where X has the specific
form ||x||* Ax. As g is uniformly hyperbolic on Z \ Y and trajectories spend a uniformly
bounded time in this region, the conditions continue to hold when we consider passages
through the larger region Z.

Let ¢; be the flow on Z generated by the vector field X'. When we consider a single
trajectory of the flow, we will generally write x(f) = ¢;(x) to keep the notation more
compact.

We start by verifying Condition (C1). We first study how a trajectory moves through
Z; in particular, how the relative distance from x to the stable and unstable manifolds
of the fixed point varies.

More precisely, let Y = B(0, rg) so that X (x) = ||x||*Axon Y. Letx: [0,T] = Y
be a trajectory of the flow determined by X, and write x = x,, + x; for x, € E* x {0}
and x; € {0} x E*. (Recall that E* = Rand E* = RY~1)) Let 6(r) be the positive angle
between x and E* x {0}, so that tan 6 () = ||x5(¢)||/|lx. (t)]]. Let Ty be the time at which
x leaves Y, so ||x(Tp)|| = ro and x(¢) € Y forallz € [0, Tp]. LetA = B + y.

Lemma 7.1. Ont € [0, Ty], we have (tan0)’ = —A||x||% tan 6.

Proof. Observe that x, = ||x]|“yx, and x; = —||x||* x5, whence
/_ Xu . _ o _ 1+a 0
llxull” = m,xu = lx®y llxull =[xl y cos 6,
u

and similarly || x| = —||x||'** B8 sin 6. Thus

(tan6) = (”xs I ) _ Dbl = bl

fl2 1 12l
(Il cos &) (—|lx[|"** B sin ) — (|lx]| sin &) ([lx ]| "**y cos 6)
B [lx|% cos2 6

= —(B +p)lx]| tan 6.

O
Defining a quantity J (1, ) by
n
J(t1, ) = A/tl lx(z)||* dr, (7.1)
it follows from Lemma 7.1 that
tan0(rn) = e 72 tan 6 (1y). (7.2)

Given s € (0, co) and a trajectory x: [0, To] — Y that leaves Y at time Tp, let T
be the time at which tan6é = s. By Lemma 7.1, tan 6 is strictly decreasing, so T is
well-defined as long as

tan6(0) > s > tan 0(7y). (7.3)

The following lemma controls how | x| changes.
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Lemma 7.2. The norm of x varies according to the ODE

d —a -2 2
E||x|| = a(Bsin“ 0 — y cos”0) = a&(tan ), (7.4)
where £(s) = . In particular, for every piece of trajectory x: [0, T] — Y (that
need not enter/extt Y at its endpoints), we have
d
—ya < d—IIXII < B, (7.5)
x@1™ < Ix (DI +yoT — 1), (7.6)
x@1™ < IxO)I™* + Bat. (1.7

Moreover, if x: [0, To] — Y is a trajectory that enters Y at time 0 and leaves it at time
To, then we have

Ix(I™% = ry® +a&(s)t foralls € [0, Ty], (7.8)
x> ry® —a&(s)(To — 1) forall s € [Ty, Ty]. (7.9)

Proof. For (7.4), we observe that
—oy/ —a—1] * : —a—2 a 2 A
Ux1™%)" = —allx]| <MX> = —ax|l (x, [lx[I"Ax) = —a(x, Ax),

where we write X = x/|x||. Then the first equality in (7.4) follows from the form of A,

and the second from the identity

Btan?6 —y
tan? 6 + 1

Now (7.5) follows directly from (7.4), and in turn implies (7.6), (7.7). For (7.8), (7.9),
we first observe that for ¢ € [0, T5] we have tan 6 > 2, and so &£(tan 6) > &£(s), giving

B sin® 6 — ycosze = = £(tan9).

d
Ellxll_‘" > ak(s),

which proves (7.8). A similar bound on [T, To] gives (7.9). O
The following is our main technical result on estimates for | x||.

Proposition 7.3. For every 0 < k < 1, there are B/, y’ > 0and 0 < k < 1 such that
for every trajectory that enters Y at time 0 and leaves it at time Ty, we have

ro Yraf't <|x()|* < ro ¥ +apt forallt € [0, kTp),
ro“+ay' (To—1) < |lx)II™* <ry®+ay(To—1) forallt € [Ty, Tol.

Proof. The upper bounds are immediate from Lemma 7.2. For the lower bounds, we
observe that by Lemma 7.1 and (7.4), || x||~* has negative second derivative with respect
to t; since the desired lower bounds are linear and hold at 0, Tp, it suffices to prove them
att = kT1p.

Given 0 < 51 < /¥/B < s2,let§; = &(sj) so that & < 0 < &, and given
a trajectory as in the hypothesis, let 7; be such that tan0(7;) = s;. From Lemma
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7.1 we have %(log tan0) = —(B + y)|x||*, and from (7.6), (7.7) we have ||x||7% <
ro * +a(B+y)To, so

—B+vy)
Y ta(B+y)To

d
E(log tanf) < -

We conclude that

—
Th—1T, < log( )(ﬁr(-)l- ) +aTo)

for every such trajectory. In particular, given « € (0, 1), we can choose & > 0 such that
(k —e,k+¢) C (0,1) and k — € > «/2; then we choose s1, 52 as above close enough
to «/y /P that for every trajectory as in the hypothesis of the proposition, we have

T, — T, <¢eTy. (7.10)
Now we consider the following three cases: either 7o > «Tp, or T1 < kTp, or T» <

kTy < Ty.
In the first case, we have k Ty € [0, T, ], and (7.8) gives

[x(k T = ry® +abaxTo =ry* +a$21 K (Ty — «Ty). (7.11)
— K
In the second case, we have kT € [Ty, 0], and (7.9) gives

kTp. (7.12)

x(kTo)|~* = V(;a —a&(Ty —«Tp) = r(;“

In the third case, (7.10) yields 7> > (k — ¢)Tp, and we have (k — )T € [0, T, ]. Thus
(7.8) gives

lx((c =TI = 1y ® +aba(c — &)Tp.

We can write « Ty as a convex combination of (k — &)Ty and Ty by

1—« £
kTpy= —— Kk —e)Tp + ——Tp.
l—k+e l—k+e
Let &, = %] —: 525 then by concavity of t +> ||x(¢)|| % together with the fact that
IX(To)|| = ro and & — & > 3, we get

Ix(kT)II™ = 1y * + abprTo = ry +a£§2

(To —«Tp). (7.13)

Combining (7.11)—~(7.13) and writing 8/ = min(&,, |$1| “,&)), we conclude that
lx(@®)|I~* = ry* +ap’t for t = Ty, and hence by concavity 1t holds for all ¢ € [0, «Tp].
The lower bound for ¢ € [k Tp, To] follows similarly by taking y" = min(& 1%, |&1. &,
K
). O
1—

K

We need a few more bounds regarding 7.
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Lemma 7.4. For every s € (0, 00) and every trajectory satisfying (7.3), we have

To s
/ |x]|* tan @ dt < ——. (7.14)
T, y+B

Proof. For (7.14) we observe that (7.1) gives

d
o) = e 0,

and so by (7.2) we have
To Ty Tt
/ x| tan 6 dt :/ iy re— [e_J(T"’)] .
7y 7 A T
which proves (7.14). O

Now we obtain an upper bound on T when s is large, and a lower bound on 7y when
s is small. Here ‘large’ and ‘small’ are related to the sign of £ (s), which is positive when
s2 > y/p and negative when s> < y /.

Lemma 7.5. Given s € (0, 00) such that s> > y /B, consider the quantity

4 1 )
oy (1+s—2) <1 (7.15)

if the trajectory x enters Y at time 0 and leaves it at time Ty, with tan0(Ty) < s <
tan 6(0), then we have

X =x(s)=

Iy < xTo. (7.16)
If s> < y /B, then consider

_ Bs2
x'=x'(s) = % > 0; (7.17)
under the same assumptions on x, we have
Ty > x'To. (7.18)
Proof. To get (7.16) we combine (7.6) and (7.8) from Lemma 7.2, yielding
ro“ +EaTy <ry® +ya(To —Ty),

where we write £ = £(s) and use the fact that ||x(Tp)|| = ro. This gives

& +y)Ts < yTo, (7.19)
and so observing that
Bs* —y 52
+ty=—-"+y=0B+y) 5,
§tv="g 7 tv=6+rF37

we get

2
s+1
y_3 To,

Y g <

T. <
YT E+y T By s2
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which proves (7.16). The claim regarding x’ is proved analogously: combining the
estimates from (7.7) and (7.9) gives

—§(To — Ty) = BT,

and so

— — Bs? — Bs? —
T, > ZTOZ(V ps /(ﬁ+ﬂ))%_ﬂ%_

- B- s2+1 s2+1

7.2. Tangent vectors near the fixed point. Now let v(¢) be a family of tangent vectors
that is invariant under the flow—that is, D¢ (x())(v(¢)) = v(t + t). The following
standard result governs how v evolves in time; a proof (using different notation) is given
in [HS74, §15.2].

Proposition 7.6. Let ¢; be the flow for a vector field X on R". Let x(t) be a solution to
X = X(x), and let v(t) C Ty)M be a Dy-invariant family of tangent vectors. Then

V(1) = (LowX)(x(0)), (7.20)

where L, denotes the Lie derivative in the direction of v and is given by the formula
Ly X (x) = (DX (x))v.

For the vector field X' (x) = ||x||* Ax, we have

LyX(x) = (v, VI[x|*)Ax + [|lx[|* Av
= allx |2 (v, x) Ax + [lx][|* Av
= lx||* (v, £) A% + Av), (7.21)

where X = x/||x||. Write v = v, + vy and let p(¢) be the positive angle between v(z)
and E", so that tan p(¢) = [lvg(D)[|/[lve ()]

Lemma 7.7. Fort € [0, Ty], iftan p < 1, then

tan 6

tan p)’ < —A||x||% tan p + oA || x[|¥ ————.
(tan p)” < —A[lx|l Jo fl|] T tan2 0

(7.22)

Proof. Tt suffices to consider the case when ||v|| = 1. Observe that

Uy . 1 )
Ilvu||’=<—”v ||,vu>=llvull (i, x| (v, x) Axy + [ x]|% Avy,)
u
= yllx[|* cos p + ya|lx[|*(v, X) cos 0,

since E" is one-dimensional. Writing ¢, for the angle between v and x,, a similar
computation gives

losll” = —Bllx[I* sin p — Bar|lx[|* (v, £) cos @5 sin 6.
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Let g; = cos ¢ € [—1, 1]. Now

sl 1 .
(tan p)' = | 7= ) = ———(cos pllvsll — sin pllv,]|")
llvu I cos~ p

cosf
=—(B+y)llx||*tan p — @allﬂla(v, *)(Bgs tan 6 + y tan p)

allx||“(1 + g5 tan p tan 0) (Bgs tan 6 + y tan p)
1 +tanZ6 '

= —lx]|% tan p (7.23)

The numerator in the final term is equal to

allx | (tan p(y + 2B tan®8) + gy (y tan p + B) tan 9) ,

andsincetan 6 > 0,tan p € [0, 1],and g > —1, thisis bounded below by —aA||x[|* tan 6.
The result follows. O

Lemma 7.7 establishes the existence of an invariant cone family K* by observing
that since r/(1 +r%) < 1/2 for all r € R, the cone defined by tan p < /2 is invariant.
This proves the half of (C1) involving K*(x). For the condition on K*(x) in (C1), it
suffices to observe that (7.23) can be converted into an analogous expression for (cot p)’,
and then similar estimates to those above give

tan 0

cot p)’ = Al|lx||% cot p — aA||x||* ———
(cot p)” > Allx]| o x|l T tan2 0

(7.24)
whenever cot p < 1, so that in particular the cone defined by cot p < «/2 is backwards-
invariant.

In what follows, we will carry out all of our estimates for v € K" (x), so that in

particular

o 1
tan p < 5 < —. (7.25)

[\

The following estimates all have analogues for v € K*(x), and we will mention these
when necessary.

To establish the expansion properties in (C2) and (C3), we will need more careful
estimates of tan p than (7.25) gives. As in the previous section, let 77 € [0, Ty] be such
that tan 6 (x(77)) = 1; our estimate will show that p(¢) is smaller the further away ¢ is
from O and 7.

Lemma 7.8. With x(t) and v(t) as above, we have the following bounds:

tan p(f) < (tan pg)e 7 ©0) 4 %e‘f(t_’m t €0, 1],
(tan p(T1) + aJ (T, t))e™ /0D ¢ [Ty, Ty].
Proof. Observe that if only the first half of the right hand side of (7.22) was present, then
¢’ (01 tan p would be non-increasing for any fy. Thus to estimate tan p, we differentiate
this quantity and see how much it may increase.
Since tan 6 > 0 we have —20.9 5 = min(ﬁ, tan 8)—we will use the first bound on

[0, T1] and the second on [T} ,+ f“S]. On the first interval, we obtain

(e’ OV tan p) < are’ OV ||x|%(tan6) !

— are’ OTD g ||#e=2/ (T) — %ef(o,n) (6721(,1]))/’
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and hence,
o
¢/ O tan p(1) 5tanp0+-§e’“*ﬂ>(e—l”“ﬂ)-e—Z”QTU).

This yields the estimate
o
tan p(r) < (tan pp)e—" O + Eem,n) (e—ZJ(t,Tl) _ e—2J(0,T1))

— (tan pp)e 7 1 + % (efj(z,n) _ ef(J(O,T|)+J(O,t))) ’ (7.26)
which proves the first half of the lemma.

On [Ty, Ty], we use the bound 1;?;5 5 < tan6, and so

(e’ T tan p) < are? D || x||% tan 0 = ar||x[|%,
which gives
e’ T0D tan p(1) < tan p(T1) + aJ (T}, 1)

and completes the proof of the lemma. O

The following consequence of Lemma 7.8 is crucial to many of our later estimates.
Here and in the remainder of the proof we use a number of constants denoted Q;, which
will not always be explicitly introduced. The first appearance of such a constant should
be understood to mean that there is some value of this constant, independent of the choice
of trajectory or of the time ¢, for which the next statement is true.

Corollary 7.9. There is Q¢ € R such that fflz x| tan p dt < Qg for every choice of
x, v, and t1, tr € [0, Tp].

Proof. Using Lemma 7.8, observe that on [0, 77] we have
o
Mix| tan p < Atan pollx][e ™/ @1+ Za e 11
o
= —tan po(e” @)+ Z (e Y,

whence
ni 1 o O.T,
/ Il tan pdt < — (tanpo+§) (1 — ¢/ OTD) (1.27)
0

Similarly, on [T}, To] we see that since tan p(77) < «/2, we have

1
Mlx || tan p < arhlx || (5 +J(T1, t)) e/ n

3 /
=a (— (E +J(T1, z)) e—J(Tls”) ,

To o 3a
[|x]|%tan p dt < TR (7.28)
T

and so

The result follows since the integrand is non-negative. 0O
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7.3. Expansion near the fixed point. To estimate the expansion in the unstable cone
along a trajectory, we observe that by Proposition 7.6, we have

log(”D(/)t“(xH)(U)”) /< L;X)d (7.29)

where (1) = v(t)/||v(t)|. To make the calculations simpler we drop the hat and just
assume ||v|| = 1. Then recalling (7.21),

(v, L, X) = ||x||°‘(a(v, X) (v, AX) + (v, AU)). (7.30)
We estimate the first term by observing that
(v, X){(v, AX) = (cos p cosB + g, sin p sin ) (y cos p cosd — Bg; sin p sin H)
=y cos? P cos2fh — L(x,v),
where the final term is
£(x,v) = qs(B — y)sinpsinf cos pcosh + qszﬂ sin’ 0 sin 6. (7.31)
Remark 7.10. In the case y = B, the above yields

(v, Ly X) = ||)c||°‘(ay(cos2 ,ocos2 0 — ‘152 sin’ P sin® 6) + y(cos2 o — sin’ p))
> ylxl“( = @+a)sin® p) = 0,

using the fact that tan p < % and hence sin? p < % Thus the unstable cone K" (x) never
contains any contracting vectors. This is the case for the original Katok map. In our case
contraction may nevertheless occur when 8 # y; however, we argue below that the total
contraction along a trajectory making a single trip through Y is uniformly bounded.

We see from (7.31) that there exists Q1 > 0 such that |[£(x, p)| < Qi tan p. Using
this in (7.30) together with the observation that

(v, Av) :yc0s2p—ﬂsin2p=y—ksin2p,

we obtain
(v, LX) > |Ix||¢ (y(l +a cos” pcos?0) — Q) tan ,0) (7.32)

for some constant Q0 > 0. By Corollary 7.9, the contribution of the final term is
uniformly bounded over all trajectories. Together with (7.29), this shows that there is
Q3 > 0 such that

t
log (W) >—03+y / Il (1 + @ cos® p cos® 0) . (7.33)
0

for every x and ¢ such that the trajectory of x stays in Z from time O to time . We can
use (7.33) to verify (C3). Write A (x) = min(A“(x), 0) and 1} (x) = max(A®(x), 0).
Then (7.33) implies that

T(x)

D Al () = — 03 (7.34)

j=k
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for every x and every 0 < k < 7(x). Just as in (7.24), an analogous bound to (7.33)
holds for vectors v in the stable cone, and we get

T(x)
D e ) < 05 (7.35)

j=k

This immediately implies the second inequality in (C3), and for the first we observe that
A(x) < A%(x) — A" (x), so (7.34) and (7.35) give

7(x) 7(x)
D= A) gl () = DA (87 () — AL (g (1)) = — Q.
j=k

j=k

which is enough to establish (C3).

Now we turn our attention to (C2), which once again requires us to control expansion
along W, and by (7.33) we see that it is important to control [ y|x||* dz. This can be
done using Lemma 7.2. Given a trajectory that escapes Y at time Ty, we have

n
/ yllx@) | dt
1

v

5]
/ Yy +ya(Ty— 1)~ 'dr
1

n 1 (1+r6"ycx(To—t1))
= —log o

f L+ryya(To — 1)

(7.36)

1 —a
== log(ry™ +ya(To —1))

In the next section we will frequently use this in the form

n n 1 T -1
/ (v, L, X)dt > / yix|®dt = — Q4+ — log( ) , (7.37)
f n o T —1n

where T = To+1and 0 <t <t < T — 1, and Q4 is a constant independent of the
trajectory. For the time being, we establish a stronger expansion bound that can be used
when x (t2) has escaped Y.

Lets > /v /B, so x = x(s) from (7.15) in Lemma 7.5 is less than 1. Given x € Y
whose trajectory escapes Y at time Tp, we put fp = max(0, T;) and observe that by
Corollary 7.9 and Lemma 7.4, we have

To To s
/ lx||* tan p dt < Qo, / lx||“tan 6 dt < —. (7.38)
to ] A
Moreover, Lemma 7.5 gives
To — 10 > (1 = x)Top. (7.39)

Now we can use (7.33) to write

log (||D<PT0 ()@l

vl

To
) > —Q3+V(1+a)/ llx[|* dz
fo

To
—y/ | x]|%(sin® 6 + sin® p +sin® O sin” p) dt  (7.40)
1o
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forevery v € K"(x). By (7.25) and the fact that t > Ty, the integrand on the second line
is bounded above by ||x||*(tan 6 + 2 tan p). Thus by (7.38), there is a constant Q5 such

that
| ( | Der ()]
og| ————

T
) > —Q0s+y(1 +oz)/ ' lx||* dz. (7.41)
ol 0

Using (7.36) gives

( | Do, () (W) |
lvll
Together with (7.39) and the fact that 1 — x > 0, this shows that my (W (¢)) is bounded

above by a constant multiple of t_(“é), establishing (C2)().

) > —0s5+ (1 + é) log(1 + rgya(Ty — 19)). (7.42)

7.4. Bounded distortion near the fixed point. To show (C2)(ii) and (iii), we need to
study two nearby trajectories on the same admissible manifold. Fix W € A such that
g(W)NY #0,andletx, y € W; for some j, where we fix an admissible decomposition

as before. Let Tp = 7 and let T = Tp + 1. Write x = G(x) and y = G(y), and note
that by (7.41) we have

d(x(1), y(t) < Q6(T — 1)~ 1*a)d (%, 5). (7.43)

Let v(0) and w(0) be unit tangent vectors to W at x(0) and y(0), respectively. Set
v(t) = Dg(x(0))(v(0)), and similarly for w(¢). We will write Av = v — w, and
similarly for other quantities. Recall that we write 0 = v/||v||, and similarly for w, x, vy,
etc.

Let n(r) = |[AD(t)| = ||[v() — w(z)]|. Most of our work in this section will be to
estimate this quantity.

Lemma 7.11. Writing z = Av = Av/|| Av|\, the quantity n satisfies

N =—(v, LX) + (w, Lo XN+ (2, ALyX)
< —a(ymn() +c(), (7.44)

where

a(t) = (y — Q7tan p)| x|,
c(t) = Q3(T — 1) "2d(x, y). (7.45)

Proof. Note that
N = (0 —w, 0 — ) =2(1 — (D, D)),
so writing ¢ = 1 — (0, w), we have
' =¢ = —(@), w) — (D, (@)). (7.46)

Differentiating the unit tangent vector 0 gives

. v\ v|lv/ — vV, D vV — 0, D .
) = (m) = vl ||v||2< ) = ||v<|| ) =L; X — (Li X, D)0,

<>
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where the last equality uses Proposition 7.6 together with linearity of the Lie derivative
in v. Thus (7.46) yields

= —(L‘,;X — (L X, D)0, 12)) — (ﬁ, LaX — (LyX, ﬁ))lf)).

Since the right-hand side involves no derivatives we may safely simplify the notation
by considering a fixed time 7 and assuming that v(¢), w(¢) are normalized so that v = v
and w = w. Then we have

¢ = (LX) (v, w) — (Lo X, w) + (Lo X, w)(v, w) — (v, Ly X)
(v, Ly&) + (w, LX) (1 =) = (w, LX) = (v, Ly &)
= —((v, LX) + (w, L, X)) + (Av, ALLX). (7.47)

Dividing by 7 yields the first half of (7.44). Now we observe that (7.21) gives

ALY = A(||x||“(a(v, R)A% + Av))

= A(I|x||“)(oz(v, X)AX + Av)
iyl (a(Av, 2)A% +a(w, AR)AR +a(w, HA(AR) + AAv). (7.48)
We start by bounding the first and the last terms in the last line. Let p(#) be as in the
previous section, so that v, w are both within p of E*. It follows that £(Av, E*) < p.

Write z = Av = z,, + z5, where z,, s € E"*. Decomposing X as X = x, + x; and using
A = —g1d, +y Id,, we have

(z, £><AU: A£> = n(ZuXu + (25, X5)) (Y 2uXu — B(zs, Xs))
< Qonlzul = Qontanp,

and similarly,

(z, AAv) = n(yz2 — Blizs|?) < yntanp,

so that using the first half of (7.44) together with (7.48) and the estimate (7.32) on
(v, L, X), we have

n <a®n+b), (7.49)

where

b(t) = A(lx[*) (e« (v, £)(z, AX) + (z, Av))
+a [y |* ((w, AZ)(z, AZ) + (w, §)(z, A(AR))). (7.50)

Lemma 7.12. There are constants Q 19, Qg such that

IAZ] < Q10(T — )71 d(&, ¥),
Allx]1*) < Qs(T — 1) 2d(&, 3).
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Proof. Using (7.6) gives

1
X)) = ro(1 +rdya(Ty — 1) "=, (7.51)
and (7.41) gives
_ 1 _
lAx]l < Qua(1+r§yax(To— 1)~ " a, 5), (7.52)
Thus
. | Ax]| o —(1+1) N 1. __
1A% < < Qu(1+r8yax(Ty—1) (1+r8ya(Ty — ) d(%, 7)

llxl

—(+1) Lo
Quo(1+(To—1) " (1+(To —n)*d(x. ).

IA

which proves the first half. Similarly,
A(llx[1%) < el Ax | min(||x]|, [y)*"

establishes the second half and completes the proof of Lemma 7.12. 0O

We can now complete the proof of Lemma 7.11. It suffices to apply Lemma 7.12 to
(7.50) and use this estimate in the first half of (7.44), which yields the estimate in the
second half of (7.44) and (7.45). O

To estimate the value of 1(¢) using Lemma 7.11, we let I (#1, 12) = fttf a(t) dt, where
a(t) is as in (7.45). Then Lemma 7.11 gives

(' @) = "D a(m +n') < ! Ve,

integrating, we obtain

1t
OOy 1) < 5(0) +/ c(s)e! 09 gs.
0

Solving for n(¢), we have

t
n() < n(©)e 10D 4 / c(s)e= 16D gs. (7.53)
0

Now we use (7.37) and Corollary 7.9 to get

1 ‘ 1
1) < nOe” % (u) +/ 0s(T — ) 2d(x, y)e =2 (T_t) ds
T 0 T —s

and note that the integral is bounded above by

013(T — ad(E, 5)(T — )" D] < 0137 —n~'d(&, 3).

t
0
Thus we have

1

n) < Q13 (n(()) (1 - %)a +(T —n)~ld(x, i))' (7.54)
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Now since x, y € W for some W € A, the Holder property of TW guarantees that
n(0) = [ Av(O)]| < Ld(x, y)* < LOGT~“*Vd(x, 5)*,

where the second inequality uses (7.43). We conclude that

1
[Av(D)] < Q14 (T—“‘*” (1 — %) +(T — r)—l)d@, . (7.55)

In particular, by choosing r{ /rg sufficiently large, we guarantee that G(W,-) has Holder
curvature bounded by L, which establishes (C2)(ii).
It only remains to get the bounded distortion estimates. For this we observe that

|A(v, Ly X)| < [(Av, LuX)] +[(v, AL, X))
< Qisllavlx ] + Adlx ) (a(v, 2) (v, AZ) + (v, Av))
+allyl* ((w, A%)(v, A%) + (w, §){v, A(AT)))
< QisllAvllllx[* + Q16 (AUXI®) + ¥ Il A%, (7.56)

where the second inequality uses (7.48). Fix « € (0, 1) and let 8/, y’ be as in Proposition
7.3, so that we have

Il Iyl < (g +aB') ™! forall7 € [0,k T],

” o o —a / —1 (757)
X% Myll® < (g™ +ay(T —1)) forallt € [«T, T].

Now we use (7.55), (7.57), and Lemma 7.12 to show that the total distortion |A fOT(v,
L, X) dt] is uniformly bounded independently of the trajectory x and its length 7'. To

this end, it suffices to obtain a uniform bound for the integral flT_l |A{v, L, X)|dt. On
[1, T — 1], (7.55) gives

[Av(®)] < Qui(T — )~ 'd(E, §)*,
and (7.57) yields

Q57! te[l,kT],

o o <
Iy _’ng(T_t)_l T 11

Together with (7.56) and the bounds on A(||lx||*) and || Ax| from Lemma 7.12, these
show that for every ¢ € [1, «T], we have

|A(v, L,X)] < Q1o(T — 1)~ 't d(x, )7,
while fort € [« T, T — 1], we have
|A (v, L,X)] < Qo0(T — 1)72d(%, 7).

Integrating gives the uniform upper bound

T—-1 A ,£ X kT T—-1
/ 1At Lo 0], 5/ 01o(T — 1)y~ \+ 1 dt +/ 0a0(T — 1) 2dt
1 d(x, y)* 1 KT

< Qw((1—)T) T + Q2°/1 s 2ds = 1o

K
1 —«

+ 020.
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Together with (7.29), this yields

||D¢T1(§9l(x))|TxW||) ( K )d . 758
g(||D¢T_1<¢1<y>>|T,W|| =\ Qo O A (7.58)

which gives the desired bounded distortion estimate and completes the proof.
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